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§1. On the basis of the unproved ‘extended Riemann hypothesis’ Littlewood
(1928) proved that there are inﬁnitely many k such that

77'2 -¢

where x(n) is a regl primitive character (mod k), and C denotes Euler’s constant.
In this direction Linnik (1942), Walfisz (1942) and I (1943) proved the following
results : (I) There are infinitely many % such that

1

where ¢ is an arbitrary positive number, and y(n) is a real primitive character
(mod %) ; (IT) there are infinitely many % such that

p R
% A/floglog k

where A4 i3 a certain absolute positive constant, and x(») denotes a real primitive
character (mod £).

(I) was proved by me, while the sharper result (IT) is due to Linnik and
Walfisz. I now find that a sharpening of the method developed in my paper (here-
after referred to as A) will prove Littlewood’s result without the assumption of the
‘extended Riemann hypothesis’. In fact all we have to do (in the notation of my

paper) is to take
- _logz
9= (log Tog )2

where [#] denotes the greatest integer contained in 2. However, as my paper A is
full of misprints (and moreover it is not easily accessible) I develop the whole
argument without any reference to A.

§2. Definitions : p,, denotes the mth odd prime ;

2) G = P1PePs - - - Py s

b is a positive integer such that g—) = —1 for 15r<g, b=25 (mod 8) and
1 <b<8a; zis a sufficiently large positive integer ;

- log .
3) §= [(log log x)z]
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% is the Jacobi symbol if = is odd and prime to n, and is 0 in all other cases
(i.e. when m is even or when m and » have a common factor). We write

e 33 A0

<< 2 m=1

and »
() S(a) = z Z <8an+b)
r<n=2x m< z
§3. We first prove that
(6) T(x) = S(x) +0(r).
The proof of (6) needs 2 lemmas :
Lemma 1. If y(n) is a non-principal character (mod k) we have

v
Z x(n) = O(Jk log k).
o n=1%
Lemma 2. We have
a< ™ (x> ).
Both of these are easily deduced from known results.
§4. We also need the following :
Lemma 3. The number of quadratfrei integers 8an+b (x <n< 2x) is {140(1) }2.

Lemma 4. Let F(y) denote the number of positive integers m <y such that every
prime factor of m is amongst the numbers py, Po, P35 - « + » P, Then

F(y)<y when y>z and x> .

In fact

(log log ¥} -lblg—zz

Fly) < (log y) e (o o2
now
loge log y . &
(log log W% ((log Tog y)Z) snce T<y
whence, for x > z,,
_logy
fog Tog ¥ log y

Py <3
§56. We now write
M S(@) = S8y(x) +82(x) +Is(2)
where for r = 1, 2, 3 we have

® Cose= 3 3 L (D)

r<ns 2 mSz
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where m runs through three different sets of positive integers described below :

(i) In8(z), m runs only through positive integers of the form p,*1p,%2 .. p,*
(each ® =0) ; thus m = 1 is included.

(i) In Sy(x), m runs through all integers of the form m = m;m; where
my = p*1ps*2 ... p, "¢ (each o =0) while mg = @2M where (mg, a) =1, M is
quadratfrei and greater than 1.

It follows that neither m nor m, can be perfect squares.

(iii) In S3(x), m runs only through integers of the form m = mym, where
my = p1*1pe*2 . .. p,™ (each « =0) while m; = @2 where @ > 1.

It is clear that the three types of m are non-overlappihg and exhaust all
possible integers ; thus (8) is rendered obvious.

§6. It is easy to see that

9) 8y(2) =z Z )%
m gxf

where A(m) is Liouville’s function (Landau, Handbuck, 1909, Bd. 2, 8. 617) where
m only takes values of the form p,%1p,*2 , ., p*¢ (each « =0).
§7. Since m is not a perfect square in the sum Sy(x), we easily get

(10) So(@) = O(}) ;
next, to deal with the sum S3(x). We easily see that

g 1,1 1
r=1 roA (n,a) =1
n>1
2
(1) = 0(“—’> - 0(-—-—xa°g log ) )
g log =
§8. From (6), (9), (10), (11) we get
_ A(m) z(log log %)%\
(2) Tw=r 3 +0( log )
m<al
Using Lemma 4 we easily get for the sum in (12),
A(m) n2e ©
(13) Z m 4 log log =

m<axi

where m only takes values of the form p,*1p,*2 ... p,*¢. From (12) and (13) we
easily derive

Theorem 1. For x>z, there exists an integer n between x and 2x such that
8an+b is quadratfrei and

< 1/ m >11'__Ze-c {14+0(1)} _
Z L™ (8{m +b> 6 log log (8an+b)
m =
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It follows from Theorem 1 that
Theorem 2. For all x> g, there exists a number k between z and 22 such that

> x(n) 7 _c {1+0(1)}
Z n " 6" log log %

where x(n) i3 a real primitive character (mod k).
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