SOME FORMULAE IN RECTILINEAR CONGRUENCES.
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(Read November 5, 1948.)

The object of this paper is to apply tensor methods to obtain expressions for
vg(= XX, g) where X* and X' arc respectively the direction cosines of the normal to
the surface of reference at a point ¢ and a ray of a rectilinear congruence through
#'. TIn the particular case of a normnal congruence these equations reduce to the
Mainardi-Codazzi equations. Theorems of Beltrami, Malus-Dupin and Ribaucour
for a mormal rectilinear congruence have becn proved in a much simpler way. A
new form for the necessary and sufficient condition that the surface of reference be
the middle surface, and new expressions for the coefficients of Sannia’s second
quadratic form have also been obtained.

1. Let a rectilinear congruence be defined by the co-ordinates a* = xf(ul, u2),
(¢ =1, 2, 3) of a point M on the surface of reference S and by the direction cosines
X o= Af(ul, u?), (4 = 1, 2, 3) of the line passing through M. Then

AX=1. .. . .. .. {1

The functions A’ may be expressed in terms of the direction numbers 7,

(e =1, 2} of the tangents to the co-ordinate curves on the surface through M and
the direction cosines X*¢ of the normal to the surface at M. Thus

i=p°‘.a:‘,a+qX‘ .. .. .. . (L.2)

where p® are the contravariant components of a vector in the surface at M, ¢ is
a positive scalar function and #¢, ; denotes covariant differentiation of 2 with

regard to u* based on the first fundamental tensor

g¢3=x",a-x5,ﬁ . . .. .o (L3)
of the surface S.
From the equation (1.2) we get, using (1.1) and (1.3)

XX = (p- @, o +aX ) (PP, g+9X7) = 0"PPgup+0
or 1 = pep*+¢?

or 1 =pa1’ﬁg°‘f3+q2 . .. . . (1.4)

If @ is the angle between the normal to S at P and the line A of the congru-
ence at P, it follows from (1.2) that

cosf=N.X=gq .. . . .. (L5)
.. The equation (1.4) dssumes the form
Pappgt=sin6. .. .. .. . (L6
Suppose the determinant
@, g X)=ey O % )
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then
eaﬁ 678 = ya?’ yﬂa—gas yﬁy . . .o . (1.8)
and the equation (1.6) beomes
Py Ppys €™ P = gin2 g
where ¢ is a skew-symmetric tensor conjugate to €ag- . .. o (L9)

2. Covariant differentiation of Af in the equation (1.2) gives

Ai: ﬂ = pa xi, aﬁ+pa9 ﬁ xi: a+ qu: B+-Xiq, ﬁ
which by means of the Gauss and Weingarten equations (Eisenhart, 1909)
yag=dug X* .. .. . o (20)
and
Xig=—dg, g%,5.. .. .. .. (22
can be written in the form
)\"B = pyﬁx’,y+vﬂX‘ .. .. .o (2.3)
where )
Wa=Po=gdaad” | 2.4)
Vo =9, a+p5daﬁ
Differentiating the equation (2.3) covariantly we get
Noga =1 g oy 0¥ 7, g o XXl o . (2.5)

which by means of (2.1) and (2.2) assumes the form
Xogy= (1 g = das )%,y (07 gyt vg ) X5 .. (26)

The expression for Af, o Must remain unaltererd when « and £ are inter-
changed, Hence

#{ [575, o — U8 das 9] %%y + [ Ay + 7, ] X' } = 0.

Since this equation is true for all values of ¢, i.e. (¢ = 1, 2, 3) we must have

Gaﬁ [,,Lyﬂ’ a—UﬁdasgSy] =0 (2 7)
and P [,.:."'Bdw+vﬁ, a] =0 «=1,2
or €% (s, a—pde] = 0 @.8)
and e“ﬁ [”Lyﬁd‘)'a +’Dﬁ’ a] =0
From the equation (2.3)
7)5 = X"/\"’B .- .o . . (29)
and Pgy = W pGye = pYg’ 4@, =o' (X p. .. .. (2.10)

Hence the equations (2.8) give the expressions for

vg = XX g



FORMULAE IN RECTILINEAR CONGRUENCES. 87

3. We now expand the equations (2.8) using the notation used by Eisenhart.
From the equation (2.10) we know that

Fﬁa = Aivﬁ xi:“
e=X, 12 1= ppn; [ =A512% = myg
. C S . (3.1)
.f:’\La 2%’y 1 =Mag1; ¢ = A, 2% 2 = [igg
The equations (2.8) become
P83, 0 Mad, g~ Vg s +0adpgy = U
‘byﬂd)’“_ P'y“d)’ﬁ-l—vﬁ,a _va,ﬁ =u
or using the equations (3.1) we get
de of |1 1 29, §2 )
%"@"{12}e+{‘11;f—{12}f+{11}"‘D”1+D”2"Ol
(3.2)
R B e I T e T e
0 "au 228 T ligfd T hagfd T luafy — Pt D=0
and
- arie  are e Ove  Ov )
piD4pi D = D' —pt D =5§—551 . .o (3.3)

where {;k} are the Christoffel symbols of the second kind with respect to the sur-
face of reference.

In order to determine the values of p.;, we see that from the equation (2.10)
I R 4
N, 8%, o = bglay

pp =" N, p o = gage™ e PX pa

whence
, . Ge—FEf" ! Gf—Fyg
©®, = 2 * 2 = 2
H i N T,
, Lf'—Fe .  Eg—Ff
M, = e y By = H?

Hence the equations (3.2) and (3.3) give expressions for vy(= A%, ;X% and
UZ(E X} 2Xl)-

It is to be noted that the expressions (3.2) and (3.3) are similar to the
equations giving the values of y(= X, 2%, ;) and y'(= ZX%, 2%, p).

& al_{ 1 §’€+{ l }If—{122}'f,+{121},g+F7—E"' =0

v ou 12 11
off g 1) 1 ’_{2}’, {2}’+ R =0
a—v"a_u‘{w}e”(m%f oo I Fligf 1T~y

o Oy 44
W L=l =0
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)

where {jk } denote the Christoffel symbols of the second kind with regard to the

spherical representation of the congruence. :

If the congruence is formed by normals to the surface of reference, then X’
and A* become the same.

Hence v(= X, ;. X%) and vg(= X, 5. X?) vanish
and o e=2INhxy =2X,0 = ~D.
Similarly f=f=—=Dandg=—=D".
Thus we see that the equations (3.2) reduce to the Mainardi-Codazzi equations if the
congruence is formed by normals to the swiface of reference (Eisenhart, 1909). The
equation (3.3} vanishes identically in this case.

4. From the equation (2.3)

ixe — Y i i it
A/\,ﬁ-—pﬂz’yz\+vﬁX/\

or 0= p,;x",y /\i+vBXi/\i. .. .. (4.1)
Also from the equation (1.2)
L S
= P"Gqy =D, . .. .. S (42)
.. With the help of equations (1.5) and (4.2) the equation (4.1) becomes

p,;py+vﬂ cosf=0. .. . .. . (43)

This equation gives a relation between p,(=A.2% ) and vg(= XA gl Ex-
panding this equation we get
B P1tppetvy cosd =0
paP1+p;P2tve cosd =0
or using the equations (3.4) we get
(Ge—Ff')py+(Ef '~ Fe)pg+H2. vy cosf =0
(Gf=Fg)p1+ (B9 —Ff)ps+H?. vy cos = 0 }

5. We shall now prove Beltrami’s theorem for a normal rectilinear congru-
ence in a much simpler way. According to this theorem © If a surface of reference
of a normal congruence be deformed in such a way that the directions of the lines
of the congruence with respect to the surface be unaltered the congruence continues
to be normal.’

From (1.2) we know that

(4.4)

N=p*. 2 X' .. - .. (81

and
sin? 6 = p,pgg®. N )
Let the surface of reference be deformed in such a way that its co-ordinates

are z'* and the normal to it makes the angle § with a line of the congruence,
then

N=piagh 4eX% .. L. L. . (53)
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where X' are the direction cosines of the normal to the deformed surface and
z" , denotes covariant differentiation of z'¢ with rezard to «* based on the tensor

’ Ig

9yg = x",a.x‘,ﬁ.
Then again
sin? § = p’ap’ﬂg’“ﬁ . . . .. (54)
Differentiating the equation (5.2) covariantly with regard to 9 and the equation
(5.4) with regard to g;ﬂ we get
—q.q,y=pmpﬁ”rq"“9 .. .. .. (b.5)
- =pp.0, g% .. .. .
9:9,y=Po-Pp -9 (5.6)

The equations (5.5) and (5.6) show that if g, is symmetric p'ﬁ yis also symmetric.
But Pg, =P, g8 the condition that the congruence is normal and p 8y=")8

is the condition that the congruence whose surface of reference is deformed is also
normal.

Hence the theorem.

We now prove the theorem of Malus-Dupin, Forsyth (1912) and Behari’s
(Behari, 1936) generalisation of it in a much simpler way.

Suppose the surface of reference is the refracting surface for the rays of the
congruence whose direction cosines are A’ and the direction cosines of the refracted
ray are ¥,

As the incident ray, normal to the surface, and the refracted ray are coplanar,
we have

N=kXiteyk. .. .. .. .. (B8T)
Hence XN.ot =X oy 2,
or Py =CP 'y . . . .. (5.8)
(xﬁ _ ’ T4
Hence P pg0"F = pup’ g
or sin2 =¢2sin2 9" .. . .. .. (b.9)

by virtue of (1.6).
By the laws of refraction ¢ is the ¢ constant index of refraction’. Differen-

tiating (5.8) covariantly with regard to g,;
. pa’ﬁ = CP’ot,B .
If p,, p is symmetrical p’, gis also symmetrical. But these are the necessary

and sufficient conditions that the two congruences are normal. Hence :
A normal congruence remains nermal after refraction or reflection (in which case

¢ = —1) at any surface.
The ¢ pitch of the pencil’ (Behari, 1934) at the incident ray (of the congruence)
is given by

pszadu“ L (5a0)
c

where C is the closed curve on the surface of reference which-forms the boundary of
the area d§ on it cut off by the pencil.

2
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From (5.18) equation (5.10) assumes the form
p=c f P’ g du* = cp’

where p’ is the pitch of the pencil at the refracted ray. Hence the pitch of the
pencil at a ray of the congruence formed by incident rays remains unaltered by re-
fraction except for the constant index of refraction between the two media.

When ¢ = —1 we have, The gitch of the pencil of a congruence formed by
incident rays remains unaltered by reflection.

Ribaucour’s theorem (Salmon, 1915) can also be proved similarly :—
Let a surface of reference S be referred to parametric curves

u* = constant. (o =1, 2)

Let a line ! of the congruence be drawn in the tangent plane at each point M of the
surface S cutting the tangent to the curve u! = const. in the point P at a distance

r from M making an angle 6* with the tangent to the curve u* = constant.
As X' are the direction cosines of the normal to the surface § at M

Xia:i’ o =0.
Also
XAt =0

as A’ are the direction cosines of a ray of the congruence.
Eliminating X¢ from these equations we get

(/\" A z",ﬁ)=0

LN =0 . . . .. (B11)
which gives Naf g=1%.2 of g=t*g,p=1g. .. .. (8.12)
But N.w gy =4/gpcosF  (a#Ep)

which shows that tg or ¢* are functions of g, and 6*.
The co-ordinates ¢ of P are given by

& = aifr(ul, ut)r’ 8, . . .. .. (5.13)
Hence from (5.11)

A p=1%at ocﬁ"‘”ﬂa‘?s = t“daﬁ+x"mtf‘ﬁ
] i i a i Y
and £,=2 41 o 8, + o7 .05, .
The necessary and sufficient condition that the congruence is normal is given by
By [ h — B i i o i )} : : ¥
VN gl = Y[tadaBX +x,at’ﬁ][x,y+rd5782X +a ,57”32] =0

8
or eﬂy[t“daﬁda)ﬁ2+tixﬁr,¢8:gay] = 0.

All the terms on the left-hand side depend on 9p and their differentials and on 8«
Hence, if the tangent planes be drawn through the rays of a rectilinear normal congruence
to any surface, the congruence remains normal if the surface be deformed in any manner
carrying the rays in its tangent planes.

2B
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' 6. We shall now obtain a new condition that the surface of reference is a
middle surface. In terms of the coefficients of Kummer’s quadratic forms this
condition is ’

Eg+Ge—F(f+f) = 0.

If o' are the co-ordinates of the middle point of a ray of the congruence, the
co-ordinates of the focal points are given by

(i),
Hence the determinant
(@£) . (@knd) g My=0 .. .. (61
or (a;i,a @' g /\‘);tr[(/\i,a xi’ﬁ /\")-f-(xi,a /\i,ﬁ /\"]
+r2(/\i,a X g m‘):o .. (62)
or (N’,a 2 g /\">+<x",a ¥ g ,\f)=o .. (83)

or from the equations (2.3) and (1.2)

Y i i i i i i 3 . X i i
(p,aa:,y+vaX o g p“a,,a+qX)+(w,a p’ﬁx:B-HBX pyw’y+qX) =
4 Yo =g p? Y
Wabyp tap By = b Oyt Vg Cay

q‘uz=vapa oL . - . (64)

or with the help of the equations (3.4)

Eg+Ge—Ff—Ff’
7 EG—F2

T he equations (6.4) and (6.5) are the necessary and sufficient conditions that the surface
of reference is the middle surface.

In particular, if the congruence is formed by normals to the middle surface,
equation (6.5) becomes

= vypldvep2. .. .. .. (6.5)

ED"+GD—-2FD' =0

i.e. the middle surface becomes minimal.

Hence if a congruence is formed by the normals to the middle surface, the middle
surface is minimal.

7. We shall now find new expressions for the coefficients of Sannia’s funda-
mental second quadratic form (Behari, 1946)

¢dut4-(p+y') du do4+Ldv?2 =0

where
g Bf=Fe | Bg—Ge=F('~) ,_ Fy—gf
T VEa—r2 7" VEG—F: = \JEG—F?

Consider the determinant
(xi’ & Ai: B /\‘)

which with the help of the equation (5.1) becomes

; ‘ i i 4
(P Atalh A X or 7 E,g

’
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and with the help of the equations (1.2) and (2.3) becomes

(x" o p;x"’y+1;BX‘ p*at a+qX‘) or qp,;eay+ p"vﬂew .

Hence
qZEy,3 = qp,;eay+p7vﬁeya .. .. < (7.0)
which gives
—¢=q E, =qule,,+pve,, .. .. o {7.2)
—y=q B, =qule, +pve, .. .. .o (7.3)
—n' =g E,,=quie ,+p%ve, .. .. oo (7.4)
—{=q,E,,=qule, +p've,,. .. oo (1.5)

From these equations the necessary and sufficient condition that the surface
of reference is a middle surface can be obtained.
For equations (7.3) and (7.4) give

(G +)E,, = ge, (p+p))— (@', +p'v)e,,
or q:Elg =q#:e12—p“vae12. .. .. .. (7.6)
We know that the condition that the surface of reference is the middle
surface is
q,= 0.
Hence
QF':"‘pava =0

which is the same as the equation (6.4).
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