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1. INTRODUCTION.

The classical two-dimensional wing-theory considers an airfoil situated in a
uniform stream of nonviscous, incompressible fluid. The extension of this theory
to compressible flow has been considered by various authors,and is well known,
(Mises-Friedrichs, 1942, hereafter referred to as FD.) a typlcal result being the
Prandt!i-Glauert rule for the effect of compressibility on the lift. In these theories,
as mentioned above, the flow at points far from the airfoil (‘ main flow’) is a
uniform parallel flow. In many applications this condition is not satisfied, the
main flow exhibiting a velocity-gradient perpendicular to the stream. As a first
approximation this velocity-gradient may be assumed to be constant (‘shear
flow’). In the incompressible case H. 8. Tsien (1943) has treated the problem of
an airfoil in shear flow and has investigated the effect of the velocity-gradient on the
aerodynamic characteristics of a symmetric Joukowsky airfoil. The study of
corresponding problems with compressible shear flow would be of interest. As a
first step in this direction, we study in this paper the problem of a thin wing in
compressible shear flow and, on the approximation of the thin wing theory, obtain
expressions for the lift and the drag.

2. THE MAIN FLOW.

We assume that the main flow, i.e. the flow at points far from the wing, is a
parallel flow with a uniform velocity-gradient perpendicular to the stream. The
equations determining any steady compressible flow are the equations of motion and

the equation of continuity :

% 0u/0x+v 0v/0x—wv = —1]p Op/dx . o (20)
u 0u[0y+v 0v/dy+wu = —1/p Op[dy . o (2.2)
9(pu)/0x+0(pv)/0y = O .. . oo (23)
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w being the vorticity. For the main flow we write u = ug = U(14-ky), v =2 =0
80 that w = wy = ~kU. The equations of motion and continuity then imply that
P = const. = pg, p = const. == py.*¥ Thus the main flow is characterised by

= ug = U(1+ky)

V=109 = 0
(2.4)
P=1Po; P=pPo
w = wg — ——kU
3. CONDITION FOR COMPRESSIBLE SHEAR FLOW.
According to Helmholtz’s vorticity theorem, in two-dimensions
D fw
Z(%)Y =0
Dt (P) (
i.e. w/p is constant along any stream-line. But at infinity
w_w_ kU
P Po Po
which is the same for all stream-lines. Hence it follows that in the whole field
of flow
w= —kUlp/py). .. .. .. .. (3.1

For the flow characterised by (3.1) the equations of motion may be written
q 0q/0x+ (kU [py)(pv) = —(1/p)(Op[ox)
q9q/9y—(kUpo)(pw) = —(1/p)(9p/3y)
where g2 = w2402 If we introduce the function
H :f d;z)‘i‘%qZ,

these equations become

Po N ox

kU oH 3.2)
—_— pu _

Po dy

showing that the equation of continuity is automatically satisfied. We may there-
fore use the condition (3.1) instead of the equation of continuity and take the
equations governing the flow to be the equations of motion (2.1), (2.2) and the
condition (3.1) for compressible shear flow.

4. THE FIRST-ORDER APPROXIMATION.

We consider a flow differing only slightly from the main flow and accordingly
set

. (4]

w=U(l+ky)+u; v =vm}
(1)

p=pot+p"; p=pot+p

with um, vm, pm, p“) everywhere small.

* Here it is assumed that p is a function of p only, » = p(p), neglecting the influence of
changes in entropy. This implies that the fluid is & medium with separable energy, cof. Courant-
Friedrichs (1948), p. 7.

4B



V. R. THIRUVENKATACHAR: COMPRESSIBLE SHEAR FLOW—I, 221
Now, in the first order approximation
P = plp) = Plpo+p™) = plpo)+p"(dp/dp)o
i.e. p=pe+42® .. .. .. . . . 42)
where 42 = (dp/dp)y; A is the acoustic velocity in the main stream. Substituting

from (4.1) and (4.2) in (2.1), (2.2) and (3.1) and retaining only first-order terms, we
obtain the following linearised equations for the disturbed flow :

2
UQ +hyyu® +kU0" = — ‘.;L ) L @3
0
2 2
Uk = g — - 20w
Po po Y
w_,m_ _ kU 4 (4.5)
vVi—u B e . . . .
# v Po P

If we introduce the stream-function ¢ defined by

pu =1y, pv = —y,
the equations (3.2) show that

= Po =Po )12 dp
'/J"kU H +const. i {zg + f ” }-}-const.
If we choose the constant in ¢ to be —poU/2k we may write

poU

=B {4kt 4" . L (46
where
A2
¢(1)=%(1+ky)?t‘l)+k(] plv .. .. Lo &)
or )
A2pM) = —po UL +kypu®+2U™. .. .. .. (48)

We shall require also expressions for »(V), () in terms of :/:m. Substituting from
(4.1) and (4.6) in the equations

pU=1thy;, pv=—4,

we obtain, in the first-order approximation,
pou U (1 +ky)pt) = gt

— (1)
poot® = —40,

Substituting for p!) from (4.8) we get
P = —pgolt) .. ce e S X )
P = po{ 1= 221+ Ey2 }ul) +E M1 +Ey® .. .. (4.10)
where M = U/4 is the the free-stream Mach number for y = 0.
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5. TRANSFORMATION AND SIMPLIFICATION OF THE BASIC EQUATIONS,
Substituting for p(" from (4.5) in (4.4), we get

A2
U(l+k 1)(1) R L
Y)v, oo P

and using (4.9) this becomes

UQ+kyl) = Az, P i 8 )
We now introduce a function % defined by
(kgD =9, .. - .. N (: %)
which in combination with (5.1) gives
A2 =Uy . .. .. . .. (8.3)
From (4.9) and (5.2) we get
po(1+kypp) = —qy . .. .. .o (B4

Again, substituting for p and 4" from (5.3) and (5.2) into (4.8), we get

poll +hy)ul) = ~ g+ (5.5)

T4ky
Finally, substituting for «™, ¢ and ¢! from (5.5) and (5.2) into (4.10) and

simplifying, we obtain

(1= M2(1+ky)2 )y, +n, — 0. .. .. (5.6

2k .
1+ky My =
This is the differential equation satisfied by 5 and when n has been deter-
mined, u(", 0, p( and ¢!V are given by (5.5), (5.4), (5.3) and (5.2).
6. REDUCTION TO POTENTIAL FLOW.

We now further transform our equations so as to reduce them to those for a
potential flow. We start with the equation (4.5) :

v(l)_u(l) — @g‘ P(l) .
x ¥ PO
Substituting for p!V) from (5.3), this may be written
2
ol — ’1{‘?_"“.
4 Po

If we rewrite this in the form

d kM2 du)
Zlomg ) 4 T
oz {v + Po n’} oy

we see that we can introduce a new function ¢(2) such that

I R (% §
ke
o0 = g~ ki 7, .. .. .. (6.2)
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From (6.1) and (5.5) we have
k
poll +ky)p = R wr el M
Similarly from (6.2) and (5.4)
k
po(L+ky)$0) = ~m, + 7 T e HEMA0 R,
whence, by addition,

@, 4@ 0 2k
Po 1+ky)(¢,x+¢ -5 [11,,,,+nw— ¥k 7, —kM2(1+ky)n, ]

&

- a—x [M2(14ky)>n, ~kM2(1+ky)n,], using (5.6)
7 k
= M2 e 2t e
= a0tk g [ ~nat g |
= M2(1+ky)? [po(1+ky)$ Y, by (5.5) and (6.1)
= po M2(1+ky)>4%).
Thus we obtain finally the following differential equation for ¢*:

(1= 4ky2} 2 +42 =0. .. .. .. (63)

The flow given by ¢ is a potential flow, with ¢ as the velocity-potential.

We may introduce a corresponding stream-function $* for this flow. We sub.
stitute for () and %!V from (6.1) and (6.2) in (4.9) and (4.10). This gives

W = — pod® kM2,
P —bM2(1 + Ry = po {1 = M2(1 +hy)2}42.
On account of (6.3) we therefore find

:_x [# = ka2 + Ry = 3% [#0—kd12 ] .

Hence there exists a function ¢ such that

po? =V —kM2z .. . 0 L (8Y
podl) =g\ R+ .. .. L (65)
The functions ¢ and y® are related by the following pair of equations :
P = =g .. .. .. .. .. (6.6)
9 = (1-M2(1+ky)2}™ .. .. .. (8

which are generalised Cauchy-Riemann equations of a type considered by Bers
and Gelbart (1943). From (6.6) and (6.7) we obtain the differential equation for 1/1(2’

"bfj:'i'a [{ 1 — M2(1 +ky)2} 1;,[;(2)] = 0. - .. (6.8)
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7. BounpaRY CONDITIONS.

Following the treatment in von Mises-Friedrichs, we consider two types of
boundary conditions :

= =h k() =
Type T {.ﬁ Oony .(a:), (x) =0 for <0,
and A(z) is small for x>0
" ¢ =0 ony=hy(z) and y = he(z) for |z} < ¢/2
Type 11: where k() < ko(z), || < ¢/2, and

hy(e/2) = hg(e[2) ; hy(—c/2) = ho(—c/2).

The boundary conditions of Type II are appropriate for a wing-profile. In
our case the boundary condition of Type I takes the form

)= poU {1 +ky)2—1} +¢™ =0 for y = h(zx), h(x) small.

Now
¥, 1) = $V, 0+, 0)+ . .

Since 1/1(;) is already small, we may neglect for small ¥ the term yz/:;” and higher

order ones, in the first order approximation. Thus to the first order the boundary
condition becomes

25 2ky+¢! (2, 0) = 0 for y = h(z)
le.
4z, 0) = — poUh(x), = > 0} -
~0, 2 <0 (7.1)
Similarly the boundary conditions of Type 11 become
@, 0) = — poUhs(e), |2] < ¢f2, 3 0}_ 2.9
=—pOUh1(x)’ |x]£c/2, yTO '

We must now consider boundary-conditions for 2
From (5.2), (6.4) and (6.5) we obtain
pod® = V) — kM2, e e (13)

Now from the definition of % by means of (5.2) we see that 7 is determined
only up to an arbitrary additive function of x. Hence we may choose % in such a
way that

n{z, 0) =0. . .. . .o (1.4

With this choice of 4 we have

potb®(z, 0) = ¢yM(z, 0)

and hence we obtain the following boundary conditions for ¢

Type I: Uz, 0) = — Uh(z), z > 0} .
=0, <0 (7.5)
Type=11 : $P (@, 0) = — Uhg(x), (2] < ¢/2, y | 0} ' 76
— = Uhy(a), || < /2, y10 (7.6)
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8. APPROXIMATION AND REDUCTION OF THE DIFFERENTIAL EQUATIONS.

@ @

FOR ¢ AND ¢

We have seen that ¢ and ¢® satisfy the following differential equations ;

{1 =002 + k)2 } )+ %) = N (- N )
@, 1 @ 2’C]"-fz(l-i-k?/ @ _
l/’xx+1__M2(1+ky)2 ll[’yy M2(1+ky 2]2¢' (8.2)

Consistent with our approximate treatment we shall show that these can be
reduced to simpler forms. We consider separately the cases M << 1 and M > 1.

Case (i): M << 1. Introduce a new variable { defined by

=J VI1=M2(1+ky2dy .. . .o (8.3)

then the equations for ¢'® and 5[;(2) go over into
$o oy HWITNT =0 .. L L (84)
RGN =0 L (85)

where {' = d{/dy, {" = d?{jdy?. Now, according to our assumptions the motion
described by ¢ and ¢® is a small deviation from the main flow and hence, from
(6.4) and (6.5) it follows that for small values of y, l,bf) and (/ly’ are small quantities.
The equations (6.8), (6.7) then show that the same holds for gbf), ¢;2) also. Since
¢ ¢(2’, etc., we conclude that, for small values of y, gb(g‘) and (/1(;) are also
small qua.ntlties. Since we are considering a thin wing practically coinciding with
a segment of the x-axis, we are interested in the solution of (8.4) and (8.5) near

= (. In these circumstances we may approximate (8.4) and (8.5) by replacing
{"/T'2 in these equations by its value for y = 0.

Now I = = T
and so for - y~0, "t~ — zl_'_f%;)_‘“ = —A(say) .. .. {8.6)
and the equations (8.4) and (8.5) become
$a+n—MI=0 .. . .. L (87
¢fx’+¢‘2’+,\¢‘f’=0‘ e e e (88)

Tt should be emphasised that this approximation to (8.4) and (8.5) is valid only
near the x-axis. If we chcose the integration constant in (8.3) so that { = 0 for
== (, then we find

{ ~+/1=M2y fory ~ 0. . - .. (8.9)
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Case (ii): M > 1. In this case we define { by

;=I\/M2(l+ky)2—-ldy ce e .. (820)

and, as before, choose the constant of integration so that { = 0 for y = 0.

Then
L~/ M2=1y for y ~ 0. .. .. .. (8.11)
The differential equations for $® and ¢(2’ become in this case
$D—d0— NP =0 .. .. .. (812
o~ ¢(€2£+(§"/§'2)¢(§2) =0. .. . .. (8.13)
Approximating as above, these give
¢fj—¢‘€2é~)\¢‘€2> =0 .. .. .. .. (814)
@__ @) @ _
3 ¢€C+A¢C =0 .. .. .. .. {8.15)
with, now, A=EkEM2/(M2-1)32 . .. .. .. (8.16)

It will be noted that the equations (8.14) and (8.15) have the form of the
¢ Telegraphic Equation .
We now set

WémW%MmQM<% eI
=exp GN)F(x, (), M>1
Then the equations (8.8) and (8.15) for ¢(2) become, respectively,
2 .
F;z+F“——é1—F=O,M<1 e .. .. (8.18)
A2
F‘"—FCC-*_ZF:O’ M>1. .o .. .o (8.19)

Y. SOLUTION BY MEANS OF THE FOURIER INTEGRAL IN THE SUPERSONIC CASE.

Here we have-to solve
A2
F"_F§C+ZF=O . . .. .. (9.1)
with the boundary condition
F(x, 0) =&z, 0) = =Uh(z), >0
(2, 0) = ¢z, 0) ) } . ©.2)
= O, x < O

By the usual method of separation of variables, we find that particular solu-
tions of (9.1) are given by

gin sin
m{ nr
¢os cos |
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where m and u are constants connected by the relation
A2
m2+z = p2. . .. . oo (93)

It follows that cos (ux—m{) and sin (ux—m!l) are also particular solutions.

We assume for the solution an expression of the form

ol

F(z, 1) =J [A(p) cos (pz—ml)+B(g) sin (pr—~ml)} du
A2

A2 ‘
+ J cosh m{[A(n) cos pz+ B(u) sin pxldp . (9.4)
0

where 4, B are arbitrary functions, and p? +mf = A%/4. TFor { =0, (9.4) gives
F(z,0) = J. [A(‘u.) cos px+ B(p) sin y.x] dp. .. .. (9.5)
0

By the Fourier Integral theorem, the function F(x, 0) given by (9.2) may be
represented in the form

F(z,0) = — v J du J h(t) cos p(z—28)dt .. o (9.6)
o .
0 0
i.e.
U a w0 e )
F(z, 0) = — . J‘ [cos px J h(t) cos ut dt+4sin px J h(t) sin ptdt]du. .. (9.7
0 0 (1]
Comparing (9.5) and (9.7) we obtain
U wn
Alp) = — = J h(t) cos ptdt .. .. . (9.8)
ks R
v
B(p)= —— J h(t) sin utdt. .. .. .. (99
ks
0
Substituting in (9.4) for 4 and B, we get
U @x €®x
F(x, [) = — p J du J. h(t) cos (ux—ml—put) dt
A2 0

U A/2 0
~ I cosh m;ldu J h(t) cos u(x—t) dt. .. ..o {9.10)

0 v
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Thus we obtain finally,

WO, [) = — gexp (%AL’)[ f du f h(t) cos (pr—ml—put) dt
A2 0

A2 £
+f / cosh mildu f h(t) cos p.(av—-t)dt] .. .. (9.11)

0 0

as the solution of our problem with the boundary condition of Type I.
For the case of no shear (uniform parallel flow), we have t =0, A =0 and
m = p. The solution in this case becomes

yB(z, ) = — v f dy f h(t) cos p(x—C—1)dt
0

ka
0
which by the Fourier Integral theorem, gives
$(@. ) = — Uh(z—1), 21
=0, z<l.
This is the known solution for this case. (F.D., p. 236.)
By differentiation, we obtain from (9.11)

x

¢(£2)(m’ {) = %/\:/1(2)(:17, {)— 4 exp (%A{)[ f m du f h(t) sin (pr—mZ—put) dt
. A2

0

0

A2
+ [ mq sinh (myL)dp f h(t) cos u(z—1) dt]
To

0
so that

:,lx(;)(x, 0) = + JAUh(z) — g J mdp j hit) sin p(z—28)dt. .. (9.12)
A2 0
10. FORMULAE FOR THE DRAG AND THE LIFT.

Still continuing with the boundary conition of Type I, we calculate the ¢ wave-
drag’ per unit breadth. This is given by

+w
D=- f (Po-+pM)n, ds =J [po+p(w, W)W (@)dz .. (10.1)

¥ = h(x) -

or, in the first approximation,
+w
D =42 J. pW(z, )8/ (z)dx
+

+x .
= —poU f u(z, 0’ () do+kU f YWz, O/ (x)yde .. (10.2)

- -0
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where we have used (4.8). By (6.7) we have, to the first order,
$P(x, 0) = — (M2—1)$ =, 0)
= — (M2—1)ulll(z, 0)
or, since { ~ \/ M2—1 y in this approximation,

PP, 0) = —VIE-T aO(,0) .. .. .. (103)

Substituting for )(z, 0) in (10.2) we obtain
4o +
D = pyU(M2—1)-% j ¢‘£2’(x, 0)h' () de+-kU J Y (x, 0)b'(x) da.

Ingerting the values of ¢.(g)(m, 0) and :ﬁ(l)(x, 0) from (9.12) and (7.1), this be-
comes

A +o
D= _poyzzk+m_2—__l} f h(a)h' (x) dee

U2 4+ o ®

P | wp@de | mdp| h(t)sinpe—t)dt.

m/ M2~]

- A2 0

If we assume that A(x) >0 as x— 40 the integral in the first line above
vanishes, and we have

x>

+ ®
D= — lpoU2 tan o f h'(x) dx J mdu J h(t) sin plx—t) dt.. (10.4)
™
- 0

A2
where o is the  Mach angle’ defirted by

1

sino:=J—L—i.

For k = 0 the expression for D becomes

+o k' 0

D=Dy= — 1pOU2 tan o J k' (2) da J pdp J h{t) sin p(x—t) dt.
7 - 0 0

From the identity

h(x) = lj du J h(t) cos p{x—t) dt
7 0 0
we have by differentiation

(a) = _.71_7 J wdp f h(t) sin p(z—1) dt
(4] 1]
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and using this, the expression for Dy becomes

4o
Do = pOUZtanaI W(x)Rde .. .. .. (10.5)

which is just the known result for this case. (FD., p. 236.)
We now turn to the consideration of boundary conditions of Type IIL.
In this case the condition (9.12) must be replaced by

" U @ +e¢f2
P, +0)= — }Uhg(e) — — J m dy f ho(t) sin p{x—t) dt
7 A2 ~ef2
. vofa (10.6)
4/?’(-@, —0) = - %f\Uhl(x)+(;] f mdp f Ry (t) sin p(x—t) dt
A2 ~c/2
and the condition (10.3) by
2z, +0) = — /IE=T ul(z, +0)
— (10.7)
¥y (2, =) = — V/ME=T ul(z, —m}

The expression for the drag is now
+efe , ,
D = poU(M2~1)~} J [67"(z, +0)h, @)+ (=, —O)h, (2)] da
-6/2

+ejo
+kU- j [vV @, +0)h, (2) =V (e, —0)k, (z)] d.

-cf2
Substituting from (10.6) and (10.7) we have
A +ef2 , .
D= —poU2 & (M2—1)-* J [ha(e)hy (@) +ha( ) (x)] da
_ef
+cfa ) ,
—pokU2 J [Ao(@)hy (2)—ba ()b ()] da
-cf2
U2 telz ® +ef2
— &"—Q (M2—1)-* f by () dx [ mdp‘f ho(t) sin p(x—t) dt
i —¢f2 A2 —clz

U2 tefe © +cfe
- B%r—‘ (M2—-1)-t J by (2) de‘ mdyJ hy(2) sin p(x—1t) di.
~c¢/2 A2 —cl2

The integrals in the first two lines give [Ay(x)]2 and [hy(2)]2 and may therefore
be omitted, in our approximation. We thus obtain for the drag

1 +efe , ® +cf2
D= —-pyU2tana J b, (z) dz J‘ mdu j ho(t) sin u(x—t) dt
ki
A2

—c/2 -cf2

1 +cfa ) kd +efo
- poU? tan a j b, () de m du I hy(8) sinp(x—t)dt .. (10.8)
—efe A2 —cf2
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To obtain the lift, we have

L=— J. (po+pW)n, ds+J. (Po+pW)n,ds .. .. (10.9)
¥ = ha(x} y = hy(x)

which in the first approximation gives

+ef2 -
L= —A2 J [pM(z, +0)—pW)(z, —0)]dr

-6/2
+ef2 +efz

= poU J [, +0)—ulli(z, —0)] dz—kU J ", +0)—p (2, —0)} dr
~cf2 , —ef2

pU el
= J. [¥) @, +0) -+ (x, —0)]dz
=1 .,

telz
_kUJ [lp(l)(x’ +0)_¢(1)(x, _0)] dr.
"0/2

Substituting from (10.6) and (7.2) we obtain, after some simplification

A +efz +efz
L= é P0U2 J\ [hz(l‘)-“hl(x)] (l.’E+p0kU2 J .[hz(x)—hl(.v)] dx
~cf2 ~ef2

1 +cf2 x +efo
+ - poU2 tan o J‘ dx J mdp J [Ra(t)+ Py (t)] sin p(z—1) dt. .. (10.10)
7 N BY: ~cl2 _

As before we may verify that, when & — 0, these formulae for D and L coin-
cide with the known expressions (FD., p. 238).
The subsonic case will be considered in a subsequent paper.

11. SuMMARY.

In this paper the notion of shear flow considered by H. 8. Tsien in the mcompressible
case, is generalised to compressible flow, and with this extension, the problem of the drag and
lift of & thin wing in shear flow is considered. The linearised equations of the slightly
disturbed shear flow are reduced to those for a potential flow. By means of the Fourier
Integral, an approximete solution is constructed, bascd on the assumed smallness of the
motion. The calculations are carried through for the supersonic case, leading to formulae for
the drag and the lift closely-analogous to thosc for the shear-free case
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