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1. INTRODUCTION.

In a recent paper O. Taussky [4] has treated the problem of the nonsteady
motion of a thin airfoil in a uniform supersonic flow. The linearised differential
equation of hyperbolic type for the velocity-potential is solved by applying the
method of Hadamard [2], thus establishing rigorously the solution given by
Possio [3] and demonstrating at the same time its uniqueness. In the present paper
the same method is applied to the corresponding problem of a thin wing in
compressible shear flow—a notion which was introduced in a previous paper [5].
The discussion follows closely that given by Taussky and leads to a unique
solution which reduces, in the shear-free case, to the integral given by Possio.

2. EquaTioNs oF MoTioN aND CONDITION FOR COMPRESSIBLE SHEAR FLow.

We consider a thin wing in a paralle] flow with a uniform velocity gradient
perpendicular to the stream, so that in the main flow the velocity-components are
U(L+ky), 0, the pressure is py and the density pg. As shown in [5] the vorticity
w at any point in such a flow is conneeted with the density p by the relation

dv odu LU
wz'a—x—@w—‘p—o—'p . .. .. (2.1)
The equations of motion are, with this value of w,
du du ov kU 1 @l)
—az+u —a-E+v 3_x+ p» (pv) = e .. .o (2.2)
dv ou ov KU, 1 a_p
52.;_“ a_y+v 3y - -;0— (pu) = e .. (23

VOL. XV—No. 6.



234 V. R. THIRUVENEKATACHAR: COMPRESSIBLE SHEAR FLOW—II.

The flow is subject to a further condition, viz. the equation of continuity, but it is
easily verified that the equation of continuity follows as a necessary consequence
of the condition (2.1) and the equations (2.2), (2.3). In fact, if we write

=402, H={g+ J 5?,

then the equations (2.2), (2.3) become

ou OH kU
sttt s, (pv) =0

ov oH kU

%tay poy (pu) = 0.

If we differentiate the first of these equations w.r.t. y, the second w.r.t.  and

subtract, we get
A (A AL a(pv>} —o
Tot\ox ay) T po | ox + oy §

Substituting from (2.1) for the first cxpression in brackets, we get

% 3p)  Apr) _

T oy
which is the equation of continuity. We may therefore take the equations (2.1),
(2.2) and (2.3) as describing the motion completely.
3. LiNEARISED EQUATIONS FOR A THIN Wine,

Following the usual procedure we set

w= U(l+ky)+uld

v == o)

3.1
P = po+pW &0
p = po+p®

with u), (), p (1) and p() everywhere small. Substituting in the equations (2.1);

(2.2) and (2.3) and retaining quantities of the first order only, we obtain the
following equations:

dull) ulv) A2 9oV
—’ait—+U(1+ky) o HRU = — = % L (3
vl e A2 gp»
=+ U1+ky) %{;= - ;;%y.. ... (33)
vt gyl kU
—-—-—~ax — ——-—ay e ;0~ P(l) s . . (3.4)

where A = (dp/dp), is the acoustic velocity in the main stream.
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4. REepucTiOoN TO POTENTIAL Frow.

The equation (3.4) shows that the disturbance flow is not a potential flow, but
we can reduce it to one, as will now be shown. We introduce two functions y and ¢
defined by the following relations:

A2 = Uy, .. .. .. . .. (4.1)
ull) = ¢, - .. .. .. .o (4.2)
kb2
W =y — —x, .. .. .. o (43)
Po

with M = U/A. These make the equation (3.4) to be identically satisfied. The
equations (3.2), (3.3) then constitute two equations for the determination of the
two unknown functions ¢ and x. These equations are

k22U U
— Xe = ™ 7 Xzax - (4'4)
[1] Po

¢:t+ U(l +ky)¢zx+kU¢y -

kM2 kMU
¢yt+ U(l +ky)¢xy e ';)_" Xat™

U
(1+ky)Xz: = = = Xzzy- - - (45)
fo

By eliminating x between these, we obtain a differential equation for ¢ only. To
effect this elimination we proceed as follows:—

Differentiate (4.4) w.r.t. ¢:

k2MmzU0 U
¢zt¢+ U(l +ky)trl)::t+kU¢yt—

ot = — — Xozt- .. 4.6
Xzt Pox ot (4.6)

Multiply (4.5) by kU and subtract from (4.6):
kUeMz

which is satisfied by taking
b +U(1+ky)dpys — U1 +ky)d,

51
(1 +ky)X:: = P—O {kUXr:y - Xx::t}

krU2pM2 U
+ (A +ky)xe = = {kUxey~ Xaat} - .- (£7)

Po Po

Again, differentiate (4.4) w.r.t. y, (4¢.5) w.r.t. = and subtract.

We then get
kzMmeU kM2 EM2U
kU(¢z:+¢yy) =" Xay ™ Xzzt — (1 +k?/)x":
Po Po Po

kM2 U
= (ka:y - Xzzt)+kM2(1 +ky) . [ - X::r]'
Po Po

Substituting from (4.7) and (4.4) on the r.h.s., we have

kM2
kU (Bectbyy) =~ bee+ 20 M1 +ky) by + oMU (1 k)%,
Thus we have finally
1, 2Me
1-32(1 + by)* Yot byy = 3 bt~ (L +hy)ber. .. (48)
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This is the desired differential equation for ¢. For steady motion the r.h.s. of (4.8)
vanishes and the equation reduces to the one previously derived in [5]. If we
choose as the unit of speed the acoustic velocity 4 in the main stream, so that
A =1 and M = U, the equation (4.8) becomes

1=+ Ry R}t by = bt 2M (k). .. .. (49)

We now introduce a new variable { defined by
VMR {=J VM +kyE—1dy .. . .. (4.10)

with the constant of integration chosen so as to make { = 0 for y = 0. With this
substitution equation (4.9) becomes

— 2y, — ¢§§)+§"¢g = dut+2V1+{29,,

where {' = di/dy, " = d2{/dy?. Since ¢ and its derivatives are all small and
since the solution is required only for ¥ = 0, we may replace the expressions for
{’ and {" in the coefficients of this differential equation by their values for y = 0.
We thus obtain for ¢ the following differential equation:

L{¢} = —(M2=1)$,,+ by +2md;—pu—2 M, = 0 .o (411)
where om = kM(M2~1) .. .. .. .. (412)

5. THE ELEMENTARY SOLUTION OF THE EQUATION FOR ¢.

Let us introduce the transformation of variables:

X =z—-Mt
Z= .. .. .. .. (8.1)
T=t
Then the differential equation (4.11) goes over into
' $uxtbot2mb—b=0 .. .. .. (52)
If we write further ¢ =exp (—mZ)F(X, Z,T) .. .. e (8.3)

the equation (5.2) becomes
Frr—Fxx—Fz;4-m2F =0 .. . .. (5.4)
The equation to the characteristic cone is
I'=(T-T)2—(X—X()2—(Z—2p)2 =0 - .. (5.5)
or, in the original co-ordinates
I's (t—7)2—[2—€—M({{—7)2—({—9)2=0 .. .. (5.6)

where (£, 7, 7) are the values corresponding to (X4, Zg, Ty). The elementary

solution of (5.4) which is singular on the characteristic cone (5.5) is (cf. [1] p. 432).
W 508 ml/ T"
VT

5B
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Hence the elementary solution of (4.11) which is singular on the characteristic cone
(5.6) is
cos my/T . e (BT
T
with I given by (5.6).
The equation (4.11) is not self-adjoint, and the adjoint equation is
M{V} _MZ 1)V=1+V§g—2ng—V"—2MV,¢=0 .o (5.8)

Since this differs from (4.11) only in the s1gn of m, the elementary solution of
(5.8) is

Wl = g—®{,

V=e,..;L°S\7/"\/P. B
T

6, CONSTRUCTION OF THE SOLUTION BY HADAMARD’S METHOD.

Taking the chord-length as the unit of length, we study the solution for the
region G of the (z, {, t)-space bounded by the planes

2N M2—1 =0, z£{V/HM2_1=1.

If we denote the part of G corresponding to positive values of { by G+ and that
corresponding to negative values by G-, the boundary-value problem to be
solved consists in finding a solution ¢ of (4.11) in G+ such that

(i) $=0 for exfV/IE-T=0, (i %—‘Z+m¢ =/, 9 for { = 0.

The first of these conditions results from the fact that the planes
zi/ M2~1=0

are characteristic for (4.11) and ¢ being constant along these, the value of this
constant may be chosen to be zero. The second condition above arises as follows:
we suppose that the value of vl for y = 0 is given: oW (2, o, {) = f(=, t); according
to (4.3) this means that

kM2
¢y(z: 0, t)_ _;o— X:(x» 9, t) =f($, t)-

On account of the latitude in the choice of x implied in its definition by (4.1), we
may subject it to the additional condition:

2
%{-xz(w, 0, )+mp(z, 0,8 =0 .. .. .. (6.1)

(3),..= )

we then obtain the condition (ii) for ¢. The choice of the condition in this form is
justified a posteriors by the fact that with it we are led to a unique solution for ¢.
The characteristic cone (5.6) with its vertex at P(¢, 5, 7) cuts out a finite area of
the surface carrying the data. We denote by B the volume bounded by this area
and the generators of the cone. Applying the generalised Green’s formula to the

Observing that
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solution ¢ of (4.11) and the elementary solution ¥V of the adjoint equation (5.8)
over the volume B, we get

0___J”' [¢M{V}_VL{¢}]ddedt

B

2 2
=JJ[¢%—V%—2mV¢Cv]ds L (62)

N

where § denotes the surface of the volume B, 9/dv the ‘transversal derivative’ and
(z,, &, t,) are the direction-cosines of the normal to dS. To avoid the difficulty
of the divergence of some of the surfaces integrals owing to the singularity of ¥
on the characteristic cone, Hadamard introduced a special device which consists in
replacing the volume B by another B formed by a cone of slightly smaller vertical
angle:

(1—e)2(t~7)2—[x—~E—M(t—7)2—({—7)2=0 .. .. {63)

‘md with the top truncated by the plane t=7—8, 8 small; and after replacing each
integral by its ‘finite part’, proceeding to the limit 0. This process necessitates
a detailed discussion of the geometry of the region of integration and its boundaries.
Such a discussion has been carried out by Taussky in the paper already cited, from
which we quote the following results :-—The surface which carries the data of the
problem is composed of the plane { = 0, and the plane x—{y/M2—1=0. The
plane { = 0 cuts the cone (6.3) in a hyperbola, while the plane x—{4/M2—1 =0
cuts it in an ellipse which becomes a parabola when ¢—>0. These two curveb meet
in two real points P;, Py on the #-axis. If H_ denotes the area bounded by the
arc of the hyperbola between P; and P; and the chord Py P, P, the area bounded
by one of the arcs of the ellipse between Py and P, and the chord PP, then it is
shown that, when e—0 and the ellipse becomes a parabola, it is the finite part of the
parabola between P; and P, which cuts those generators that are not cut by the
finite arc of the hyperbola. If therefore we choose the corresponding elliptic arc
in defining P,, the closed volume cut out from the cone will then include the vertex.
We apply Green’s formula (6.2) to this volume, with its top cut off by the

plane ¢ = 7—8 and closed at the bottom by the hyperbolic and elliptic segments
just defined. The volume integral vanishes, since L{¢} =0 and M{ V} =0. The
surface integral splits up into four parts:—

() The integral over He.

(8) The integral over Pe.

(y) The integral over the surface M¢s of the cone.

(8) The integral over a small circle Ceb at the top.

The discussion of the ‘finite parts’ of these integrals may be conducted on
exactly the same lines as in Taussky’s paper, with only slight and obvious modifica-
tions and we obtain the following results :—

(x) If H denotes the hyperbolic segment which corresponds to e =.0, the
contribution from the hyperbola is

% * av
_.” {52+2wz¢}VdS+ ” 8 5y 48
H

€
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(B) No contribution to the finite part.
(y) Again no contribution.
(8) Here we have to consider

*
. v 3
Jim “ (¢ =V aT)dXdZ
Ced

the third term in the surface integral in (6.2) being now zero, as {y = 0 on Ces.
(Note: A star placed before an integral indicates the ‘finite part’ of the integral.)
Proceeding as in Courant-Hilbert (Ref. [1] p. 441) we find the value of the limit in
question to be

_2”¢ f» N, T emq
Collecting together the results in (), (8), (y) and (8) we obtain
.
1 o¢ 1 v
MY - = o o [
$(€, 7, ) e ; “ {ac+2m¢ } VaS+5- H é <35)5=U S (6.4)
H He

Following the procedure of Taussky, we next consider the point P'(£, —=, r) and
the characteristic cone with P’ as vertex:

['=(—rp—[e—¢—M{t—)2=(L+n2 =0 .. .. (63)

The elementary solution V'’ of the adjoint equation now is

prmont 05V T
VI

As before, the cone (6.5) meets the plane { = 0 in the hyperbola previously con.
sidered and the plane z— §\/M2——1 == 0 in a parabola; but the finite paraholic
and hyperbolic segments cut off by the ¢-axis are now intersected by the same
generators. The two segments together with the appropriate generators form the
complete surface of a volume B’ Wthh however, does not include the vertex P’.
This volume lies entirely in G+. Applwng Green’s formula again to the region B’

with respect to the functions ¢ and ¥’ and proceeding as before we arrive at the
following result :

0=— o H {g‘é_i_)mgb} y ds+2l" *H é (%%>;:o as .. (6.7)

H He

(6.6)

Adding (6.4) and (6.7) and noting that V = V' for { = 0 (i.e. on H), we obtain

a v Y[, ey e .

H He

An easy calculation gives

ov ov’ cos m\/Fo
s = 2m . = ({—7)2— Mit— -—
(aC+ 57 >£ =2 \/ - , Ty = ({—7)2—[z—f—M{t—7)|2—7?

=2m(V)¢=p -
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Substituting in the second integral in (6.8) and noting that this tends to a finite
limit when ¢ — 0, we obtain

(&, m, 7)€ = — L {%{-27714;} Vs 4+ [ me VdS.
T al 7] ]
H H

Thus we have finally

(&, n, 1) = — 9—771” (z—‘éq.m(ﬁ) vdas .. .. (6.9

H
where

cos m\/f’
AT

Fork =0, wehavem =0,{ =y, V = 1/\/f and the above result reduces to

y=et ) T'= (t—1)2=[3— = M (=)~ ({~m)".

dé 1
¢(£:mr)=—%JJ§%—\—/—Jgds . (6.10)

which is the integral obtained by Possio and Taussky.
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