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ABSTRACT.

The possibility of the fitting of convective cores of different sizes to a given envelope soltion
of the stellar equations, allowing for a discontinuous change of composition across the interface,
isexamined. Itisfound thatifa convective core fits on to an envelope solution for a composition
uniform throughout the model, then another core of different size and composition, consistent
with the same envelope solution, does not exist. This conclusion would therefore lend a unique-
ness to the solution of the stellar problem of fit when obtained under suitable conditions.

1. INTRODUCTION.

It is now generally accepted that the source of energy radiated by the main
sequence stars is the transformation of hydrogen into helium through the carbon-
nitrogen cycle which can be expressed as a formula involving as variables the density
and temperature of the stellar material. The high power of the temperature in
this formula demands that the central regions of the star should be in convective
equilibrium, surrounded by an envelope through which the transfer of energy takes
place by radiation. Further, almost the entire generation of energy occurs within
the convective core, there being very little production outside it. It is quite possible
that due to a lack of thorough mixing of the stellar material inside and outside the
core, a non-homogeneity in the composition may be introduced. Thus, as & con-
sequence of the burning of hydrogen in the neighbourhood of the centre of the
star, the average molecular weight p in this region would increase relatively to the
rest of the stellar material. The interface between the convective core and the
radiative envelope would therefore become a surface of discontinuity of p, and
it would be permissible from the point of view of mathematical analysis to regard
this discontinuity as a sharp one, without caring for the moment to what extent
such a sharp discontinuity may be physically realisable. This brings us to the
consideration of convective radiative stellar models with a discontinuous change
of composition across the interface. The problem of the fitting of a convective
core on to a given radiative envelope in a composite stellar model on the assumption
of a constant composition throughout has been considered by several writers and
also by the present author in two earlier papers* (Burman, 1943, 1949). It is
well known that, it is not always possible to fit a convective core to a given radiative
envelope constructed from an integration of the stellar equations from the boundary
surface inwards for given values of the mass (M), radius (R), luminosity (L) and
an arbitrarily assumed composition (u). For the assumption that the composition
is uniform throughout the star, a solution of the problem will be possible (i.e., a fit
will exist) only for a definite value of this composition. The question arises whether
in these cases (where a fit exists for a constant value of u) it is possible to obtain

* Referred to hereinafter as papers I and II.

VOL. XV—No. 6.



270 U. R. BURMAN: ON THE POSSIBILITY OF FITTING OF CONVECTIVE CORES.

another core fitting on to the same envelope solution, if we recognise the possibility
of a discontinuous change in p across the interface consequent on the burning of
hydrogen within the convective core. This question is examined in the present
paper and the answer is found to be in the negative at least for stars with negligible
radiation pressure. This conclusion brings a uniqueness to the solution of a stellar
problem of fit when obtained with the assumption of a uniform composition.

2. THE EQUATIONS OF THE PROBLEM.

For a spherically symmetrical equilibrium configuration in steady state, the
equations governing the structure of the convective core in the usual notations are,

dP M(r)
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where the total pressure P and the adiabatic exponent I's are given by the relations
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The structure of the region outside the convective core is determined by equations
(1) and (2), together with the radiative transfer equation in the familiar form

d kp L
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the luminosity L being regarded as constant throughout this region. Neglecting
the opacity due to electron scattering in the range of temperature we are concerned
with, we may write

K —9Qe
K=—t9pT35 .. .. . .. (D

where kg is a constant depending on the composition of the material and ¢ the
guillotine factor.

The conditions at the surface of the core are that the mass, pressure and tem-
perature should be continuous, and since we are allowing for a discontinuous change
of u across the surface, the continuity of P and T implies that of p/u. Further, as
has been pointed out by Hoyle and Lyttleton (1946), the function

p(1—X—Y)1+X)(n+1),
where
dlog P
dlog T

should also be continuous at the interface where the scattering opacity is negligible,
Here X and Y are respectively the hydrogen and helium contents of the stellar
material. In all cases where ¥ is small compared to X, as appears possible, we may
neglect Y in the above expression and write it in the form p(1 —X2)(n-+1). Inan

n+1 =
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actual case this will only slightly shift the position of the interface and will not
affect the qualitative results. The conditions of fit may thus be written in the
forms

Ph= Pl Tl =T00 Mo =0 () = () . )

p(l=X2)(n+1) = p(1-X B, +1) .. .. .. (9)

where the index ¢ refers to the inner side and the index ¢ to the outer side of the
interface. It is important to note here that B, the ratio of gas pressure to total
pressure is also continuous at the interface. It is necessary to point out here that
in the derivation of condition (9), Hoyle and Lyttleton do not take into account the
variation of the guillotine factor in the opacity formula with density and temperature.
For variation with temperature only, the condition however remains unchanged.
But for variation with density alone or with both density and temperature, the
formula will be slightly modified. In addition, if the contribution of electron
scattering to the total opacity be significant, further modification in the formula
will be necessary. Schwarzschild (1946) has shewn that the following representation
of the guillotine factor

logiot = 0°6+logye p7%
fits in fairly accurately with Morse’s (1940) table of the opacity, for temperatures
and densities occurring in the sun. Introducing the above expression for the

guillotine factor and taking into account the electron opacity, it follows from the
considerations of Hoyle and Lyttleton that condition (9) takes the modified form

075 . N
(ni+1)[1025(1_xf)(£) p?75T;°5+1'5x0-19(1+X,-)]
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e
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The solution of our problem depends on the invariance property of the core
equations under the following homologous transformations ‘

E=p p=A"lp
P =P P =XP
f=’\8p (A) and _ﬁ=A2p , (B)
T = AT T =T
F=A"lr F=r
M(r) = M(r) M(r) = A2M(7)

The réle of these transformations in the problem of fitting of a convective core to
a given radiative envelope has been discussed in paper IT and we introduce them here
only for the sake of reference in our subsequent discussions.

3. THE METHOD OF SOLUTION.

In our formulation of the problem, a convective-radiative stellar model is
supposed to be given with a constant composition for the material. We shall
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regard as stated above the helium content as negligibly small, so that the molecular
weight p will be expressible in terms of the hydrogen content alone, by the formula

2
P=133X

We shall first shew that if r = r,, denotes the radius of the convective core with p
continuous across it, then the same envelope solution cannot be consistent with a
smaller core, allowing for a discontinuity of u. It will however appear that fit
with a larger core is not thereby ruled out. This latter case is to be examined
separately.

(11)

(i) Fit with a smaller core not possible.

If possible, let » = r; (< ;) be another core. Now it is well known that along
a radiative solution (true to the boundary conditions 7'—>0, p—0 for a finite r) the
effective polytropic index 7, and the pressure ratio 8 both decrease steadily inwards.
Because B is continuous at the surface of the convective core, its value determined
from the radiative envelope solution will govern the behaviour of the adiabatic
polytropic index n; which is a function of 8 only [Equations (3), (5)] for an assumed
value of the ratio of the specific heats y.

Taking y = 5/3, as is customary, Equation (3) may be written as

(d log P)ad ] = W =f(B), say.

dlog T

This gives

of _ 3p—8

%= 68 GE—8) <0, (for 0<B<1),
so that »; increases inwards.
At r=r,, n; = n, (p being continuous).
Therefore at r =1y,

n.'>7l‘

and hence from (9) il =X <p,(l1—X,2).

Because p(1 —X2) behaves as p [Eqgn. (11)], it follows that

1< py

which is physically inadmissible, since due to the burning of hydrogen, u for the
core would exceed that for the envelope region. This proves the result (i).

(ii) Ezamination of the case of fit with a larger core.
If possible, let there exist a core at r = ry(>1,).
Then at r = rs, n;<<n,, and hence from (9)

1> p,, which is now permissible.

Hence a fit at this distance will exist, only if the other conditions of fit, viz., Eqns.
(8) are also satisfied here. The case therefore requires further examination before
one can conclude definitely regarding the existence of a larger core. The procedure
to be adopted to decide the question is described below.

The method of testing whether a convective core can be fitted on to a given
envelope solution hag been discussed in paper II. It is, however, necessary to give
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here a brief outline of the method for our present purpose. For details the above
paper should be referred to. The envelope solution for an assigned value of u being
given, the effective polytropic index », and the pressure ratio 8 can be calculated
at any stage. If the core be supposed to begin at any arbitrary distance, say
r = ro( > r.), the continuity of B across this interface enables one to calculate the
polytropic index n; at the inner side of it. Equation (9) whose right hand member
is known from the envelope solution will now fix p; for the supposed convective
core. The continuity of P, p/u and M(r) across the core surface gives the values of
the pressure, density and mass at the core side of the interface.* We have now
to test if a convective core does really exist for these values of the functions on the
interface at r = rs. Thus the problem is reduced to that of the examination of the
existence, and if so, the determination of a convective core of a definite size (rg)
with definite values of the pressure, density, and mass on its surface. We now turn
to the examination of this problem. Let us subject the core-side values of the .
variables, pressure, density, etc., to the transformation (B) such that the transformed
values may correspond to u; = 1. The radius of the core 7, is not altered thereby.
The scale factor A in this transformation is evidently a function of the supposed

interface position r,. Let the transformed values of the variables be P(rp),,
plrg); and M(rp); at the core-side of the interface. The homology invariants

(rgtP);, (re%); for the transformed solution (corresponding to u,= 1) are now
plotted in Fig. 1 of paper II and the appropriate central density p,, say, associated
with the particular member of the family of curves passing through the plotted
point is determined. A solution of the core equations corresponding to this
value of the central denmsity p. and a fixed central pressure P, and p =1, is
taken to be at our disposal as explained in paper I. This solution is now pursued
from the centre outwards, and from it, the distance, say r,,, where the mass function

equals the value M(ry); is easily obtained. The values of the invariants r¢P and
r3p are also calculated for this point (r,).  Calculations of the above type are made
for several trial interfaces were the convective cores may be assumed to begin. It
is clear that associated with each r-value of the trial interface, there will arise two
sets of values of the functions 7P and r3p. The one is the set corresponding to the
values derived from the external envelope solution from conditions of fit, and the
other to the values corresponding to the distance r,, along the core-solution. These
two sets when plotted in the plane-(r¢P, r3p), will give rise to two curves, and as
we have assumed the possibility of the fit of a core of radius r, to the given envelope
solution with a continuous x, we should expect these two curves to meet at a point
corresponding to this value of .. Here of course, in addition to the equality of
mass, all other conditions of fit will be satisfied. If however these curves meet at a
second point, the existence of another core (with a discontinuity of ) fitting on to
the same envelope solution will be established. This follows from our discussions
in paper I, where we have shewn that the simultaneous agreement at a trial interface
in the values of the mass M(r) and the invariants 74P and #3p derived from the
internal and external solutions respectively, is necessary and sufficient for the correct
fitting of a convective core to a given radiative envelope. When this happens, the
core solution with the fixed central pressure P, the central density p,, and molecular
weight p = 1, subjected to the homologous transformations (4) and (B) in succession
would determine the core completely, The first transformation (4) would fix the
size of the core (without effecting any change in the mass) and the subsequent
transformation (B) would enable one to return to the correct value of u determined
beforehand, and the mass at the same time. The central conditions would also

* We should mention here that the present application of this method differs from that
in the other paper somewhat in detail.
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be determined thereby. If however the curves mentioned above have no other
common point, a second core does not exist.

4. NUMERICAL RESULTS.

As illustrations of the method described above, we have chosen two point-
convective stellar models, one for the Sun constructed by Blanch, Lowan, Marshak
and Bethe (1941) and the other for a more massive star, Sirius A, constructed by
Marshak and Blanch (1946). The observed values of the mass, radius, and lumi-
nosity have been used and a constant composition with zero helium content has
been assumed in the computation of the density temperature distribution in these
models. Both the models have been fitted on to Emden polytropes of index # = 1-5,
with a continuity of the composition across the interface. The electron scattering
is negligible in the first case, whereas in the second, it becomes as much as 17 p.c.
of the total opacity at the interface. The two continuity conditions (9) and (10)
have therefore been used in the two cases respectively in fixing the positions ®f the
trial interfaces in our present calculations.

We have also verified that in the solar model under consideration, the guillotine
factor in the opacity formula can be expressed in terms of the temperature only with
reasonable accuracy and hence the use of the condition (9) is justified. Results of
our calculations are given in Table 1.

TaBLE 1.

Calculations for trial fitting of cores of different compositions to radiative envelopes of the Sun and
Sirius A.

Ratio 5
1;);:,}113_ Core-side values caleulated C(()I‘e—_soll;ltfl(());l
ary Mol. wt. Mol. wt. from envelope solution By= 2
. radias | Of the L 50 | after transformation (B) appropriate
Star. toradius]  tFial envelope| corresponding to p; = 1. | Ao fixed P and
of the core adjusted mass.
) (F‘g)
trial in- (g
terface
(R/7). )
og (r*P)| log {r3p) | log M(r) |log (r*P) | log (+3p)
8-242 1-0 1-0 56-843 | 31-681 | 32-3733| 56-843 | 31-681
7-60 1-06 1-0 57-043 31-832 | 32-5128| 57-034 | 31-810
Sun . 7-00 1-11 1-0 57-210 { 31-968 { 32-6376] 57-191 31-921
6-00 1-24 1-0 57-558 | 32-237 | 32-8931] 57-504 | 32:137
500 1-39 1-0 57-893 | 32-494 | 33-1629] 57-794 | 32-342
8:147 0-94 0-94 57-452 | 31-988 | 32-6967] 57-452 | 31-988
Sirius 4 6-70 1062 | 0-94 | 57-890 | 32:325 | 32.9815 57-831 | 32-256
LIS 590 1225 | 0-94 | 58264 | 32614 | 33-2380, 58178 | 32:489
510 1-408 0-94 58618 | 32-882 | 33-4935] 58521 | 32-724

The curves in Fig. 1 plotted from the results in Table 1 refer to the two sets of values
of the functions 74P and 73p mentioned previously. They meet at a point corres-
ponding to the radius of the convective core for constant composition. There is
no other point common to the curves, which shews that a second core (with dis-
continuous u) fitting on to the same envelope solution does not exist, in the case of
both the models studied. : '
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326

log (129 ) —
8

6 4 ] 1
368 57:3 57.8 569 384
log (r?p) ———u
Fi1g. 1.—The pair of lines (I, II) refer respectively to the envelope and core solutions for different
trial interfaces in the solar model, and the pair (ITX, IV) refer to the same solutions for the
model of Sirius 4.

}

5. CONCLUSIONS.

Calculations made in the case of two stars of different types suggest that if there
exists a convective core fitting on to a given radiative envelope in a stellar model
with uniform composition throughout, then allowing for a discontinuous change of
composition across the interface a second core consistent with the same envelope
solution cannot be found. The solutions obtained in known cases of the stellar
problem of fit thus appear to be unique.

There now remains the pleasant duty of expressing grateful thanks to Prof.
N. R. Sen for many valuable discussions, and to the National Institute of Sciences
of India for the award of a Research Fellowship, which enabled the author to carry

on the work.
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