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1. INTRODUCTION.

Let y(x) be a real continuous solution of an algebraic difference equation of
the first order

(1) Pyx+1), y(z), ) = X ax® y(x)ﬂo y(z+1)P1 = 0.
I have shown that* lim inf log log | y(z) | /= < o0.

X —>®
This relation is the best possible. If we suppose that
{(2) y{z) is a monotone function of x for x > «,,
then lim sup log log [y(z) | jx < 0.

X~

In this paper I replace the condition (2) by a weaker condition. We shall suppose,
in what follows, that y(x) is real and continuoust for # > 2.

TuroreM 1. If y(x), a solution of an algebraic difference equation P = 0 of the
first order, be such that 3

(3) y(x+h) >?/(x)/32(Bx), 0< k < 1> x > ¥,
where B is a positive constant, then
y(z) < eg(Ax) for all x > zo(4),

where A (> B) is a constant depending on the given equation.
Remark. Solutions satisfying condition (3) may exist. Consider, for instance,
the equation §

(4) (y(@)—*) (yle+1)~(@+1)") = 0.
This equation is satisfied by a continuous function y(x) defined as follows :
y(x) = P, for 2n—1 < = < 2n,

b
= (2n)' 4+ 2 { (2n+—;) eg<2n+%)—(2n)b } (x—=2n), for2nCax < 2n+%,

b
= (2n4+1)*+2 { (2n+1)b—(2n+%) € (2n+%) } (x—2n—1),

for 2n+% < x < 2n+l.

* See Ref. 2, pp. 548-9. There is a misprint in the last line of p. 558. Read (29) instead
of (30).

t z, is not necessarily the same at each occurrence,

1 ey(x) denotes exp (exp z),

§ Ref. 2, p. 549.
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This function y(x) satisfies the condition

y(x+h) > y(x)/eg(x), 0<h <1, 2> .

2. EQUATIONS WITH POLYNOMIAL COEFFICIENTS,
Let P,(x) and @(z) be polynomials in x of degree p, and ¢ respectively.
THEOREM 2. Let ¥(z) be any increasing function such that

lim ¥(z) = oo, lim log¥(z)/logx =0
=0

X0

and let y(x) be a solution of the equation

(5) Po(yx+m)+ . ... + Py@)ylr) = Qz).

Let a=max{|po—pul, - |Pn-1=Pnl, |q—Pnl }.
If y(z) satisfies the condition

(6) y(xz+h) > y(x) /Y (x), for0 <h <1, x> x,
then y(x) < exp (4z log x), for x > x4(A),

where A is any constant greater than a.

Cor. If y(x), a non-decreasing function of z, be a solution of (5), then

y(x) < exp (Ax log x), x> xo(4),

where A is any constant greater than a.

TurOREM 3. If y(x), a solution of the equation
) Py(@)y(z+1)+ Po(a)y(®) = Q)
satigfies either the condition (6) or the condition

lim inf y(2)¥(z) >0

then e
(8) y(x) < exp(dzlogz), for x > xo(4),
where A is any constant greater than max { |po—p1!, |¢—p1 | }.

Cor, Any solution y(x) of (7) satisfies

llnil;lf log ly(z) | jz logz < A.

If in the equation (7), @(x) =0 and
P(} :Pl
Po(@)[Py@) = —c II (z—a,) | H —B.)
then *
Py / ?

y(x) = d(x)c” ]] INr—a,) H I'(x—A8,),

where @(x) is any arbitrary periodic function. Since log I'(x) ~ z log z, we see that
(8) gives a ‘ best possible * upper bound.

* Ref. 1, p. 327.
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3. EQUATIONS OF ORDER m.
THEOREM 4. Let
9) Plyz+m),....y@), z) = X ax®y @) . ... ylatm)™ =0
be an algebraic difference equation of order m and let
T = a’xa’y(x)ﬁ,“ ..... y(x+ m)ﬁl'"

be the principal term and let the terms of the equation be so related that when B',, = B
then either

Bm-1>Pu-10r Bpo=PBna-y and B'; > B, (1=0,1,2,...m—2).
1f y(x) be a solution such that it satisfies the conditions (3) and
(10) log y(x)/log 2 — o0 as x — 0,
then Y(x) < eg(Ax), for all x > x4(A),
where A( > B) is a constant depending on the given equation.

Cor. 1. If y(x), a solution of an algebraic difference equation of the second order,
satisfies the conditions (3) and (10), then y(x) < eg(Ax), for all x > xp(A).

Cor. 2. If y(x), a solution of an algebraic difference equation of the second order,
satisfies the condition (3), then

(11) y(x) < eg(dx), for a sequence of values of x — 0.

4, LeEmMMa 1.

If f(x) is continuous for x > xy and f(x) > exp (Ax log x), A > 0, for a sequence
of values of x tending to infinity, then there exists asequence of numbers x, tending to
infinsty such that

Sx+1) > wif(x) for x = x5, wg, . ... ..
The proof is similar to that of Lemma 1 (Ref. 2, p. 550) and is omitted.

5. Lemma 2,
Let f(x) be continuous for x > x5 and let
(12) lim sup log log f(z)/z > 4 > 0.
X ~>rw

Let B be any positive constant less than A and suppose f(x) satisfies the condition
(13) flet+h) > flz)jeg(Bx), 0<h<1, 2>,

then there exists a sequence of numbers x, - oo such that

(14) f(@) 2 eglex) ; fla+1) > {fx)}=r°,

where c is any positive constant such that B < ¢ < A, for & = x1, g, ... ...

Proor. If f(x) > eg(cx) for all large w, then the result follows from Lemma 1
(Ref. 2, p. 550). Suppose therefore that f(x) < ey(cx) for a sequence of values of

x—> 0. Let F(z) = f(x)[es(cx) and X > z, be an arbitrary large number such that
F(X)< 1. Take Y > X such that

(i) log log f(Y) >} (4 +0)Y,

~.. A—c A exp (BY) _
(i) 2 'Y+10§”(1 exp((A+c)Y/2)> ¢>0.
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This is possible since lim sup log log f(z)/x > (A4c)/2. Hence F(Y)>1. Let Z

X —>aw

be the largest number such that X < Z < Y, and F(Z) = 1. Since F(z) is conti-
nuous for x > X, Z exists and F(zx) > 1 for Z <2 < Y. Consider

@, (Z4+1),...... fZ+m)
where Y < Z4+m < ¥Y+1. Now

log log f(Z+m) > log {log f(¥)—exp (BY)}

~ oxp (BY)
= log { lng(Y)(l— W) }

) BY)
= log log f(¥)+1o (1-‘1’2’—(——)
A+c _ exp (BY)
>—5~ Ylog (1 exp ((A+c)Y/2))'
Also
A;” Y = cy+A;‘” ¥ > c(Z+m-—1)+A2_C Y
A—c
= log log f(Z) +elm—1)+—— Y,
and so from (ii)
log log f(Z+m)—log log f(Z) > cm.
Hence at least one of the values
log log f(Z4+n)—log log f(Z4+n—1), n=1,2,..... m,

is greater thanc. If
log log f(Z+N)—log log f(Z4+N—1) >¢
then
NZ+N—1) > ey{e(Z+ N —1))
[Z+7) > {fiZ+N =D}
which proves the lemma.

6. Lemma 3.

If f(x) is continuous for x > xy and satisfies conditions (12) and (13), then there
exists a sequence of numbers x,— co such that

(15.1) flz+1) > eq( D)

(15.2) fla+1) > {f(z) )= PP

(15.3) fle+2) > {fz+1)}2 PP

forx =, 29,...... , D being any constant such that B < D < A.

The proof depends on the relation (14) proved above and is similar to that of
Lemma 3 (Ref. 2, pp. 551-2).
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Remark. (i) If we assume that instead of condition (13) f(z), in Lemma 2,
satisfies

(13 fat+h) > f@)fes(de), 0 <h <1 x>z,

the conclusions (14), or (15), do not follow. Consider, for instance. f(x) defined as
follows. Let z, = n!®! and

flx)y =1, for e, 1+ <z <2, —1,
= 1+4(ez(x,,)—— ])(x—x,, +1), for r,—} <2z <,
= 1—4(62(:10,,)—1)(:10—1*,,—%), for z, € x < z,+1.
Here A =1 and (13’) is always satisfied. Further, (12) holds but there is no
sequence X, — oo such that

f@) > eg82), flx+1) > { f(@)}**°,

where 8 is any positive number, for x = X;, X,

......

(ii) Under the given hypotheses (12) and (13) it is not possible to obtain
inequalities (14) satistied for all £ > z,, or to obtain inequalities of the type (14),
with ¢ replaced by A, satisfed by a sequence of values of z tending to infinity.
We can easily construct a suitable function by taking points on the curves
y =eg(Ax), y = eg(Ax) fey(Bz) and joining them by a straight line.

7. LemMMma 4.
Let ¢(x) be an increasing continuwous function for x > xy such that

lim¢(x)=oo,limm=c, 0<e<< 0,
X>m® =@ m]ogx

Let f(x) be continuous and
fle+h) > f(x)] d(x), 0<h <],z >,

and log f(x)/x log x > A > ¢, for a sequence of values of x — o0, then there exists a
sequence x, — o0 such that

f(x) = exp (Bx log «), flx41) > a8 flx)
where B is any positive constant less than A —c, for x = 2y, 29, ... ..

Proor. Write B= A—d. Then d >¢. If f(z) > exp (Bx log x) for x > g,
then the result follows from Lemma 1. Suppose therefore that f(zx)<
exp (Bx log x) for a sequence of values of x — c0. Let F(x) = f(v)/exp (Br log )
and choose X > 7, such that F(X) < 1. Take ¥ > X such that

g log ¥

2 3
YlgY > B

(Y+1) log (Y+1) (A d+c)’

(i) log $(Y) <

(ii)

2
(iii) log f(Y)> AY log Y.

The result now follows as in Lemma 2.
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8. Proor or THEOREM 1.

Let 7" denote the principal term and T any other term of P=0. Dividing
throughout by 7 we have ratios of the type

wKO y(z)Kl B1—B: ,
(16.1) b{—ym} J B’y > B,
. Q;KO ﬂ'o"ﬂo ,
(16.2) b 7@ , B'o > Bo:
(16.3) b= o >«

Let A be the max[K,( for all the ratios of type (16.1) and let 4 =1+
max (1, B, log K). If y(z) > ey(Ax) for a sequence of values of x— oo, then by
Lemma 2, we can find a sequence x, — o0 such that

y(x) > eg(cx), y(x+1) > {y(2) } ",

where ¢ = {+max (1, B, log K) for 2 = z,. Hence the ratios of the types (16.1),
(16.2) and also (16.3) tend to zero as x = x, = 00, and so we have a contradiction.
Hence y(x) < eg(Ax) for x > xg(A4).

9. Proor or THEOREM 2.

Let A =k+a (k>0). From the given equation we have
Ppa(@)y@+m—1) Poepy@) _ Q@)
Pa(@)y(x+m) Pu@)y@+m) — Pu(@)y(@+m)

If y(z) > exp (Ax log ) for a sequence of values of # = z,, — 00, we have by Lemma 4

(17) 1+

and y(@+m) > (x+m—1)By(x+m—1),
y(w+m—1) > exp (z4+m—1),
where B = a+ 3k, for a sequence of values of 2 = X, — 0.
Hence if x = X, then
l Py (2)y(x+m—2)
P, (x)yy(z+m)

yx4+m—1)
y(x+m)

l < ¢yPm-1"Pn

p"“l—p""'B->0, asz = X, >

yle+m—1)p(z+m—2)
y(@+m)

< 14

Py, _o(x)y(x+m—2)
Po(x)y(z+m)

l < clx-'pm—z—pm

k
Pp_o—Ppt++—B
<clw( mo2 Tmlg )-—>O asx=X, > 0.

Similarly, the remaining ratios on the left-hand side of (17) tend to zero as
@ = X, 0. Further

Q) 1
P, (x)y(x+m) y(x+m)

Hence we have a contradiction and so y(x) < exp (4« log z), # > x, which proves
the theorem.

The corollary follows from the theorem. Theorem 3 and its corollary follow
immediately from Lemma 1,

< ¢! Pm ~0, asr =X, 0.
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10. Proor or THEOREM 4.
The ratios 7'/T" take the forms

coy()Er ... ylx+m—1)Emn }B""’ﬁ’"
18.1 , ! >
(18.1) b} ez . B> P
2Poy(z)P1. . .. y(x+m_2)PM—1}/3'm—1“/3m“1 ,
(18.2) b{ pEE— v Ba-1>Bu-1,
k
ax’ve
(18.3) b { T T *1} ;
yle)y. .. ylx+m—2)"
respectively, where %y, kg, .... are all non-negative constants and %, is negative
ifall &y, ....k,-, are zero. Let

[Ei|+ -+ | Eq| = A4a,
[Pr|+  F | Pma1] = Ba;

and let a; be max A, for all ratios of the type (18.1) and let a, be max B,, for all
ratios of the type (18.2) and let @ = max (1, B, loga;, logas), 4 =142a. If
Y(x) > eq(Ax) for a sequence of values of x - oo, then by Lemma 3 we can choose a
sequence (z,) such that

y(@+1) > ey(Da),
yl@+1) > {y(x)}= PP
y(@+2) > {y(x41)}= L3

where D = 44 2a, for x = 2, > c0. By hypothesis (10) all ratios of the type (18.3)
tend to zero as x - . Further

ya+m—2) < y(z+m—L)ey( Ble+m—2)),
yle+m—3) < y(x+m—2)eq( Blz+m—3)),
and so on. Hengce for = z,4+2—m, we have
wKoy(@)Fr . ya4+m—1)En < yo+m—1)0{eg( B+m~1))} 2,
where A is a constant., Further
2Poy(@)P1 . . . y(w+m—2)Pa-1 < ylz+m—2)%{ex Ba+m—2))} 2.

Hence the ratios of the type (18.1) and (18.2) tend to zero as * = x,+2—m — 0.
Thus we have a contradiction and so y(x) < eg(Ax) for x > x4(4).

Corollary 1 follows immediately since when B’y = B, then either 8’y >, or
B'1 = By and By > f.

To prove Corollary 2, suppose, if possible, that (11) is false. Then

(19 Y(z) > ex(Ax) for x > xq.

Hence both conditions (3) and (10) are satisfied and from Corollary 1 we have
y(x) < eg{Ax) for x > 2y, which contradicts (19), and Corollary 2 is proved.
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