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By B. N. Prasap and J. A. Sipbiqi.
(Received May 31 ; read August 5, 1949.)

1.1. Let f(x) be a function inﬁé@rable in the sense of Lebesgue and periodic of
period 2. Let the Fourier series associated with f(z) be

Lag+ z (a, cos nx+b, sin nx). .. .. o (1)
n=1

The derived series of the Fourier series is

z n(b, cos nx—a, sin nx). e . o (2)
n=1

It is well known that the derived series may not itself be a Fourier series.

The (C, r) summability of the series (2) corresponding to a function f(z) of
bounded variation has been considered by Young (1914) and M. Riesz (1923).
They have proved :

A. The derived series corresponding to a function f(z) of bounded variation
is summable (C, ), 0 < r £ 1 to f'(z) at the point x for which

Xo(?) =J lds x(s) | = oft),
0

where x(¢) = f(x+4¢) —f(x—¢t)—2¢ f'(x), 1.e. for almost every z.

Hille and Tamarkin (1932) have extended the scope of this theorem by applying
to the derived series the method of Nérlund summability which, as known, includes,
as special cages, the method of Cesaro summability.

If we remove the restrietion that f(z) is of bounded variation in (—a, =), then
the theorem A as well as that of Hille and Tamarkin break down. The (C, 7)
summability of derived series when f(z) is not necessarily a function of bounded
variation, has been considered by Lebesgue (1905), Privaloff (1919), and Young
(1914). They have proved the following theorem:

B. At every point z, where
oy — Tim J &R —f(z—h)
f@) = lim =

exists and is finite, the derived series (2) is summable (C, ), » > 1, to the value f'(z).

The corresponding result for the case of Nérlund summability has been
obtained by Astrachan (1936) who proved :

C. A regular Norlund method of summation (N, p,) sums the series (2) to
f'(z) at all the points at which :

k>0 2
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exists and is finite, if the generating sequence (p,) satisfies the following con-
ditions :—

(i) w|Aai~ip, | = O(Ly) (j=1,2);

(i) Z ki—m-l(n_k)mlAj—lpkl=O(P") C(j=1,2,3;m=0,1);

k=1

m)Z'PH (P).

k=1

The theorem B has been still more generalized by Chen (1929) who has
established the following theorem :
D. At every point z, where
i

Xo(t) = J u~1 | x(u)| du = oft),
' 0

where x(f) = f(x+t —~f(x—t)—2¢t f'(z), the eries (2) is summable (C, r), r >1 to
the value f'(z

The ob]ect of this paper is to extend still further the scope of summablhty of
the derived Fourier series by applying the more general method of Norlund sum-
mability. 'We prove the following :

TeEEOREM. A regular Nérlund method of summation (N, p,) sums the derived
series,

Z n(b, cos nx—a, sin nx)
n=1

to f'(x) at every point x at which
Xo(?) =J u™t [ x(u) | du = o(t),

where x(t) = f(x+t) —fle—t)—24f'(x), if the genmerating sequence (p,) satisfies the
following conditions :—
S P
I =0 (),
w 2 tem=o (3]

@ > klaw,i=0(%);

E=1
[Pr] _ o (Pa
(ITT) Z =0 (?> )
k=1
It is evident that this theorem includes the previous theorems B, C and D.

- 1.2, In§21 to §2.3, we give the main proof of the theorem. It will be
noted that this proof involves the help of a number of results whose proof, for the
sake of convenience, will be given separately in the shape of lemmas.

2.1. Proor. In what follows we shall suppose that the sequence (p,) satisfies
the conditions {I) to (IITj of the above theorem.

1B
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The kth term of the series (2) is

pw

~ {flx+t)—f(z—1t)} k sin kt dt,
Jo
and hence the nth generalized regular * Nérlund mean is

rT n

N/n l:j(x)apﬂ:|=;lr {f x+t)"‘f x"‘t)} F Z ’C sin kt) dt

Jo =

T ”n

2 Z P,_; (k sin kt) d

J nk=0
2= [, 1 < .
+TJ tp Z P,y (k sin kt) dt
0

Now
- 1 ”
J t 5 Z P,y (k sin kt) dt
1] =
; n T k4 1 ”
= [_F Z P,,_k (—COS kt)] +J 1'3; Z P,,_.k cos kt dt
" k=0 ¢ o k=0
” i m 1 1.3
= _1% Z Py (=1) +W+J 7 Z P,_; cos kit di
k=0 0 k=10
> - —1 k+1 kt
= %— Z n—k 7T+[ Z P” k& +0(1)
=0
=3-3 5> m=ro)
=273 Z‘"
T
=§+0(1))
gince

> p(=1)F=0(P,) and | P,| >0,

by virtue of lemmas 1 and 2.

Hence
n

N'n [f(x)a pn]—f’(x) = 71—7 J X(t) ’P* Z ﬂ,—k k sin kt dt+0( )

* A Norlund method of summation (N, pa) is said to be regular if the following conditions
are satisfied :

(i) pn = o(Pa), (i) 2 |py]=0Pn).
R=0
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In order to prove the theorem we have to show that the right-hand side
integral is o(1), as m — 00, under the conditions of the theorem.

Putting
1 n
N, (@) = P, Z P, _: cos kt,
E=0
we geb
17 1<
L=;j x(t)z Z P, _, ksin kt dt
0 k=0
m
= —J x(@ON', () dt
0
1
" ) 7
o 1 48
"
= —(Ly+Ly+Lg), say.
2.2. Now

-1

”
L .—..-J t 1 x() N, (t) dt
0

-1

=O(J t‘llx(t)|.|tN'(t)[dt>
0

u-1
=O<n{ f,””x(t)ldt)

0

= 0 (nx, (n~7))
= o(1), as n—> 00,
since tN',(f) = O(n), for all ¢ such that O <t < n-1.
It is known that (Astrachan, 1936)
tN’,(f) = o(1)
uniformly in ¢ for O < 8 < |¢| < =, where § is fixed, provided
(@) | AT=1p, | = o(P,) (G=12),

(@) > (n=kf|atp,[=oP) (B=0,1).
k=0
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Hence we have

Lg= J t™ x(t) . tN",(t) dt
5

(five)

= o(l), as n— 0.

2.3. It remains to show that L, = o(1), a8 n > c0. To prove this we require
a suitable estimate for tN’,(¢) in the interval (n=1,3). We make use of the follow-
ing notations :

[Pa|l =70 Bi=ro+r+...... +7,;
r() = Truls B(u) = R[u]:

where [u] denotes the largest integer < u;

Whm) = > (n=bf | A%, 15 =11,
We have (Astrachan, 1936)
4
[N | S 4 D Malt) for n=1 < ¢ <8,
m=1

where

Wity = = > w7 R,

R £,
] &
an(t)-“-ﬁ,(—— Z Z n—r)ff Y AT,
i=1p=
_ 1 : —j=1 A -1
M,.g(t)_m T AT T,
i=1

1
Muyt) = g > 57 {WPm—whe-1)}.

Now we have
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)

J -1 x@®1|. M, t)dt>

n-1 "=
a1
5

+0<f t=1] x() | Mg (t) >+0<J t_IIX(tIMrA(t)dt>
n=1 n—1

= O(Lgy) 4+ O(Lgg) + O(Lg3) 4 O(Lyy), say.

dR(t-1) 1 _
X 7 + B J ) X0 B

_ 3
+ [xo(t) ’ig-i‘;b-)ﬂ] - ——(’;7)[ xo(H AR(t?
n=1 w1

& ]
1 _ 1 _ 1 _ dt
=0<m)+0(nxo(n 1))+"(E<7>J _lldR(t 1)s>+o Wj _IR“ ‘>7>

) -« o
R(t-1 R(t-1
=J _lt-lix(t)ltg(n))dt+J _ =1 x(0) i

”

= Q) oo (iznak§1%>+°(ﬁ%zlu%l>+°(”’

the second term on the right being o(1) by virtue of regularity condition.
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Now we have
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by virtue of lemma 2;

by virtue of condition (III) of the theorem ;

Z [ P l)- o(1) by virtue of lemma 3 and the

L21 = 0(1).

n= O(Pn)
5 -ofd)
' n
k=1
n <ol ) ( n
°(1“P,.1'; k Iar
condition (IIT) of the theorem.
Hence
Again

.
1
-

™

2 1
.Rl_ Z Z B—j—1)(n—r)PB~1"| AT, | dt

18=0

. : . -
—J‘ Xo(t) ‘%5 Z Z (n—f)ﬁtﬁ‘l'ld' AJ-—IPT}

8 2 1
1 ® —je i
+J x‘,(t).mz 2 BT A p dr

X
1
—
-
i
-
w
if

onﬂ>+° (R(In) 2, WA, 1)

7=1

1

18/

8
1 _\ByB-i-t f-1
n)J“_IZ (n—rf 7 pf"“)

j=18=0

5 2 1
1 _\BB-igl AL
o<m—5"‘”-1jzlﬁ=o(n oPETd AT D, |)

8 2
1 1~ j-1
+O<W j‘”"‘ljz_lt e pfld")
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RIESWIER e

ji=1

21
+o < J > > n—[s])ﬁs"'ﬂ‘llAf"p[s]|ds>

i=18=

L)
to (R(ln J ;ﬂz Bin—[s)Pd| A" ) 1)
+o <F§7T)j Z §7] Aj_lp[sﬂd8>
1i=1

<

=0<u£,,l)+°<ul,.li”i'“j'l )

3 Bz ritiosn)
2
2

+o< K Bn— kﬁlApkl>
i=15=0 kZI

°<§115

n

z B AT, !)
l k=1

o ()18 (1)
+(§ 2 111,11 2 B Bn—kP | n'ps l) :
j=0ﬁ=0 k=1

Now we show that each term on the right in the above is o(1). We have

n =o0(P,), by virtue of lemma 2 ;
n|p,| = O0(P,) from lemma 3 ;
n2| Ap,| = O(P,) from lemma 5.
We shall now show that

> K Bm—kP| Alpsl = O(P,) (B=0,1;j=0,1,2)

h=1
Bfeaking the summation on the left in six parts, we have

. ”

) > Iml=0(P,), ®) > k| am|= 0P,

k=1 k=1
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(@) > k| A%] = O(P,), @) > k-in—k) |pi| = O(P,)
k=1 k=1

(@ > (n—k)| Aps| = O(P,), () > k(n—k) | A%py | = O(P,).
k=1 : k=1

For, (a) follows from regularity condition, (b) and (e) from condition (I), and (¢) and
(f) from condition (IT) of the theorem, and finally

z E-ln—k) [ p:| = z ]‘%—’—Z [pe |

k=1 k=1 k=1
n| P, -
0> -3 il
Vh=1 k=
= 0(P,),
by virtue of regularity condition, lemma 3, and condition (ITII) of the theorem.
Hence
Lsg = o0(1)
Similarly,
8 1 2
= -1 -j-1 -1
Les J ¢ Ix(t)l~R(n) Zt =L Ai-lp, ) dt
a1 j=1
1 < >
= [x,,() By 2, A l]
i=1 p=1
8 s 1 2
+ 1 1), ——— =7 Q{AJ lpnfdt
(+ )J 50 ;
=0 ,_1__ S lA"lp ] +o«__l__.. S w o Ap, |
R(n) £ AR IO '
= f=

A S i - | ’1)

J"’l
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Now
| Ai=ip, | =o(P,) (j=1,2) by virtue of regularity condition ;
n|p,|=0(P,) fromlemma 3;

and n2{ Ap,| = O(P,) follows from lemma 5.
Hence
Leg = o(1).
Finally,
8
Lag=| ¢11x® Z P=3{ Whin)— Wh(t-1)} dt
a1

. 1 8
1 _ ~1
[ ) T Z B 3{W€<n>—wﬁ(t )}1,—1

8 1
—(/3—3)J xou)R%n—) > W —Wh)} dy
n-l =0

& 1
1
___.EB3WB-
+J R z dWP(t=1

] 1
L -3 — wh-
+0(J Tl z B3 L Whn)— wht-1)} dt

-1 B=0

1 1
+0<J ) Z =2 awhie- 1))

! " 1
1 <
o(at 3, 70| i 3, ot o)
= . g=0
”n 1 1
+o( [ 3, )
1 B=

Now

" 1 1 1 ”
J ) z s B{Wh(n)~ Wh(s)} ds = [R(n z WB(s)}]
1 B=0 g=0 1
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B=0
" l 1
B
+0 J 7 2 Bawh(s)
1 g=0
Hence
1 1 o
Loy =0 (Tn) z Wﬁ(n))+o(J V0 Z $ ﬁdWﬁ’(s)>
g=0 1 p=0
Now
z (n—k)B| A2p,| = o(P,) (B=0,1) by lemma 1;
k=1
and
z kﬂ“ﬁ(n—k)ﬁl AZpyl = O(P,) (B = 0, 1) follows from condition (II).
=1
Hence
Loy = of1).

Combining the above results we obtain
Ly =o0(l), asn —>00.

This completes the proof of the theorem.
3.1. Lemmas. We now give the lemmas which have been utilised in
establishing the theorem :

Lemma 1. If Z k| A%ppl=0 (%) and Z L—Zig—! =0 (%) , then
k=1

k=1
Z (n—k)B| A2py| =o0(P,) forf =0, 1.
k=0

Proof :  The case for B = 0 follows directly from the condition
”n
z k| A2Pk|=0<‘€3)'
; n
k=1
The case for 8 = 1 follows from & corresponding result of Astrachan (1936).
Lemma 2. Under conditions (IT) and (III) of the theorem,
n = o(P,).
Proof: From lemma 1 it follows that

> (n=k)| A2pi| = o(Py),

k=

[

from which, by taking the case £ = 1, the result can easily be deduced.
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Lemma 3. If Z k| Api| = O(P,), then n|p,| = O(P,).
b=1
Proof : Pe=(b+Dpit D j(pi-1—p))
ji=1

k
(k+1)ps = Pat > i(pi=pi-1)

i=1

(s = Put Y ap) = 0§11+ i1 ani} = 02,

i=1 i=1
Hence nlpnl = O(Pn)'

Lemma 4. If ZlApkl_ ( ) then Zpk (—1)% = o(P,).

k=1 k=1

Proof : See Hille and Tamarkin (1932},

”

Lemma 5. If 2 IApk}=O(%) and i klaﬁpkl=0(%),

k=1 k=1
then | 2| Ap,| = O(P,).

' Proof : n2Ap, =n Z Apk)-!-nz k(AZpy)

= F=1
n| Ap,| =0 { z Apel+n Y k| ol
k=0 k=1
o(P,)
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