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The object of this paper is to express Bianchi's characteristic function in terms
of infinitesimal elements of the director surface and the surface of reference in*a
congruence of Ribaucour. It has also been expressed in terms of the distances of
focal points from the surface of reference. Some new theorems have been
established with the help of these results.

1. A Congruence of Ribaucour is the congruence formed by rays through
points on one surface parallel to the normals to another surface, the two surfaces
corresponding with orthogonality of linear elements1. The former surface is called
the surface of reference and the latter is known as the director surface.

Let 2* and y° be the co-ordinates of the corresponding points on the director
surface and the surface of reference respectively, then we must have,

del . dyi=0 (i,j=1,23)
<axz oyl 0w aya)eij=0,eij=3;. (x,B=1,2) .. (1.1
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If gup, dyp are the first and second fundamental tensors for the director
surface, and

eaﬂ 8,}'8 = ga-ygBS_gozSgB-y .o . ‘e (1.2)
then equation (1.1) may be replaced by an equivalent equation
ox' Oyl
€ ou* oub $eup - (13)

The function ‘¢’ is known as Bianchi’s characteristic function.
If X! are the direction cosines of a normal to the surface at & then we have 2

p=Xiy, =E"%0 5.4, .. .. .. (1.4)
where E*F is a tensor conjugate to E,g, and
Eup Byp = Goyligs— 230y

Gyg being the covariant components of the fundamental tensor for the spherical
representation of the director surface.

The first fundamental tensor for the surface of reference is given by,3

Uug = gaﬁ¢2+papﬁ. .. .. .. .. (1.5)

If Euflyd = Tayaps—0qs0p,
[gaﬁeaB]"’ = ¢4+p p Bgaﬁqbz O ¢ )
= ¢4+pupﬁgsyeayeﬁs¢2 . .. .. .. (L7
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or [eaﬂe“ﬂ] = ¢4+papﬂeayeﬂs(a87_pyp8)
or [éaﬂemﬁ]z = ¢4+pappe°"’epaasy since papppypseayepa =0
or [expe® | = gt+ (éaﬂe“ﬂ)zpaippé weBay . .. .. (L8
But’ . PPy e ﬁsays = sin% @ .. .. .. (19)

where ‘8 is the angle which a ray of the congruence makes with the normal to
the surface of reference.

. Hence €ap B cos B = @2
ds, °
or d—scosﬂ_qS .. .. .. .. (1.10)

where dsy, and ds are the areas of small elements on the surface of reference and
the director surface.

Thus we see that Bianchi’s characteristic function is denoted by the equation
(1.10)
By Strazzeri’s formula 4,

ds
2 cosB=p

I (1.11)

P2
where p, and p, are the distances of the focal points from the surface of reference

and de is the element of area of the spherical representation of the congruence.
Dividing equation (1.10) by the equation (1.11) we get,

do  ¢2
ds P1P2
But by the theorem of Gauss
the total curvature of the director surface.
SopE= ](:plp2 = —kp? where PL= —py = —p (say) .. (1.12)

Thus Bianchi’s characteristic function can also be ewpressed in terms of total
curvature of director surface and the distances of focal points from the surface of

reference.
In particular, if we consider Isotropic congruences, then the director surface is

a unit sphere, whose total curvature is unity.

S pEi= —p2
But ‘¢’ can be shown to be the factor of proportionality between the correa
sponding coefficients of Sannia’s two quadratic forms and hence is real

.. pis imaginary,

i.e. the focal points of an Isotropic congruence are tmaginary. When the focal points
coincide with the middle point, i.e. when the congruence is normal, Bianchi’s charac-
teristic function vanishes and the middle surface reduces to a point.

From the formula (1.10) it follows that if ¢ vanishes, ds; =0, i.e. the con-
gruence consists of rays through a point.
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2. The equation (1.9) gives an expression for sin? § in terms of the covariant
components of the fundamental tensor for the surface of reference. We shall now
establish an expression for § in terms of the covariant components”of the funda-

mental tensor for the director surface.
From the equations (1.7), (1.8) and (1.9) we got

D, Pg05, 7R . 2 = [ 2y | sint
or papﬂguﬁ = gin2 0 (¢2+Papﬁg“6) by virtue of (1_6)

1
.. tan20 = Sﬁp“pﬂg“ﬂ . .. .. o2

When expanded this equation becomes

(P2)2g11+ (P1)%F2e — 201901 P2
$%(g11922 —F122)

Another expression for tan 8 can be obtained by putting the values of », from (1.4)
1
tan? @ = ¢—2[Ey8Epy¢’y¢,pda8dﬂvgaB]

But ’ Gaﬂ = (I“Sdﬂpg&' .. . .. (2.2
.. The equation (2.2) becomes

1
tan2f = ‘;SEEYBEFV?S,V‘#@GB»

tan2 ==

1
or tanZd = géqs,yqb, 207

When expanded this equation becomes

0 \2 d¢\2 op o

5@) Gu+ (a‘ﬁ) Goa~255 .55 G2
$%(G11G90~— G12%)

If ¥¢ are the direction cosines of the normal to the surface of reference

tan2 @ = (

then ‘ Y"-_—_z,.eaﬂﬁ"‘ﬂ . .. .. o (3.

where z* are the co-ordinates of the corresponding points on the surface S, associated
to the director surface.
From equation (1.10) this equation becomes

Yi=1zcos 6. .. .. .. o (3.2)
If 6 = 0 the congruence consists of normals to the surface of reference,
Y¥ = 25,

Hence in a congruence of Ribaucour, formed by normals to the surface of reference,
the surface associated to the director surface is a sphere. Conversely, if the surface S
is a sphere, then from (3.2).
Yi=zcos @
Yi¥¢ = 2% cos?0

orcos @=1or@ =0.
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Hence if the surface associated to the director surface of a congruence of Ribaucour is
a sphere, the congruence consists of rays normal to the surface of reference.
4. From (1.5), the null lines on the surface of reference are given by

aapdzbad@ﬂ = ¢2ga5du°‘duﬁ + pmp'ealu"‘du'8 =0. .. .o 41y

Thus the null lines on the surface of reference correspond to the null lines on
the director surface if

pmp'edu"‘du’8 =0

or (pmdu"‘)2 =0,

which is true if the congruence is formed by normals to the surface of reference.
Hence if a congruence of Ribaucour is formed by normals to the surface of reference,
the null lines on the surface of reference and the director surface correspond.

From the equation (1.3) the relation between the director surface and the
surface of reference is reciprocal. Therefore the equation (1.3) can also be written
as

9z' 9y’
€ o = Eup .. 4.2
"our gub 1ap (4.2)
where ¢, also is * Bianchi’s characteristic function,” but with respect to &;5 of the
surface of reference.
From the equations (1.3) and (4.1)

$180p = Ptap
é“ﬁ @ or ds; _ ¢

or —_— == —_—
g h ds ¢
Using equation (1.10)

by = cos 6. .. e o {43)

t.e. the cosine of the angle between a ray of a congruence of Ribaucour and the
normal to the surface of reference at the point where the ray cuts it is the product of
Bianchi’s two characteristic functions,
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