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In their paper ‘ On numbers which can be expressed as a sum of two squares’
Bambah and Chowla (1947) have established the following theorem (first obtained
by Dr. Vijayaraghavan)..—

Let e denote an arbitrary positive number. Then there exists between z and
2+424/24€ 2+ an integer which can be expressed as a sum of two squares (of
integers) for all x > zg(e).

Using more straightforward arguments one can, however, establish the
following :—

TreorEM 1. Between x and x+2\/ 2 g1/ 41 there exists at least one integer
which can be expresséd as a sum of two squares of integers for all 2 X 0.

The proof of this theorem will be clear from the sequel.

The object of the present paper is to study a similar but more general problem.
More precisely, we try to find a function f(x) such that between » and z4f(x) there
lies at least one number expressible by means of a given function with its argu-
ments taking integral values. In this paper we take this function to be

q117101+a2x202+ . .,+anx,,0" where 6, >1, «; >0.
Then we show that ’
f(z) = O ).
Bambah and Chowla’s reasonings, it appears, cannot be generalized easily to obtain

this result.
TaEorEM 2. Given any arbitrary form

(1—1/8)(1—1/85) . ... (1—1/8n)

a1x191+a21292 e +oz,,x,,€"
with a; >0, 6, >1, then for any positive e there exists between « and

ot VT VA= 100) - (1=1/80)

where 0= 00(1 +€): GO = Co(“l: &2 ... Upy 61) 02) e 0:1), z >‘TO(€):

at least one number which can be expressed by means of the given form with its
z’s taking integral values.
Given z, choose the unique integer z; defined by

x 1/01
;— =C131+€1, O<£l<1.
1

In other words we take x; to be the greatest integer contained in

2\ 1/81
&)

1/o é
oClxlel-‘= “1‘: (1) 1—e1} = x——plx(l“l/gl) .. .. oo
251

Then
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where 0< pi(r) < Glalllol provided z > some z'.
Of course ftpl(x) = olall/al,

Next take the unique integer z; given by

| (1—1/6,))1/8
{BLZ 1} 2= x2+€2,0<€2<].

x2
Then azxzaz = plx(l— 1/81) —-pzx(I— 1/6;)(1—1/6) N . ‘e .. (2)
where 0< Pz(x) < 0201(1— 1/92)a1(1_ 1/8,) - llglazl 8
provided x>z">x'. Clearly l—tpz(a:) = 00,1~ l/ez)ozl(]_ 1/62)1/910521/02.
L. pox1—1/01)(1—1/62)7 /65 . i
Similarly take x5 = o and proceed in this way up to z,_;.
8
Then Uy 1Zn g1 = ppgaf 110D - (A= Vbng) (1= 1/01) - (1= 1/Bny)

Finally choose as «, the integer just exceeding

_ . 1 071
{Pn—l z(l 1/01) e (1 1/6”_1)§ / 50 that
Xy

+e, 0<e, <1

2, = ip_—l x(l—l/tm---.<1—1/au-1>21/9"
%n

and hence
2,0 = pn_lx(lﬁl/ol)..‘..(1——1/0,,_1)

_ _ —1/8x
[1+0,,e,1:’%“—1-x(] 161)....(1 1/0,._1)} lte)

- n

< pug @1 1) - (1= V=) 4 0o (14 )l 1~ YO0 - (A= 10 L

where Co = 0,0,-117 18 ete. and e~ 0 as z— oc.
Adding (1), 2), .. .. (n) we get
<< a1x151+a2z292 e +oc,,x,,6" <z+Cy(1 +e)el— 18y) - - (1= 1ba)
whenever x> zg(otqote . ... &y 0y, 02, .. .. 0, €).

Making the above selections in all possible different orders one can obtain the
minimum value for Cy. In the above proof we have not taken any €, = 0, for in
that case z itself becomes representable by the form.

If in the above theorem we take in particular

at1=oc2...‘=ak=1, 01:02:93""=0k=k
we get the following theorem,

&

TueorEM 3. Between z and x +(14€)Cz{! 7R where C is a constant,
€ >0, x> xle, k), there always exists an integer which can be expressed as a sum
k integral kth powers.

My thanks are due to Dr. S. 8. Pillai for suggesting to me some problems allied
to those discussed above.
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