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ABSTRACT.

The present paper is concerned with an investigation of a new type of partitions in which
the total number of summands is unrestricted but the number of different summands that can
oceur is only N. The problem is treated analytically and asymptotic formulae have been
derived in the two limiting cases: (¢) when N is very large and (i) when it is small. The
case when N is unrestricted is also dealt with.

1. Introduction.

An interesting application (Auluck, Kothari, Agarwala, 1946-47) of the methods
of statistical thermodynamics has recently been made to the problem of the
partitions of numbers. A thermodynamic investigation of the partition theory
suggests new types of problems and draws attenticn to various . eneralizations of
the partition concept. The problem of partitions corresponds physically to an
evaluation of the number of states accessible to a thermodynamic assembly suitable
for a particular partition function. If, for example, the problem be to evaluate
the partitions of an integer n into smaller positive integers, no restriction being
placed on either the number of summands or the repetition of any summand, the
suitable thermodynamic assembly is one of linear Bose-Einstein oscillators in which
the individual energy levels are equidistant and given by ¢; = {A wherei =1, 2, 3,
..... and A is the spacing of the levels. The required partitions of » then corres-
pond to an evaluation of the accessible states of this assembly when in the energy
state B = nA. This number, as is well known, is given by the coefficient of z* in
the development

Z= II (14+aita?itadit........ ),
f=1
where z = ¢~ AT,

By a suitable modification of this assembly one can impose restrictions on the
number and nature of the summands. Thus if in the above example we require
partitions into a fixed number k of summands the number of oscillators in the
assembly must be restricted to k& and the partitions are then enumerated by the
coefficient of #*# in the expansion

fe o

Z= I (148x'+{22 488234, ... ... ).
i=1
If in addition to integers we also require half odd integers to oceur in the partitions
of » and allow any summand to repeat only an odd number of times the states-
function of the corresponding thermodynamic assembly will be given by

o . - 54
Z=II Q4L 408 0. .. ... ), .. .o (1)
i=1
and the partitions into a fixed number of summands t will again be enumerated
by the coefficient of {* 2" in the above expansion. What restricts the total number
of summands is obviously the power of .
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An interesting problem arises when we consider the generating function *

oo}
Z=IT (14l Lot fLaP . ..., 0). . .. (2
i=1

Since the powers of z in (2) are the same as in (1) the generating function (2) will
still enumerate partitions into integers and half odd integers repeated only an odd
number of times with one important difference that while the power & of { occurring
in (1) restricts the total number of summands to a fixed number & this power in (2)
restricts not the total number of summands but the number of different T summands
that can occur. Such partitions, we believe, have not been considered before and
it is, therefore, of interest to investigate the problem in detail.

In section 2 we give a general expression for the number of accessible states of
the Born-Peng assembly. In section 3 we evaluate the partitions of » in the above
specified manner when the number N of the types of summands that can occur in
large and in section 4 the partitions are evaluated for small N. These are the two
limiting cases. In section 5 we solve the same problem for { = 1 which removes
the restriction on the types and, therefore, enumerates the partitions of n into
integers and half odd integers repeated only an odd number of times.

2. The density p(E, N) of energy levels.

In the customary theory of Born and Peng the energy levels ¢; of the ‘ radia-
tion’ osecillators are assumed to be half odd integral and capable of accommodating
1,2, 3,.... quanta. For purposes of interpretation in the partition theory we shall
assume that in the states-function (2), which when written out in detail is

(1 +£x‘lf+£x§+}+i+£m#+i+ﬁ+f+§+ e .) A
(1+£xl+£x1-:1+1+£x1+1+1+1+1+ L .)

(1Lt Lt TR gt itstita, 1))

........................................

the energy levels are §, 1, 4,2 ... and each of these levels can admit only an odd
number of quanta, i.e., we assume :
e =1A(¢=12,3,..)and A =14.

To evaluate the required partitions of » we have then to evaluate the coefficient of
{Naz* in the expansion (2). This is the same as evaluating first the coefficient
of {¥ 2E (EF = nA) in the development

I (14t 4 i tadsi+. . ), .. .. (3)

i=1,2,8,...

“* This function ariges in the recent theory (Schrodinger, 1946) of Born and Peng in
which these authors in an attempt to get rid of the infinite self-energy of the radiation field
attribute to any one of the ‘ hohlraum ’ oscillators two fundamentally different situations.
It pan either be not excited at all when it has thé energy zero or excited when it has one of
the energies ihvs, 2 hvg, L3 SR » where v_ is the frequency of the sth oscillator. It ig
further assumed that the number of excited oscillators is only N. The ‘ Zustandc’ of such an
assembly is given by (2).

1 Consider, for instance, the number 8 partitioned in the following manner :—

8= p+i+i+1+1+143+2.

In the gererating function (1) the above partitions of (8) would correspond to the coefficient
of {8 while in (2) where the types of summands are restricted and not the total number, these
partitions will correspond to the coefficient of (4.



F. C. AULUOCK, K. S. SINGWI & B. E. AGARWALA: ON A NEW TYPE OF PARTITION 149

and then putting % = n. The coefficient of {¥ 2 in (3) is given by

1 2 fl?_ie" '—xici
P N) = o 5556 : da d¢

N+1 L'+1

2m 3656 dl e g, . .. .. o4

where the integrals are taken over closed contours round the origins of the complex
{ and x planes and

S @)
(D(Cs x) =N E ° ]
{x
with S, x) = EZ log {1+x—%ei —gt } ' I

The integrand has along the real x and { axes sharp minima at { =« and v =0
where a and b are given by
af =N, b of =FE.

a5 57 = N ()

By letting the paths of integration pass through these points one can apply the
usual method of steepest descents for the evaluation of (4). The result (Lier and
Uhlenbuk, 1937) is

= exp {aN428B+fa,0)}, .. .. (D
217N/Ic0k2
where
a=l=¢*
s .. . .. .. 8
b-l= e2ﬂ§ ®)
and
L
ko=0a 5 da ta a2’
0%
k]_ = (Zb a ab, (Q)
af
’kz =b. +b2 abZ g

3. Cc‘z.lculation of p (E, Ny when N is very large.
From (5), using (8) we have

< 1
fla, By = log §1+e———-—-—~*a(eﬁe_e_p€)}

e=1

= ——.Z log (1—6”25‘)—1— z log (1 e~ Be)

€=1 €==1

ok o= 2B¢
+Zlog(—————:—;—ﬁ'€) . .o . (10)

e=1
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Now
—i log (1—6‘2ﬁ‘)=-§+% log 28—4 log (2m)+0(8). .. (11)
Also -
S tox 145 = S tog (1o~ —log (1467
e=1 e=0
=r log (14¢7*F) de—1 log (l+e‘°‘)+%~l—j_—;—&,

0

where we have replaced the summation by an integration using the Euler-Maclaarin
formula. Consider the integral

® @ ®
) —a—B _ ede Bl d de
j log (1 de=$ J 1 4e%the - QJ de (%) l+ea+ﬂe :
0 0 0

Using Sommerfeld's lemma we have

a0

2
J log (14— % 8¢) e 'V_)—l (az-}-%),
. v
80 that

g 2
Z 1og(1+e“““ﬁf)~;<a2+’1>+§+—ﬁ—. e (1)

Considering the last summation in (10) we have

o e~ 2B 22 o 2B¢ o—4Pe }
- _ —1 -t
Z ].Og ( ___“ ﬁ‘) Z { l+e_a_ﬁ€ 2 (1+e~a_ﬂe)2 ( 3)

€=1

Now
o 2Pe “ o 2Be
— z l+e_a ﬂ€= -—-J ]——————-——+ a ﬂ€d€+0( )

20

=-3 {1 A oe® — ¢! +——‘§ +0(e¥) .

B is a very small quantity (see equation 18) and a—>—oo. If we neglect quantities
[+ 4

of thé order of %; and less the left side of (13) tends to zero. We thus have from

equations (10), (11) and (12)

flx,B) = ( 24T ) + 5544 log 28—} log 2n+0 (%:) .o (14)
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From (6) and (14) we have

- EI__EQf__L( —y_1 _1
F=ta= "3~ “2+f)"1'é_ﬁl (13)
3]
o o a1 5
and N-—aaa_ W= "F 3

It can be shown easily from (8), (9) and (14) that, to the desired order of approxi-
mation,
2

kokg"'klz = S—B‘i . » e .o ) .« (16)
Also
aN +28E o, B) = T2 — 3 log 7 — 2 Can
, 3l 5 L )
From (15) we have
x ~—BN,
so that
1 72 1 1
= (N4 ) =~ ——
B 42(ﬂN+2> 4B 24’
or A
1 2
—~>N2ay =
E 4N &ssﬁz,
giving
: 2
;O A—— e e oo (18)

The expression (7) for p(£, N) becomes with the help of (16), (17) and (18)

1
pll, Ny = 3. — exp {w,\/z(E—L«w)}.

1 % 4

{2 (E —_ N“) }

4
If A denotes the spacing of the individual energy levels (in our case A = }) the
number of partitions P(n, N) of a large number

E E

A 12

n =

into exactly N types is

. A E 1,

P(n,A):————‘E———-I—‘—'T BXP {WJ‘I—FZ*—EAZ},
4§ o peli e =
Vi~

e

or

P(n, N) = exp {x\/n—1 N2} .. .. (19

_r
8(n—3} N2)%

The above formula holds only for large values of N and n3>>{N2 If we plot
P(n, N) against N the maximum is expected to occur somewhere near N ~nt and
therefore the formula holds only at the tail end of the curve.

2
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4. Calculation of p(E, N) for small N.
We consider the case when « is large and positive. We have

fla, b) = z log <1 +5:-/2“_W> = zl log (1 e ﬁe> .. (20)

€=1 €=

Also
N=aa—f=az 1.

da a2 sinh Be

5 [ st A0
0

Now for small values of a (a—0 since @ = ¢~ *) we have

® dz _1 4—q 2+a
J G¥Esmhe T 2 8\ oy 5l
0 a(l-{-—)
4
so that
_e” x e 1 1,4 @3 21

We further have

af _ecothfe 1. 1 [ ccothfe.de 1 o=
= b —_—— = = ——————— e L., 22
T2 z 142¢% sinh e 38=3 f 1 +2¢* sinh Be 4ﬁ+12 (22)

Denoting the first term in (22) by I and putting ¢ = 2¢* we have

1 " x coth x dx
2p2 I+c¢sinhx’
0

Putting sinh z = z/c, and integrating by parts we have

" dz 142
I= J ( 7 108 > dz,
0

=

c2 +z2)
or on putting z = ¢ tan 6,

/2 o
I= J log( 00: 0) sec 8do

0
A
= J (—log c—log tan @ +c tanf— § c2 tan28+4 c3tand8....) sec HdO
0

w2
cot & cot28 cotdd
+L ( T~ 5E + 353 ....)sec 0de,

where tan A = 1/c.
2B
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Performing the integrations term by term we have
S c2 1 +\/ 1 +02 23 1 3
o 2 — ——— — ~ 2)%
= (4/I+¢ c)+(4lo \/1+ )+ g +g5(1+ed)

—-(1 +c2)t + log (c44/1+c? +c2) (1——\/1+02)

+é-13, {cv/THcE—log (c+4/1+c2)} — o 12 < {2—(14c2)} (2—c2)}

1 1 1, 1.31 1 1.3.5 1 1
c 23 3272452 ¢85 2.4.6 T2 o7

Hence the expression for £ becomes

4/32 {210g2+ + %ﬂ%‘é’hﬁ&}, (23

for values of ¢ = 2¢*>1.
B is a very small quantity and if we neglect quantities of the order of Be*, (21) and

(23) become
—a
N= e_,B— <g+log 2) ,

and
E=%(at2log 241
= 432 o+ og +]—_§ .
For large «
e——a
N~ —EE .,
(24)
e—a
F N ZEE .o
From (6) and (24) we obtain
—a
fla B) ~ %5
g0 that
oN +28E +f(a, B) ~ aN+4BE. .. .. .. (25)
Also
N
Bgg oo o e (26)

and therefore

a A log Z—Ié-;+log log 1%. .. . <27
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Using (27) in (25) we get

aN+28E+f(o, B) & N (log 1—?2+log log 1—6—2+2> ~ N log TVE—?+2N' .. (28)

It may easily be shown that
aZe~2x
kokz'—'klz (21 16B4

Substituting (28) and (29) in (7) we get

~ B2, e e (29)

1 BY oy
p(E,N)N-z—ﬁWe

Since the spacing of the levels is § (energy units) we have

1 #Y¥1

P(TL,N)N—zTTer

(30)

Expression (30) is valid for values of N <€ nt, i.e., on the left of the maximum of the
P(n, N), N curve.

4. Partitions when the types of summands are unrestricted :

In this section we shall consider the ¢ase when there is no restriction on the
types of summands that can occur. This is achieved by putting { =1 in the
generating function. We shall in what follows consider only the partitions into
integers repeated an odd number of times, since the partitions of 2n into
integers can be looked upon as the partitions of » into integers and half odd
integers. The generating function to be considered is then

flx) = .{_1’1 (1 +aiFa® abid ... ... )

x :1:2‘ a3
= (1+r_7z)(1+1—_;)(1+f_—xe) ------

(A ta—2®)(1 422 —at)(l 48 —ab) . .. ...
= T —22)(1 —z4) (1 —2%) ... ... ‘ e 8D

We have to find the coefficient of 2" in (31). If this coefficient is denoted by w(n)
we have ¥ as usual .

ez(llv)

w(n)=—<—-—_m, .a .o . .o (32)
i M
where
Te=me H pem — % log f(e™#), 2(p) = nup+log f(e™H).
Now

log f(e*) = Z log (1+e"l‘-—e“2”‘)—-z log (1—e=2m). .. (33)

r=1 r=1

* * For a proof see Auluck, ¥. C., and Agarwala, B. K., loc, cit.
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But

® n2/12u

n— -2

=1 1 - L \'\/TT
Therefore

_ z log (1—e 2ﬂ*)-——+ log : ce .. (34)
r=1

Again

Z 10g (1 +e—fﬂ_e“2"ﬂ) = Z log (1 +e_"‘ _6_27}‘)

r=1 r=0

® ® 2ur__ ~p)

o 2”5 —e
=J log (1 4e #*—e 2"““) dx-[-J‘O 1(x) R dax,

0

where
. )
sin n .'I,'
Py) = x—[x]~} = Z -
Therefore
N 1

Z log (14e~ "0 —e~ %H) = J log (14+e B8 e~ 2%) do— 5 p+0 (5. .. (35)
r=1 0

Denoting the integral on the right-hand side by I; and putting e P? = §in? @, we
have

a2
Iy = 5 log (1+4sin2 @ cos? @) cot 8 df
Yo
)2
1 log (1+sin2 6 cos2 f) 0
) sin 0 cos 6
Yo
a2
=1 {sin 8 cos § —} sind § cos? §+4 sin® & coss 6—...... } 4
& 0
Loz, . o e (38)
n

Substituting (34), (35), (36) in (33) we have

‘10gf(e"")=’§+%log <§)+O(m, R ¢ 1

e T2 . 46313
Y= —1—§+ * .
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From (37) we have

=2 —py Y1
n——a—FIng(e P)‘—Fz 2[-"’
which gives
v 1
I3 NV—;—@IL
For z(p) we get
1 2 - 1
z(p) = np+log flu) = n(\/iﬁ - Z%) +ly§ (1+4y4/n) +41og (ﬁ - ;ﬁ)
— 4 log 7 40(p) N2’\/;L‘y—%10g£' . .- -+ (38)
Also

—_—— = . .. .. (39
Using (38) and (39) in (32) we obtain

_ Y 2yn_ I'13M4 ' -
w(n) =5 ¢ =5 exp {2268y/n}. .. .. (40)
The partitions into integers and half odd integers can be obtained from (40) by
replacing » by 2n so that

1134 -
Py =" exp {3206v/n} -

P(n) thus represents the partitions of » into integers and half odd integers repeated
only an odd number of times.
Our thanks are due to Professor D. S. Kothari, for his keen interest and helpful

discussions during the course of this work.
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