ELECTROSTATIC FIELDS IN WHITE DWARF STARS.
By F. C. Avruck and L. S. Kotaar1, University of Delhi.
(Received Jume 21 ; read August 4, 1950.)

The present paper which is of a preliminary nature is concerned with the study
of the role of electrostatic fields in determining the equilibrium configuration of a
degenerate (in the sense of Fermi Dirac Statistics) stellsr mass. The usual derivation
of the mass-radius relation for a degenerate stellar mass tacitly implies the presence
of internal electric fields. In fact as is shown below such fields severely control
the size of the equilibrium configuration. However, so far as known to us, no
explicit study of such fields has been undertaken (Kothari, 1944). Section 1 of the
paper deals with the simplified case of a uniform density model. The treatment in
this section is rather crude, but it serves to emphasise the physical basis of the
arguments. The general theory is discussed in section 2. :

§1. Consider a stellar mass M constituted of degenerate matter which for
simplicity is assumed to contain one type of atoms only, of atomic weight 4 (the
atomic mass being 4H, where H is the mass of the H-atom) and atomic number Z
(nuclear charge +Z¢). When M is comparable to (or exceeds) the solar mass, the
degenerate matter is practically completely ionised on account of pressure ionisation,
and if p denotes the mean molecular weight per free electron, we have

,L=§. R €

If we contemplate a uniform density model, then in its interior the gradient
of concentration of nuclei is zero. This requires that on a nucleus the force resulting
from the gravitational and electric fields must vanish—(the existence of a resultant
force will imply a large concentration gradient along the direction of force).

If u(r) and v(r) denote respectively the gravitational and electrostatic poten-
tials at a distance r from the centre of the configuration, and fixing the zero level
of u(r) and »(r) by taking u(r) = 0, v(r) = 0 at r = 0 we have for the work E.(r)
done in carrying a nucleus from r = 0 to r

E4+(r) = AHu(r)+eZv(r).

Hence for the uniform density model we require

E(r) = AHu(r)+eZv(r) = 0 * .. .. N 4]
and for guch a model
M(r)
u(r)=—-2—r—, .o .o . . (3)

where M(r) is the mass enclosed within a radius r and @ is the gravitational ccnstant.
We now turn to the electrons. The work done by the gravitational and electric
field in lifting an electron from the centre to & distance r is

F_(r) = mu(r)—ex(r),

* The heavier particles, i.e. the nuclei can be regarded as forming a non-degenerate gas
and hence the concentration N(r) of nuclei at r will strongly depend on E4(r) in accordance
with Maxwell-Boltzmann distribution law. For N(r) to be independent of r, we must have
E4+(r) = 0 throughout the configuration,
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where m is the mass of an electron. Using (2) we have
E_(r) = mu(r)+ Hpu(r)
- which on neglecting the first term in comparison to the second reduces to

E_{r) = Hpu(r) = {J'U'—C;f@ . . .. o4

In the equilibrium case where there is no net flow of electrons across any point, the
energy K_(r) must equal £(0)—&(r); where ¢ denotes the Gibbs free energy per
electron. For a completely degenerate case ¢ is

g=m2{(1+22%-1} .. .. . . @

o 3n)*
U e \8a

and » is the average number of electrons per unit volume:

M o1
4z H-
T st
3R

where

At the surface of the configuration £ is zero, and its value at the centre is,

from (5)
R2 1 9 b
2 —35 wal s -
£(0) = mic B“mz b2 <32w2yb’> f 1]'

Hence the work done in carrying an electron from the centre of the star to its surface
is simply given by £(0). This is again equal to E_(r) (eqn. (4)). Equating these

two expressions one obtains, on a little simplification

P < 9 N1 <Q *{1_,311202 32n2uH ’M%}
T GmHp \327%uH) Y \M 472¢2 9
where ©® stands for the mass of the sun.
To put the above relation into the standard form we substitute

— 97" I- hcu
2=\T) 7%= gm

%2

lo=mwﬁ-]8x108‘cm. .. .. .. (6)
4522 9 e
and My = {“2[-_12(;2 <327-;2;;,H> }
H’yzé O
= (1817)* #2 2 16’?

and get

__alo O t M 5

1, is & length characteristic of the white dwarf theory and M, is the Chandrasekhar-
Stoner limiting mass. For M greater than M, the radius comes out to be negative,
but for M < M4, the relation is in reasonable accord with the observed mass-radius
relation for the white dwarfs.
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We can, following a similar procedure, work out the mass-radius relation neg-
lecting the electric field. In this case one obtains

aly [uH\ O\ M\
E @@ -

M1=(18ﬂ)&—y¥ (75) N 1)

where

On comparing the two sets of results obtained above one finds that the neglect
of the electrical field increases the calculated radius of a white dwarf star by a factor

of H/m and the limiting mass by a factor of (H/m)3.
We also note that the total negative charge of the electrons is given by

R
Ne = ef n . 4mredr
0
which on using the relation

h2 (3n>%__ h? (%)g_ _ pHGM()

2m \8m 2m \ 87 2r
or
87 \dmr m i 3
n= {'?T}IQF‘HGP} (R2—1r%)
becomes

(S

2e
Ne = —+

m
3 { ﬁpfl G’MR} .

The total negative charge of the electrons is not equal to the total positive
charge of the nuclei, the ratio being nearly 4x10-~2. This disparity between the
negative and positive charges arises in our model on account of the fact that we
have not incorporated Poisson’s theorem for electrostatics in our derivation. To do
this we proceed to the next section.

§2. If £ and £, denote the Gibbs free energy for the electron and the ion
respectively, we have

dg_ Cdu dr
&= Tt

d£+_ du Aedrv
E..—-AHd—T—-;—(ﬁ, .. . o9

Viu=dxnlp; G2 = —4nS; S=A[p: (ny—n_); p = AHn,+mn_

where § is the charge density, n, the concentration of the ions and n.. that of the
free electrons. From these relations one easily gets

1d ,
r—zg;(ﬂddi;) = dn {Z2(Zny—n_)—GAH(AHn +mn )} .. (10a)

and

dr

To reduce the above set of equations to a single differential equation, we must
introduce some supplementary condition. The existence of an electrostatic field
inside & star allows us certain freedom with regard to the mass-radius relation.

In the following we work out the relation under different assumptions.
2 .

14 )
2 (72 dg_) = 4 {ez(Zn+—n_)+Gm(AHn++mn_)} ... (109)
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Case (I). First we take
dy _
—==0 (11)
so that (10a) gives
Gg—%ﬂ (AHn+mn_) =Zn, —~n-
or
ZG@AmH+GA2H?
222 —GA2H?
Gp2H?
e

ZNy—Ne = T s

R N ~0

i.e. the total positive charge is equal to the total negative charge inside the
configuration, which removes the discrepancy mentioned at the end of Section 1.
Under this assumption (10b) reduces to

14d dé_
_—— 72 2T o= — 2H2n
o (r dr) 4nGueH?n .

Substituting for £_ its non.relativistic value we get the standard Emden’s equation
of index 3/2, Its solution, in the usual way, gives

=%°(%)* S 4 1)

On2w0,\ ¢
ap = ( ”) ~ 451,

where

128
which is the ordinary mass-radius relation.

Case (II). As a second case let us assume

Zny = an. .. .. . .. (13)
where o is some constant. The equation (10d) reduces to
1 d dé._
— A 2 — 8 2 — g .
35 (r o ) don_ {e2(@—1)+Gm(pHa+m)}

For « = 1 we obtain (Case Ila)

1d dg..
—_—— 2 27 ) = - . .. .
ey (r o ) 4nGumHn . (14)
which on solving yields :
t
R=L“_°§2”_I?(9), e e (B
F,'S m .M

i.e. in this case the calculated radius of the white dwarf star increases by a factor
of p,H / m.
If we take

Gu2H?2
x = + p’ez

2B
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(Case I1b) we find that it corresponds to the already discussed case (I), as can easily
be verified.
Case (III). Let us now take

§+ A(a constant). .. . . .. (16)
The equations (10) give
Ny GAHm+-e2Z —Gm2A+€2) a7
e = CORME AR LGAHmA TN )
ie., £4/¢. = constant, implies 74 /n_. = const.

(a) Taking Zn, = n. as in case (Ila)

we at once get from (17)
AH
A="—
m

{b) The case A = 0 corresponds to (I) since it can easily be shown that for this
value of A

gﬁi = 1+GF'22H2.
n_ €

(¢) Under the more general assumption

%"_—*—a O 1)

we have from (17)
_ (GAHM+e22) Z 42 Z(e2 —Gm?) (19)
* = R GAEHR) FNCAHm +22) oo
By considering the first and the second diﬁeren'oials of « with respect to A, one finds
that « is a decreasing function of A, and for A =

GAmH GA2H?
o= 14—-7F 7ot +— Y > e 140(10-38)
while for A— o0
GAmH Gm?
= e e e .__ — 40 -
a=1 7ok 2 1 —0(10~40) .

Thus while A varies from zero to infinite, « is practically equal to unity throughout
the whole range.
Using (18) and (19) we can write (10b) as

L () ettt
7 (GumH +e2)4-e2—Gu2H?

2
in comparison with unity we get

1d dg_ Gu2H?
Clpen-)_ _ bl adiuielll
rzdr(r d")— 417”«_ 1+A/Z. . .o .o (20)

- . 2
Negleoting m in comparison with pH and sz

A =0 corresponds to case (I) whereas A =‘:1mi1 would correspond to case (Ila).
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Further the radius of the star tends to infinity as A 00, since in this case we would

have
1d dé_
Sl P Tt Yol
r2dr (r dr ) 0.

We observe that for the various cases discussed « i different from unity only
by a term of the order of the reciprocal of Eddington Constant. Equation (13) thus
ensures that the total positive charge is (almost) equal to the total negative charge.

The problem will be further examined in a subsequent paper.

Our thanks are due to Professor D. 8. Kothari for suggesting the problem
and for helpful discussions.

SumMMARY.

The usual derivation of the mass radius relation of a white dwarf star does not make an
explicit reference to the electrostatic field. This is done in the present paper and it is shown that
the electric field severely controls the properties of the equilibrium configuration.
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