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INTRODUOTION.

In two previous papers (Dutta I and II, 1947), the behaviour of the imperfect
gas has been investigated by a new method. In the first of the above papers, the
equation of state of an imperfect gas has been deduced in two stages in a very
simple manner. In the first stage, the effect of finite dimension of molecules has
been taken into account by a method similar to that of Fermi in Fermi-Dirac
Statistics, and essentially amounting to a specialisation of the Pauli-Fermi Principle
of Exclusion. In the second stage, the correction for cohesive forces has been taken
into account by introducing the idea of the effective volume slightly greater than
the actual volume of the enclosure.

In considering the effect of finite dimension, in that paper, the distribution of
molecules in the physical space, and that of theijr representative points in the
momenta space have been considered separately. In distributing molecules in the
physical space, this space has been divided into cells of dimension, b, equal to the
rigid volume of exclusion of each molecule, and, then, the effect of this exclusion in
the physical space due to finite dimension of rigid molecules has been expressed in
the form of a principle of exclusion, quite similar to that of Pauli-Fermi in Fermi-
Dirac Statistics. This principle has been formulated thus: ‘No cell of the physical
space can be occupied by more than one molecule at the same instant’. Then, the
momenta space has been divided into cells of volume %3/, and, distribution of the
representative points in this space has been considered in the usual way. The
Pauli-Fermi principle is effectively implemented in this manner,

In the second paper, the effect of finite dimension of molecules, and, that of
cohesion amongst the molecules have been considered in a single step in a simple
and straight way. For this, over and above the division into cells of small volume,
the physical space is divided into two layers, the interior, and, the surface layer,
corresponding to different potential energies.

In the present paper, the behaviour of the assembly of molecules of finite
dimension under any field of force has been investigated. Of course, there is a
simple restriction, on the nature of field of force, namely the gradient of the field
is 8o small that any change in the magnitude of the field within a length of molecular
dimension may be ignored. Evidently this does not materially affect the range
of application of the results obtained, since, in the case of an actual physical assembly,
the gradient of the field may be assumed to have this characteristic. Here, the
physical space, in addition to the division into cells of volume b, is divided into
potential energy layers, just as, in Fermi-Dirac Statistics, the phase-space is divided
into energy layers. Then, as in the previous paper, the distribution in the physical
space and that in the momenta space have been considered separately. The thermo-
dynamic probability for distribution in the physical space has been calculated
after Fermi, and that for the momenta space in the usual classical way ; the product
of these two gives the total thermodynamic probability.
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DESCRIPTION OF THE ASSEMBLY.

The assembly under consideration consists of N non-dissociating and non-
associating molecules, each commanding equal rigid volume of exclusion of magnitude
b. The assembly is enclosed within a volume V.

For considering the distribution in the physical space, as stated above, the
total volume in the physical space is divided into potentia,l -energy layers of volumes
Vi, Vo, . .. Vg, . . . corresponding to potential energies, wy, wy, . . . @,
respectively. Let, at any instant, Ni, Ng, . . . N,, . . be the number of molecules
in layers of volume V4, V,, . . . V,,,, . . .respectively, Each layer is, then, divided
into cells of volume b as usual. 1t is also assumed that b € V4, Vg, . . . V,,,, .

Let a, represent the number of molecules with kinetic energy e,

CALCULATIONS

The thermodynamic probability, calculated as in previous papers, becomes,

Then, by the use of Stirling’s formula for approximation of factorials, this can be
written as,

7
log W = [ ( )log(Vb)—(%ﬂ'—A>log(z——-N) N,,,logNm}
+N log N — Za, log al] . )
1

To get the entropy for the assembly in thermodynamic equilibrium, this is to be
maximised subject to the following conditions:—

Zoy=
ZN, =N,y .. .. .. (2
m

Zuye+EN w,, = E,

I m

where N, £, and V,,’s remain constant.
The variation of expression (1) after the use of Lagrange’s undetermined multi-

pliers gives

@, = P (forallI’s) .. Y )]
14 v+ pWm
P ] = f ! . . .. (4
Nob l=e {for all m’s) 4)
where A, p, v are undeterrmned multipliers.
Then,
N,:-I—/Bﬂ.——:i_——i-—f— (for all m’s) .. .. .. (B)
ev ¥ "'+1
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Then, by Boltzmann’s hypothesis, and from above equations, we have,
Vﬂ —y — uWmn
S=k[N(A+v)+/J.E+N log N+ Z—z—-log (1+e ot )]

By the well-known thermodynamic relation we have,

1 28 1
=l=) =t = . . .. 6
7= (8E>V kp, or, p=1x . (6)

Again, as is shown in the paper (I, Dutta, 1947),

N= za’ - e—w\ Z e—e!/kT
] [)

or
e’\=-11vZe—€’/kT .. . .. .. ..M
_1 f f f o~ %7 9P dpy dp,
=¥ 73]b
or
b
z\_log{N h3(21rmk7)§ L
From (2)
1
N= ZN“Z‘ T (9)
14  ET
1 av
= | e . o e (10)
b JV L& oIFT

where the element of volume dV is the volume of layers of potential energy w
This is the equation for determining ».
Then,
E
—_— 3
S8 =Nk [ log 7+log { (2rmk) }+V+NkT

+ Z 2 Jog (1+e—v_%):, .. .. (1)

and

W

¥ = Nk [; log T'+log {h% (z,,mk)%}+v+ Zl%log (1+["_W):| .o (12

Now, in gaseous phase I\Ifilb>> 1 for all m's.

L-—e+kT’ or N, —V—e v_l%‘
"Nb- b

This is the well-known Boltzmann law for distribution in a field for gases,

(13)
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Now, by (2)

EDEEDY A

=%e“'fve_’—‘%dtf ¢ 1
or
v_1 SV i
e 3
L [
=1'v"b"fve av. .. .. . ..oa8)

Thus, v has a meaning similar to ¥, of Gibbs (Gibbs, 1926).
Now, the total potential energy of the assembly

— _m ~Unm
= N,..w..=e—b—ze kTV,,,:Nsza—aT{bg( l%%e kT)} (16)

_ e 0VEv)
=72, L Lan

Similarly, the total kinetic energy
] —/kT
= = 2 1
l_;_ ae, = NET aT(log ;E e ) .. . .. .. (18)

0
=72 —
TaT(Nk)«) . . e .. .. .. .. (19)
= §NET.
Therefore the total energy

O(NkA) o(Nkv)
or

or

d d A4-p

N Wi
_ @ A 12 TET _ﬁ)}
_Wﬁ{Nklog (e ,e")}..TZaT{Nklog (Ze Z Vat
‘f"wﬂ

e f (ST e

This is the usual relation between the energy and the ‘sum-over-states’ (Zustands-
summe) of Planck. Now, here, it is to be noted that the sum-over states can be
decomposed into two parts, one connected with the configurational space, and, the
other with the momenta space. This is consistent with the idea of splitting the

= 72 + T2
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phase-space into the configurational space and the momenta -space as is done in our

method.
Now

Y= Nk[ log T'+log {hﬁ (21rmk)‘f} +log {Nb Z Vat kT}

+Nz (e %)]

Since for gas,

2w

W W
L1 V. —”—f@)_i[ Zm I Al AUt
,,ﬁZ—b—log(l+e =% Zb e +22 B ¢

—g¥m
=1+%. i e z V”' kT (approximately)

kT
av
T L o e

D’ deV]2
Y= = — i e &T
S ¥ =Nk | 3 log T'4log {ha (27mk) }+log {Nb fv e dV}

f deV
+1 ‘f‘ﬂlZ oo (22)

JEZi

Then, by the well-known thermodynamic relation,

r=7(57),
we have,

28

p = NkT e ™

.

ve Ty

s w _2w - s
+1__\;_be kT{J'Ve deV}"2Uvew deV}UVe deV}e *T



32 M. DUTTA: ON A TREATMENT OF IMPERFECT GAS AFTER FERMI'S MODEL (III).

e

2w

: 7T
_¥B _¥s ZJ. e av

~_ NET kTr1+% wa S A

[ Ty L J o ®ay [ e ®ay J

| 4

where wg is the potential energy in boundary region.
Let us define an effective volume as follows:

B -~
V'_—_f e deV:V+f (e "T—1>dV . (23
1 4 14

5

= V+4a

_w
a=f (e kT—l)dV 28
v

Then, the expression for pressure can be obtained as,

where

w
NkT' ~ & ,B’]
P=—5 1+V’
Wg
MR TR @)

where

B =31Nb<{e ¥T _2 ” (26)
f e *¥Tqy
v
This is in the form of Dieterici’s Equation of state.
The usual Dieterici’s Equation of state of the first type is
T — o
NeT JNeTV. L@

P=T/—_73‘

where the quantities «, 8 are proportional to N2 and N respectively.

Now, to deduce an equation of state (25) in complete agreement with that of
Dieterici given by the equation (23), we have to remember that wp is as usual pro-
portional to N/V. 1If we write,

W _ X _ 28
W= NeTV .. . . .. (28)

then, obviously,
e N2 . .. .. .. .. (29)
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Now, in the case of an external force, or, in the case of molecular interaction,
weak compared to K7, we have,

w
a = f (e kT )dV = — f 2 4y (approximately)
v kT

SLax N L. . .. .. .. (30)
From the equation (26) _
BN .. . . .. .. (3D
Again, if we write
B=p—a .. .. .. .. .. (32
then,
BN .. . .. .. .. (33)
Then, the equation can be written as
o
p(V—B) = NkT'e N¥TV e (3

This is identical with the equation (27).

Now the equations, (26), (30), (31), (32), show that «, 8 depend on temperature.
Now, for successful application of Dieterici’s equation over a wide range of tem-
perature and pressure, o, B are generally taken as function of temperature. 1t is
also to be noted that in the general form of Dieterici’s equation of state,

/
o

p(V—B)=NkT e NETV . (35)

Thus, according to Dieterici, « of equation (34) must in general vary as 1/7° 1 In
Reinganum’s treatment of imperfect gases, the volume correction has been obtained
as a function of temperature in the form as obtained here.

Now, another important point should not be passed over unnoticed. In
equation (25), the effective volume defined in (23) plays the rdle of volume. This
shows that the volume correction to be introduced in the thermodynamic expressions
has two parts, one due to finite dimension of volume, and the other due to the
field of force.

Now, in case of a field of negative potential energy as in the case of cohesion
or intermolecular attraction, w being negative, a, defined in (24) is positive,
8o V' is greater than V. The concept of effective volume V' being greater than ¥V
and playing the rdole of V, has also been introduced already in a previous paper
(I, Dutta, 1947) from other physical considerations.

Now, we want to see whether our theory is sufficient to explain other macro-
scopic phenomena of nature outside the domain of thermodynamics. For simplicity,
we shall attempt here to deduce the law of pressure of hydrostatics. Now, in order
to extend our investigation to problems of hydrostatics, it is to be remembered
that the fundamental criteria of fluid at rest is that every portion of fiuid is at rest
and, so, hydrostatics is based on the concept of local thermodynamic equilibrium.
Algo, in hydrostatics, the pressure is a point function, i.e., to every level an idea of
the pressure of the level can be attached.

Now, for any level, we have

log(l—::—"b-—l)=v+;{~;,— ee L. (36)

where v is game for all levels.
3
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Omitting the suffixes for different layers, we can write,

v w
where » is the number of molecules in a volume v in the layer having a potential w.
Then, differentiating with respect to any one of co-ordinates, we have

L plom _low ey

Now, according to the concept of local thermodynamic equilibrium for every
layer, the pressure at a level of constant potential (I, Dutta, 1947), is

kT nb
p= -—Tlog(l—-v—)

]— =
v
1 v INon »
=anb lnb'( E)@x;
o
T Ty oz
lop  ow
or ;é‘a‘:—- a .. .o .o . (38)

and similarly for other co-ordinates. ,

This is the well-known equation of hydrostatic equilibrium.

It should be noted here that the thermodynamic pressure obtained from ¥ as
in (25) is different from the hydrostatic pressure, when there is a field of
force. The pressure obtained by differentiating ¥ may be looked upon as a thermo-
dynamic parameter connected with work done during expansion,

SoME IMPORTANT GENERAL REMARKS

It should be noted that identical results are obtained from the thermodynamic
functions, or for distributions in the physical and the momenta spaces, if the total
thermodynamic probability for the entire assembly is written as the product of
thermodynamic probabilities of all layers considered separately. According to this
idea, the thermodynamic probability is,

(%)
I b
m (V,,.

2 ! !
2 a,,,). IzIa,,,;.

where V,’s, N,’s, b have the same meaning as in the previous case, and a,,; is

the number of molecules in the mth layer, (i.e., of potential energy w,) and, of
kinetic energy, e,

3B

W=IIW, = (39)
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The restricting conditions, here, are :

Za’"l =N,

i

Zaml =
”
ZNn = ;aml =N

Zaml (wn+el) =K
mi

where, in the present variation, N, £ and V,_’s remain constants.

All expressions for a,’s, N,.’s, a5, ¥, p, 8 are same as those obtained above.

Now, an objection may be raised against the present method that there iz no a
priori reason for a permanency of distributions of molecules in the physical space,
and of representative points in momenta space. It has to be remembered that the
permanency of distributions in the phase space is supported by the Liouville’s
theorem, which suggests that there is no tendency of clustering in the phase space.
Now no theorem similar to that of Liouville can be established for the physical space
or the momenta space separately. So, in order to establish permanency of distri-
butions, considered here, it is necessary to show that the entire discussion can be
fitted, quite well, into the usual formalism of representation of complexions in the
phase-space, and, so, there is some permanency of distributions in the phase-space.

If we start with the representations of the complexion in the phase space, then,
the division of configurational space into cells of dimension ‘b’ in our formalism is
equivalent to the division of the phase space into cylinders of which the dimensional
cross-section corresponding to the configurational co-ordinates is equal to . Then,
the principle of exclusion denoting the effect of finite dimension of molecules states
that more than one representative point cannot come within one such single cylinder.

Division of physical space into the potential energy layers is equivalent to the
grouping of these cylinders into different classes. Now, these cylinders are again
divided into kinetic energy layers (or better into kinetic-energy racks). The
number of cylinders corresponding to the potential energy w,, is V,/b. Let a,; be
the number of representative points of molecules having a potential energy W,
and a kinetic energy ¢, at an instant. Then, at the instant, a,,;-of the V,/b cylinders
are occupied at the Ith rack, each occupied by only one.

Then, the number of different ways, in which, of V,,/b cylinders, a,; are occupied
by representative points, only one in each, in the kinetic energy rack e is

)
a,,,lz(lgz—aﬂ)!

Due to the exclusion principle, no other energy layer of any of these a,;
cylinders can be further occupied by any other second representative point. Then,
the number of ways in which a,, cylinders are occupied by representative points,
only one point in each cylinder in rack of kinetic energy e, is given by,

(r)

V —_—
Gup ! (~b-' _a,1+a_2) !

(40)
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and so on. Finally, the required number of ways, in which, of V¥, /b cylinders, a,;
are occupied in e; rack, a,s in €, rack, and so on, is

(%) (% —eur): (% T

By ! (—I—%'l' —-am) 1 au! (-Ybi' —-a,,,1+a,,,2) ! gn ! (—I%E —Cp1t .- +a,,,,,)

(L») .

=V
- .. !Hm!
(b N,m laz

Total thermodynamic probability for all classes of cylinders
(%)
=1IT
" (5' —N,,,) T ap !
b 1

This is the expression (39) for W. The restricting conditions are the same as
in (40). So, the rest of the treatment is identical.

The principle of exclusion, used here, may be looked upon as equivalent to the
Pauli-Fermi principle of exclusion in the phase-space, but applied in a special way
to take an account of finite size of the particles. The Pauli-Fermi principle, in its
general formulation, implies that exclusion of more than one particle from an
elementary 6-dimensional position-momenta cell of extension 43, but of no prescribed
shape. Now, so long as the particles, under considerations are negligibly small in
size, e.g., electrons, there is no difficulty of application but, the exclusion, as actually
applied, is in the momenta-space only. In actual working of Fermi-Dirac statistics,
the integral over configurational co-ordinates is replaced by the total volume.
This is practically equivalent to the ignoring of the finite size of particles. If the
particles of finite size are considered, then, a large number of restrictions amongst
the configurational co-ordinates in form of several inequalities appears in the
calculations due to the size of the particles. The problem, thus, becomes intractable,
without special simplifying approximations. Here, as a first approximation, we
have divided the configurational space into elementary cells of dimension of same
size, in which we postulate that more than one particle cannot exist. For statistical
calculations, we replace material particles by points, and, apply the principle of
exclusion in the configurational space. This gives a fairly good approximation as
shown by results arrived here and elsewhere (Dutta, 1947, 1948),

An tmportant note

Here, it is to be admitted that division of the configurational space into layers
of potential energies wy, ws, . . . w,, . . . is subject to same theoretical objections,
a8 the potential energies w;, w,, . . . w, . . may depend on the instantaneous
distributions of particles. In case of external field only, or, in case of an external
field and a field of molecular interaction, weak compared to the external field, the
division of the configurational space into potential energy layers is evidently quite
permissible. But, in case of other fields mainly due to the interaction amongst the
molecules themselves, the validity of division of the configurational space into
potential energy layers is not above all criticism. In support of the procedure, used
above, it can be added that the similar ideas of existence of same (average) constant
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energies, wy, Wy, . . . ab-initio i8 common amongst other similar statistical theories
of imperfect gases, specially in presence of long-range forces (Fowler, 1936).

CoNcLUsION

Here it is found that the present method is suitable for the taking into account
of the effects of finite dimension of molecules and of any field of force, of which the
gradient is very small compared to the length of molecular dimension. It is also
found that similar discussions can be done yielding the above results if one sticks
to the representation of states in phase-space. But the method, used here, by
considering the physical space and momenta space separately, simplifies the entire

discussion.
The writer takes the opportunity to express his deep gratitude and thanks to
Dr. S. C. Kar, Prof. N. R. Sen and Prof. 8. N. Bose for their interest in the work.

SoMMARY

In this paper, the statistical theory of imperfect gases, already developed in two previous
papers by the application of a principle of exclusion, a special form of that of Pauli-Fermi, and,
of method of Fermi, has been extended to the case of general field of forces. The equation of
state, yielding Dieterici’s equation upto first approximation, has been obtained by taking into
account a general type of field of force, and the finite size of particles. This has been done by
dividing the configurational space into different potential layers and also into cells of volume
equal to the finite volume of the particles, as is done in the discussion of Fermi-Dirac Statistics.
Here, as in the previous papers, the distributions for the configuration-space and, for the momenta-
space have been considered separggsly. At the end of this paper, it has been shown that some
discussions hold good, and the same results can be obtained without splitting up phase-space
into configuration space and momenta-space.
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