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1. INTRODUCTION.

In recent years considerable attention has been directed to the study of stellar
models with a discontinuity of the molecular weight . somewhere in the stellar
material. Schénberg and Chandrasekhar (1942) considered a stellar model with an
isothermal core surrounded by an envelope in radiative equilibrium, there being a
prescribed discontinuity of the molecular weight across the common interface.
Hoyle and Lyttleton (1942, b) sought to give a tentative explanation for the structure
of red giants by considering the effect on a stellar configuration of a change in mole-
cular weight in the outer region and shewed that under proper restrictions such
differerce in the atmospheric composition from that of the major part of the mass
would cause the star assume a very extensive radius and yet retain its compatibility
with the necessary requirements of thermodynamic and mechanical stability. These
authors also suggested a mechanism by which the contemplated non-uniformity in
the atmospheric composition can be brought about. More recently Ledoux (1947)
has examined the effects of a discontinuity in molecular weight occurring in the
radiative envelope as well as in the deep interior of a star. He has shewn that in
both cases a sharp discontinuity is in general smoothed out and the two regions
become separated by a transition zone of variable molecular weight, though a jump
in g of & definite amount is permissible at the outer end of the transition zone. The
hypothesis of a sharp discontinuity is indeed a mathematical abstraction, neverthe-
less the study of solutions of the stellar equations with a sharp discontinuity of u
and satisfying the conditions of stability on both sides of the interface should be
considered important from the physical point of view. We assume that such solu-
tions may be associated with configurations physically realisable exceptffor some
matters of details. "

In the present paper it is proposed to study the problem of the internal consti-
tution of stars on the basis of the convective-radiative model with a sharp discon-
tinuity of composition across the interface. It is easy to see how this difference in
composition between the core and the envelope would arise as a consequence of the
conversion of hydrogen into helium within the core by the thermonuclear processes
responsible for stellar energy generation. The method developed here shews that
the equations governing the structure of the star taken along with Bethe’s law of
energy generation and some very plausible hypothesis regarding the proportion of
l_leavy elements in the stellar material within and outside the convective core, are
Jjust sufficient to determine the chemical®composition of the star from a knowledge
of its three observable parameters, viz., its mass (M ), radius (R) and luminosity (L).
I13 must not, however, be understood that these equations would always furnish®sig-
nificant solutions for any given L, M, R; in fact, extremely arduous numerical cal-
culations will be required to decide the point in each individual case. We have
attempted to work out in this paper the case of the star « Cen A, but have not
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succeeded in obtaining a significant solution. Other stars might probably furnish
admissible solutions, but in view of the complexities involved in each calculation a
second attempt has not been made.

2. THE EQUATIONS OF EQUILIBRIUM.

The investigations in the present paper are based on the following assumptions:
(i) The star is a point source model with a convective core surrounded by a
radiative envelope.

(ii) The perfect gas law is valid throughout and radiation pressure is negligible,

(iii) The chemical composition (and consequently the mean molecular weight
p) is constant in the core and also in the envelope, but there is a sharp
discontinuity of p across the common interface.

(iv) Photoelectric absorption is the only source of opacity and the guillotine
factor in Kramers’ formula may be regarded, with reasonable accuracy,
as proportional to a power of the density alone (a proper choice of this
power will ensure a fair agreement with Morse’s table).

The equilibrium equations for the envelope region, embodying the above assumptions,
can be written down in the usual notations as
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Introducing the following representation of the guillotine factor » (Schwarzschild,
1946),

logig 7 = 0-64+logyg p025 .. .o .o e (4)
in Kramers’ opacity formula, one gets
k = kop¥ BT =35 with ko =102 (14+X)(1-X—-Y), .. o (B)

where X and Y are respectively the hydrogen and helium contents in the stellar

material.
The structure of the convective core is governed by the Lane-Emden function

of index n = 3/2, and the energy production within it according to Bethe’s formula
gives

D= {"dattpedr .. .. .. . . ®
0

where € = e XpT". .. .. .. .M
For sunlike stars, n = 17-25 and e, = 4-085 X 10126 give a very satisfactory
representation of the exact exponential law of energy generation.

3. INTEGRATION OF THE ENVELOPE EQUATIONS.

For purposes of integration it is very convenient to rewrite the envelope
equations by introducing the dimensionless variables, p, ¢, ¢ and # (Schwarzschild,

1946) defined by
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Equations (1)—(3) then become
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Using again U= 5—-—1, one obtains
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as the differential equations to be integrated from the boundary inwards, starting
with the initial conditions

p=1=0,qg=1, when 4 = 0. . . .. (16)

These equations will furnish a single parametric set of solutions depending on the
value of C chosen.

The integrations may be started by constructing approximate analytic solutions
for the variables and can be continued up to a certain depth where the approximation
q = constant ( = 1) can still be regarded as valid. The procedure is indicated below.

From (13) and (15) it follows

¢ 4
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Now using (17) in (15), one gets after integration
7
t=§§qu. .. . . .. (18)

Equation (17) therefore yields
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With these values of p and ¢, equation (14) integrates out to
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These expressions can in turn be substituted in the differential equations (13)—(15)
and higher approximate solutions derived. The integrations can then be proceeded
with by standard numerical methods.

4. STRUCTURE OF THE CONVECTIVE CORE AND CONDITIONS AT ITS BOUNDARY.

It is well known (Chandrasekhar, 1939) that pressure, temperature and mass
distribution within an Emden polytrope of index 3/2 are given by
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where p., T, denote the central density and temperature of the configuration res-
pectively. Further the usual radial distance r is connected with the Emden variable

£ by the relation
5k T\Y2
r=<8—an’H;;> f‘ .o . .o .o (24)

The conditions to be satisfied at the interface between the convective core
and the radiative envelope are that the pressure, temperature and mass should be
continuous across it. The interface being a surface of discontinuity of p, the first
two conditions would also imply the continuity of p/fu. Mathematical expressions
for these conditions in terms of the variables for the two regions are
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where the indices e and ¢ refer respectively to the envelope and core side values on
the common boundary.
The following relation fixing the position of the interface will also be available.
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Equation (6) determining the total energy output inside the core now takes the form
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On the hypothesis that the discontinuity in p arises on account of the conversion
of hydrogen into helium (within the convection zome) it is reasonable to assume

the content of heavy elements (apart from hydrogen and helium) 1—X—Y as
even throughout the whole star. This requires

1-X—¥Y,=1-X,—7%,. .. .. .. .. (30
Lastly, there is the equation giving the behaviour of the effective polytropic index =,
defined by n+1 = %—g—g on both sides of the interface. Considerations of the

sort given by Hoyle and Lyttleton (1946) applied to the present case with the opacity
formula (5) lead to the following condition

pO 1+ X)(1—X;—Y)(n+1) = p 081+ X,)(1 —X,~Y,)(n.+1). .. (31)

Now n;+1 = 2.5, for a 3/2 polytrope
dl N
and n41 = (ﬁﬁ)e =5 (%57—5) , for the envelope solution,

so that, equation (31) gives, in view of (30),
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whence using (12) one finally obtains
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It may be noted that in writing equation (32) the formula

2

P =1T3% 105 .. . .- (33)

has l])i:een taken account of, FIXHOSY '
quations (25), (26), (27), (28), (29), (30) and (32) must have to be satisfied in
%rdz; that a model of the type envisaged may exist f01? a star with definite values of
b and R. The model will be completely determined if these seven equations can
e solved for the seven quantities 7,, pes &> Xy, ¥y, X, and Y,; L, M and R being
assumed given. The problem appears to be just determinate though significant
solutions may not always exist. It may be remarked here that for a successful
solution of the problem an integration of the envelope equations for a suitable value

of the parameter C must be provided. Th i
these equations will be d.iscussedp latzr.. ? proceriure £0 be adopted for hundiing
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5. STABILITY OF THE MODEL.

For the present, if the assumption is made that a model has been constructed
in conformity with the above requirements, the question of its stability still remains
open. We propose to examine this point now.

We start with the observation that a necessary and sufficient condition for the
stability of the radiative gradient in a medium with a uniform composition and
with a given distribution of density and temperature is the following

dlog P dlog P

<d log T)md = (d log T)ad t t - (34)
For stability of the adiabatic gradient, the inequality is reversed. It is known
that along any solution of the equations of radiative equilibrium with proper boundary
conditions, the effective polytropic index n decreases inwards from the outer boundary
of the star, so that, if in any case the convective core begins at a point for which =
(radiative) exceeds 1-5 (the corresponding adiabatic index), condition (34) is satistied
and stability of the radiative gradient in the entire envelope region is ensured. A
little reflection will shew that in the case of a discontinuity of y as under consideration
here, the two gradients cannot merge and have a common value on the surface of
the core. In equation (31) we have set n; = 1-5, which only means an equality of
the radiative and adiabatic gradients on the inner side of the interface. If now

<d log P
dlog 7
surrounded by a stable radiative envelope, there being a discontinuity of p across
the interface. The problem therefore is to investigate under what conditions
(d log P

dlog 7

> < 2:5 everywhere within the core, we have a stable convective core
rad

) , starting with a value 2:5 on the inner boundary of the core, remains
rad

dlog P
dlog 7
recourse must be had to equation (1), and equation (3) with L{r) in place of L on
the right hand side. These equations give

dlog P 16mac@ 175 M(r) .
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whence one obtains, using the perfect gas law and the polytropic equation of state
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n will continue to increase outwards so long as

less than this value at all interior points. To calculate ( > within the core,
rad

(36)

For an outward step 37 < 0 and (Hoyle and Lyttleton, 1942a). Hence

3M(r) 8L(r‘,> 31(87|
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In terms of Emden variables 6, £, this inequality becomes
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Denoting the left hand side of (38) by a function f,(£) and the right hangi side by
fal€), and taking = 17-25 one obtains the following table for these functions.

2~4[-
¢ J1 ) fa 2ok
0 0 0
£
0-4 1-415 0-518
£
0-6 1-908 0-780 /
0-8 2:185 1-045
10
1.0 2197 1317
1.2 1.999 1-597
1-4 1-703 1-890
1-6 1409 2.201
Q ] } ] A ]
7] 0F o-s} 72 76 20
Fig. 1. The functions f,, f,, are plotted
against £,

It will be evident from a plot of these functions as in Fig. 1 that condition (37) is
violated as soon as £ exceeds the value 1-34. This proves that for any convective
core of radius §; < 1-34, n (starting with a value 1-5 on the inner boundary) will
monotonically decrease inwards just in keeping with the requirement of convective
stability. This sets an upper limit to the size of the stable convective core for the
model we are seeking to build. It is further evident that no stable convective core
can begin at an interface £ > 1-34. This knowledge is important for the trial
and error method we shall adopt below for the solution of our problem.

6. SorvTiON OF THE EQUATIONS OF CONDITIONS ON THE INTERFACE.

We shall now discuss the equations (25), (26), (27), (28), (29), (30) and (32),
admissible solutions of which, if any, will completely determine the structure of the
star under consideration. The method of solution is one of trial and error. A
value of the parameter C in the envelope equations is first selected and the corre-
sponding integrations performed. From the given value of L, the luminosity of the
star, an approximate value of the central temperature 7'; is guessed. This guess
will not be wide off the mark, since the energy generation as controlled by Bethe’s
law is highly sensitive to 7,. A trial value of the central density p, is now taken.
In other words, an attempt is made to solve the equations of fit for a given value of C.
Our assumed values of 7, and pc are purely trial values.

Equations (27), (28) yield

M 1ds
(fﬁ)‘ﬁ=47fi’c(—zaz);. . . . .. (39

Ifnow the core be supposed to begin at some distance (z), along the envelope solution,

. , . 1
equation (39) will determine ( Z gg) whence 8, £ will be obtained by interpolation

~or
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in tables of Emden functions for n =1-5. A value of (x), should be fixed
by trial so as to give ¢; within the range 1-0 < ¢, < 1-34. A value of £, > 1-34
is not permissible by stability considerations, and a value < 1-0 should also be left
out in view of the fact that the energy integral in equation (29) does not become
sensibly constant at this distance. The range of possible values for ¢; is thus con-
siderably narrowed down by these requirements. Equations (25) and (26) now
give p; and p, which should however satisfy the condition that u; > u, on account
of the probable presence of more helium inside the core than outside.* This value
of u; substituted in equation (29) would then fix X,. Equation (33), taken with the
indices ¢ and e, and equation (30) would together determine X,, ¥;and ¥,. These
quantities should all lie in the range (0, 1) and also X+ ¥ should be less than unity,
Lastly, equation (32) should be used as a check for the fit. A violation of this equa-
tion would require the whole calculation to be repeated with a different value of
(x),, keeping the guessed values of 7', and p, unaltered. The possibility of a fit
by trial with different values of (x), (only those values of (z), are admissible for
which n, > 1-5) should thus be exhausted first. Attempt should then be made to
obtain a fit on the same envelope solution with different values of p,. A little prac-
tice would enable one to find out the limitations on the possible values of p,.  Altera-
tions in the values of 7'; should next be attempted. Possible range of variations in
7. will indeed be very small for reasons stated earlier. Finally, the whole sequence
of calculations should be repeated with different envelope solutions (for different
values of C). Here also by properly taking into account the various causes of failures
of the solutions, one can without much difficulty find out the restrictions on the values
of C. If any significant solution be still not obtained, the conclusion will be that
the equations of fit do not admit a solution for the given values of L, # and B.

In an attempt to construct a model of the type proposed, we have worked out
the case of the star & Cen A for which L =126, 4 =1-10 and R =1-23, all in
solar units, In a previous paper (Sen and Burman, 1948) on the study of the chemical
composition (assumed uniform throughout) of stars on the basis of the Cowling
model and Bethe’s formula this star was found to present an instance where the
equations determining the composition did not offer any significant solutions. We
have verified that it is not also possible to determine its composition (supposed
uniform) on the basis of Schwarzschild’s (1946) model for the sun with the energy
generation formula in the form given by Bethe which we have used. For the
present work we have constructed numerical solutions of the envelope equations
for values of the parameter (' = (2:2427, 2-6427, 3-4427, 3-8427) X 10-6. Another
integration of the equations for C = 3-0427%x10-8, provided by Schwarzschild
(1946) is also at our disposal. Calculations have been made to obtain solutions
of the equations of fit for each of these envelope solutions with values of central
temperature in the range 19-5 < 7, < 21-5 million degrees, and associated central
densities in the range 30 < p, < 100 gm./em3. TFatlure in each case arises at the
ultimate stage of the calculation on account of the violation of equation (32) which
has been used as a check. In constructing the envelope solutions, values of the
parameter have been so selected as to cover the range, somewhat above and below
Schwarzschild’s value. We may group the failures of our trial solutions into two
classes. Firstly, there are trial solutions which prove to be incorrect even before
our check equation (32) is arrived at, on account of the failure of some necessary
conditions for the correct solution as staied above. There is a second class of trial
solutions which work out satisfactorily up to the ultimate stage but only fail at the
check equation. If we arrange all trial solutions according to the values of the
parameter C in the above range, it is found that the solutions of the second class
form a series which is bordered on the two sides by trial solutions of the first class.

* Because of production of helium within at the expense of hydrogen.
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The range of C' thus examined appears to be sufficient and it is permissible to conclude
that no proper solution satisfying all the conditions of the problem exists in the
case under consideration,

Lastly there remains the pleasant duty of acknowledging grateful thanks to
Professor N. R. Sen for many interesting discussions and to the National Institute
of Sciences of India, for the award of a Research Fellowship which enabled the author
to carry on the work.

SuMMARY,

The problem of the determination of the chemical composition of a star from a knowledge
of its mass, radius and luminosity, is studied from the point of view of Bethe’s energy generation
law, and on the basis of & convective-radiative model with a sharp discontinuity of composition
(and hence of molecular weight) across the interface. It is found that just as many equations
governing the structure of the star can be framed as there are unknown quantities required for a
complete specification of the chemical composition both inside and outside the convective core,
Stability consideration sets an upper limit to the size of the convective core for the correct model.
It should be noted, however, that the equations referred to above, should not always furnish a
significant solution compatible with all the conditions of the problem., In fact, the case of the
star « Cen A worked out in this paper leads to no admissible solution.
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