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1. INTRODUOCTION.

In the year 1940, (Ballabh 1940) I had derived the general conditions under
which one fluid motion can be superimposed on another motion such that the
velocity of the resulting flow is the vector sum of the velocities of separate flows.
If one motion is a constant streaming represented by the vector @ = Ui+ Vj+ Wk,
the conditions reduce to the vector equations

RQUéE=0, QUn=0, QVi=0 .. .. S}

where £, 9, { are the vorticity components of the flow superposable on Q.

The analysis of fluid motion developed in this manner has opened a new field
of investigation in hydrodynamics and furnished a method of finding exact solutiona
of Stokes-Navier equations of viscous fluid motion where the inertia terms are
generally omitted to effect simplification.

In the present paper we shall obtain the general types of flows superposable
on a constant streaming (U, 0, 0,), the boundary being a sphere of finite radius in
a viscous or non-viscous liquid; and study a particular case of exact solution,
which we believe is new.

2. (GENERAL SOLUTION.

The interesting cases of problems (Lamb 1932) where the boundary conditions
have relation to spherical surfaces belong either to the class

rutyrdzwe =0, .. .. - . o (20)
or to the class

xétyn+zl=0, .. .. . . .. (2.2

where £, 5. { are the vorticity components of a fluid motion of which the velocity
components are u, v, ',

If the fluid motion be superposable on a constant streaming (U, 0, 0). it follows
from equations (1) that £, 5, { must all be independent of x.

Further, if the requirement (2.2) is to be fulfilled, we have ¢ = 0 identically
80 that the vortex lines must be circles about the axis of x, which is the case when
the z-axis is the axis of symmetry for the motion.

Equation (2.2) now reduces to

¥+ =0,
. . at .
which with 61/+ 3 = 0.* gives
= = F(y24-22
n =z F(y2+4:2) } 23
= —y F(y2+:2)

The vorticity is, ﬂlel(‘fole a function of the distance from the axis of .

* This follows from the equality div (curl velocity vector) = 0,
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It may be worth while examining whether a fluid motion of which the vortex
lines are circles about the axis of x is superposable on a constant streaming

(U, 0, 0).
We have )
§ = 0, yq+z§ = 0,
and these with @+§_§_ =0
dy 0z
give

n = 2f(y2+22, x)
= —yf(y2+22, ),

which, in general, is not superposable on (U, 0, 0).
If ¢ =0, and 9 and { have the values (2.3), we have

ow ov
ou 0
n=—% =2F() - (2.5)
ov du
{=gi—gy = —VF(T) . . (2.6)
and the continuity condition
ou oOv Ow
mta T =0 e e
where ¥ = y24-22,
Eliminating » from (2.6) and (2.7),
02u  0%2u , 9w ,
St 5t s = PO +22F (),

Eliminating » with the help of (2.5),
Viu =2F(Y)+2YF'(Y),
92 92 92

V2 being the operator staptas
Again, eliminating 4 and w from (2.4), (2.6) and (2.7),
V=0
Similarly V2w = 0.

The velocity components of a fluid motion of which the vortex lines are circles
about the axis of x and which is superposable on (U, 0, 0) are thus seen to be solu-
tions of the equations

Vu = 2F(Y)4+2YF'(Y)
Vi, w) =0,
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3. A PaBTICULAR CASE.

Let us examine the steady symmetric flow

1 30U L2 5 3U
=) e

-
B 5
.,,,=32U;3/{(1:)_1} ‘ L B

This gives

3U ,
1= 554142

3U ,
L= —55y(1+2f)

Vi = _Z (14-2f'+2Yf")

V=0, J2uw =0,

50 that the fluid motion given by (3.1) is superposable on (U, 0, ().
The conditions of integrability (Lamb 1932) of the equations of motion of
(u, v, w) are

du @
,,5;-+;a—’:=o O X )

on
-,,ay+§a~+ viy,_a—-+wa—7—' .. .. .. .. (3.3)

0 0
”ay+ca~+VC—""C‘+waf v .. .. .. (3.4)

Equation (3.2) is identicallv satisfied for any f. Now, we have

von = 242k p)
dv 33U 8
"= ( ) a+anf(3) -1}

av;+ 371 (30)_ 1+2f+4Yf"{(;)5—1},

80 that equation (3.3) is true only if f* = 0,
ie, if f=Aw2+-2)+B

where 4 and B are constants.
It is easy to see that equation (3.4) is also satisfied for this value of f.
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If the boundary for the viscous fluid motion is a sphere of radius a, we have

5a2
A——2, B="—§">

and the solution is

1. fa\® 3 _ a2f[fa\’ U 5 )
7""‘“5”(}) +§UZZ{(?>+I}+?(7“‘“’2)‘§U
3.2y ¥fa 5 .
77:-‘200/—2{(;> —-‘]} .. .. (3.5)

3.,z a\®
'm=ébh—2{(7> ——]}

This is an exact solution of the equations of motion of a viscous liquid valid
within a spherical boundary of radius «.
Solution (3.5) can he written as

H o= ’u]+7l»2
V=M +7’2
W = Wwy+4-10q,
where
1 a\* 3 _a2fa)’
=3 v <;) +§U (12(7>
3 _ayfal’
n=30()
o -~ {0
n=375()
and .
5
Uy = 5= (22— —5 U
3. vy
Vg = é U;é
3, xz
w2 — § U a—2 L]

(4y, v1, wy) 18 the well-known irrotational solution for a sphere of radius a mov-
ing with velocity U in the direction of the z-axis in a non-viscous homogeneous
incompressible fluid, and (u,, vg, wy) is a rotational solution of the equations of
motion self-superposable as well as superposable on (uy, vy, wy).

In a non-viscous homogeneous incompressible fluid (us, ve, w,) represents a
possible form of rotational motion when a sphere of radius & moves with velocity
— U in the direction of x-axis.
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