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1. INTRODUOTION,

For the Riemannian metric of general relativity, viz.,

ds? = gyvdxl‘dx"; .. .. .. .. R
the Christoffel three-index symbols are
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In the following we will consider Christoffel three-index symbols of the type (3)
and certain other symbols having a similar set of upper and lower suffixes. In
general relativity the symbols appear in the equations of the geodesics, viz.,
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and also in the field equations through
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The gravitational field is characterised by
R 20, .. .. .. .. )
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there being further restrictions on Ry, which is required to be zero outside matter
and non-zero at every point occupied by matter. Thus the importance of the three-
index symbols in the theory is obvious but one cannot overlook the fact that they
are not tensors. The law of transformation for them is
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1t follows from the structure of (8) that even if { oZB} is not a tensor the difference of
two such symbols ig a tensor. Thus if P;’B corresponds to another metric,
ds? =y, dutda’, .. .. .. )]
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one can see that
oy Y

}ocﬁ§_ o8 = zﬁ .. e .. (10)
is a tensor.

is necessary to note that the gravitational field is supposed to be determined
when a set of partial differential equations is solved, subject to certain boundary
conditions, for the tensor components g,,. The three-index symbols, of which only
forty are distinct for a Riemannian metric, are given by (3).

The Newtonian theory of gravitation is based on the conception of action at a
distance. It is well-known how the efforts to justify this apparently irrational
concept through the existence of a mechanical aether have failed. "Thereis a principle
known as the principle of contiguity which postulates that ‘cause and effect must
be in spatial contact or connected by a chain of intermediate things in contact’
(Born, 1949). The field theory which replaces the Newtonian theory and does away
with the aether is founded on the principle of contiguity. Instead of considering
aether and its properties all over space we have now to consider what happens at a

point and in its neighbourhood. Given a vector field £*, the variation from P(x#) to

Q(x#+8x#) is defined by the affine connection symbols LZB so that
8¢ = —Lhge™s:B . - . .11
Similarly for a covariant vector field 7, .
T B
8y, = Logn, b .. o .. (12

We find that the affine symbol plays a fundamental part in defining the
neighbourhood of a point, or in determining what happens in the neighbourhood
of a point. Instead of the aether problems we have now to study the properties
of the affine symbols, The metric may or may not exist. If it exists we have
the familiar Christoffel three-index symbols. In the first part of this investigation
the metric is supposed to exist. To be more precise, we consider a Riemannian
metric as given by (1) side by side with a flat space-time metric as given by (9).
The A-symbols defined by (10) are now tensors. In the second part we introduce
the b-symbols which are more general than the A-symbols inasmuch as they
are not related to a Riemannian metric. Thus there is no metric such as (1) in
this treatment. The procedure adopted in the first part helps us to analyse the
tensor field of gravitation into parts which are recognisable as close analogues of
the classical gravitational field and the results of the second part show that a
generalisation is possible, consistent with the inverse-square law of gravitation
without having to postulate a Riemannian metric for space-time. As a new deriva-
tion of the inverse-square law of gravitation this method must be more fully examined
and explored.

In the general theory of relativity there is a certain ameunt of ambiguity arising
out of the fourfold arbitrariness of the co-ordinate system. At the stage where
theory makes contact with observation an ambiguity confronts us which throws
serious doubts on the ultimate usefulness of the theory. Let us consider Schwarz-
schild’s external solution,

ds2 = —(1 —2m/[r) " dre—r2 d92—r2 sin? @ dp24(1 —2m/r) di2, .. (13)

which is used for showing that the three crucial tests are satisfied. If we put m = 0
in the above we get flat space-time:

de? = —dr2—r2 dg2—12 sin? @ dgp2+dt2. .. .o (14)
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It is well known that (13) can be expressed in the isotropic form:

ds? = — (14 m/2r")4(da24-dy? + d22)+ %_{—:—Z—%I;—:dﬂ, . .. (15)
where 7’2 = 224 y24-22,
The transformation which gives (15) from (13) is
Y= (1+4m/2r2r. .. . .. .. (16)
If in (15) we put m = 0, we get the flat space-time metric
do'? = —(dx2 4-dy2 }-d22) - ds2, .. .. o1

It is curious to note that the transformation which carries (13) into (15) transforms
(14) into the following:

do? = —(1—m2/4r'2)2 dr'2—(14-m/2r" )42 492
—(14m/2r')t v'2 gin? O d$Z +dt2. .. . .. .o (18)

If the gravitational field of (13) is to be measured in relation to (14) then it is (18)
that serves as the substratum for the gravitational field given by (15). If, on the
contrary, (17) is taken as the substratum for (15) then (14) cannot be taken as the
substratum for (13). We may consider (13) and (14) as constituting one scheme
and (15) and (17) as constituting another, the two not being equivalent for any discussion
of relativistic corrections to Newtonian equations. As the observables are not necessari-
ly expressible as scalar invariants of the Riemannian metric of the field and
as comparison with the corresponding Newtonian results is essential, an auxiliary
metric for the flat substratum has to be postulated for the eventual verification of
the theoretical predictions. In the arbitrariness of the auxiliary metric is concealed
the ghost of indeterminateness of Newton's First Law of Motion.

In the next part we examine how the gravitational effects of a Riemannian
metric can be represented by means of the auxiliary metric and certain three-index
symbols defined in relation to the two metrics of the field. This work was suggested
by Rosen’s (1940) investigation on general relativity and flat space.

2. THE A-SYMBOLS.

The equations of the geodesics may now be used in the form,

dext, do® ddf p da® dof
— = - = L. 9
7 o as o = TP s W (19)
[n a region free from gravitation, the geodesics are given by
2 da® daf )
—— —r == ), .. .. .o {20
sz g 2 = (20)
: p do® daf . oo
Hence the residual term Yl e must be responsible for the gravitational
S

effects. By virtue of Weyl's theorem that the Riemannian metric is completely
determined when the null and non-null geodesics are given it is clear that all the

gravitational effects are derivable from the residual term. Since dx*/ds is arbitrary
the gravitational effects have to be traced to the tensor Agﬁ which has forty distinct
components. We have

Bhs =10 gt opa—Tap)) - oo - (D)
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as given by Rosen (1940). Herein and in what follows the comma (,) preceding a
covariant suffix denotes a covariant differentiation with respect to the y-metric.
A covariant differentiation with respect to the g-metric will be denoted by a semi-
colon (;) instead of by a comma (,). It may be verified that the right-hand side of
(21) is a symmetric tensor in ¢ and B. 'We have

Ty Bag = 10y, gt 0gy,a=0ag ) o (Y
Let us write

Iuy Dhp= Bop,- - e e (29)

Hence Agﬂ and A B B8 given by (21) and (23) are associated tensors.

The A-tensors thus defined contain only the first order partial derivatives
of the metric potentials gur. Since they are defined in relation to the auxiliary
flat metric they would vary with the choice of the auxiliary metric for the same
gravitational field, Nevertheless the A’s are important and the importance lies
in this that the gravitational force of the Newtonian theory appears through them.
But gravitation in a fleld theory is a more complex phenomenon and it is not expres-
sible by a single force-vector. In general relativity the full effect of gravitation is
expressed at each point-event through the contracted curvature tensor which is
expressible as

h h
Ri= AL =BG,
The auxiliary metric quantities do not appear explicitly in (24) on account of the
convention of the covariant differentiation. But as the auxiliary metric plays
an important part in the interpretation of gravitational results we have to consider
other differential invariants defined in relation to it and we proceed to consider the
following vectors and scalar invariants.

() B, = n*,.

SN N . . (24)

(i) 8= Akg™g,,,
s _ u “’ o8
(i) L= Ak Aky™,

(IV) M= AgﬁAglﬁ/gaﬁga’ﬁ’)’,‘“”

(v) N = al,apy™,
(vi) K = AaﬁyAa,ﬂ,y,‘ymeBBl‘yw'. .. .o e e (2B)

These expressions represent invariant features of relativistic gravitation and in the
following we evaluate them for certain well-known line-elements of physical interest.
The intensity of gravitation which can be studied only in relation to an auxiliary
flat metric is revealed, in a conspicuous manner, by the above vectors and invariants.
We have a host of them to study because the tensor character of gravitation cannot
be analysed more simply.

(i) The vector, R :

we have

k,
Ra=Aﬁa=7°‘, N 153
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where k=4/gly.
We evaluate the vector for three metrics,

(@) Schwarzschild’s external line-element,

If we take the line-element (13) with the corresponding flat metric (14) we
find £ = 1. Therefore the four vector-components in this case are

R1=R2=R3=R4=0... . .. .. (27)

On the other hand, if we take the line-element in the isotropic form (15), together
with the flat metric given by (17), % is not constant and the components of the
vector are

Ry = Aunx/2r3, Ry = Amy/2r8

Rg = Amz/2r3, Ry =0, .. .. .. .. (28)
3mfr—4
where A= l_m—m . (29)

To the first order of approximation,
Ry = —2mux/r3, Ry = —2my/r3,
Rg = —2mz/r3, Ry = 0. .. .. . .. (30)

The vector corresponds to twice the Newtonian force.
(b) Schwarzschild's internal line-element (Tolman, 1934),

- 1—r2/4R27]2
ds? = —(14r2/4R2) 2(dx2+dy2+dz2)+[A—%mj4—Rz] a2, .. (31)

the corresponding metric for flat substratum being (17). The vector in this case
has the components:

Ry = —Ar/2R?, Ry = —Ay/2R2,
Rg= —Az/2R?, R, =0, e 32

-1
where A= (]+r2/4R2)_1[3-—{A—-1} —i——_—'__—:—:%?;ﬁ-z} (1+7‘2/4R2)_1]. - (33)

To the first order the values are
R] = —.’IJ/RZ, R2 == _y/RZ’ R3 = —Z/Rz, R4 =0. .. .. N (34)

Since 3/R2 == 8mp, where p is the density, we find that R« stands for twice the
Newtonian force in this case as well,

(¢) A curious solution (V.V.N. and K.R.K., 1946).
ds? = —(1 +kt)’da—(1 +kt)'dy2— (1 4 kt)'dz2-}-de2, .. .. (35)
where p4qtr =2, pgtqr+rp =0,
and % is an arbitrary constant. The above is a metric of curved space-time for
which the material energy tensor T; and the pseudo-energy tensor t; are both

zero. Taking (17) as the corresponding flat metric we see that the components of
the vector are
k

By=Ry=Ry=0, R = 7

(36)
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(ii) The vector, 8§; :

8= kg™,

k,
= =2t . L@

In this case also we consider the same three metrics.

(a) Schwarzschild’s external line-element.
For the line-element (13) coupled with the flat metrie (14) this vector is given by

S‘=g°‘ﬁga"ﬁ, .. .. .. .. .. .. (38)
since ¥ = 1. The components are

8; = (1—2m/r)"Y(2m/r2), 85 = Sg = 84 = 0. .. (39)
To the first order of approximation,

8y =2mfr2, 8, =83 =8, =0. - .. .. (40)

This is again proportional to twice the force-vector. If we take the isotropic form
(15) and (17) as the corresponding flat metric, the components are

S; = —=Amz[2r3, Sy = —Amy[2r8, 83 = —Amz[2r8, 8§y =0, .. (4D)

where A= [4(14m/2r) 4 (—443m/r)(1—m2/4r2)" ] .. .. .. (42)
To the first order,

S =8;=83 =284 =0. .. .. .. .. (43)

It is interesting to see how Ry and S; vary in the two different schemes for the same
gravitational field.
(b) Schwarzschild’s internal line-element.
For this case in the isotropic form (31) with the flat metric (17), we obtain
Sl=82=83=84=0, .. .. . .o (44)

to the first order. However, if we take the line-element in the other form (Tolman,
1934),

ds? = —dr2/(1—12/R2)—12 df2—12 sin? § dp2
+[A—3/T—r2[R22 de2, N )

we obtain 8, =567/2R2, Sy = 83 =8,=0,

to the first order.
Here again we see how the vector differs in the two different schemes.

(¢) The curious solution.
We have
SI=SZ=SS=O, S4= —k/(].+kt). .o . .o (46)

We find that the Newtonian analognes of Ry and 8; both are null force-vectors.
R, and 8, have no Newtonian analogues.
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(iii) L and M :

The invariants L and M are scalar magnitudes B*Re and S8 respectively.
The scalar product of Ry and S;, as given by

0% = AB AV ik fo — A" A
RSy = Ah, nYg"g,0% = Al a%0",
is equivalent to N. to the second order of approximation.

(iv) The invariant, K :

If we confine ourselves to the use of orthogonal cartesian co-ordinates the
invariant reduces to

1 uy 88 o o000y 99arp\ 994
K = = o0x", BB w<3_7,’_ ) =2 47
AN “n
Performing the summation for the line-element,
ds? = — A da2—B dy2—C dz24 D di2, . .. .. (48)
A, B, C, D being functions of z, y, z, t, we obtain
K =3}[—A]=84-342434]
ap?_p2 2 2
—3B—B,—3B,+3B;
e 2 2 2
—3C|—3C,—C,+3C,
a2 2. or2y )2
—3D*—3Di=3D:+D%]. .. .. .. .. (49

where the lower suffixes 1, 2, 3, 4, denote differentiation with respect to z, ¥, 2, ¢
respectively. For a static line-element in the isotropie form,

ds? = — P(da? +-dy2+dz2)+Q dt2, .. .. . . . (50)
aP\?* [oP\* [aP\?)
= *i["'%(éz) +<5y> +<”a‘) c
Q\*, (90\*  [2Q\* .
. +3§<5;> +<5-y-> +<—a—z-) $:, .. .. .. .. (Bl

We see that K, for a static orthogonal line-element, is always negative. Below are
given the values for this invariant for some line-elements of physical interest.

(@) Schwarzschild’s external line-element (15).
K=-’f-—f[7<1+%";)6+3%-_m——§:)—)§ R )
Retaining only m?2 terms and neglecting higher powers of m we get
K = —10m?/rt,
i.e. A/ =K is proportional to the field strength.
(b) Schwarzschild’s internal line-element (31).

e 2\ 2\ 1—r2/4R2\?
K=_Iﬁ[<1+zﬁ) {7(‘*‘:{1‘25) +3<A-%]_1_r_257ﬁ) :] (53)
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To the first ordef,
= —10r2/4 R4
or A —K=Jl0r/2R2 = f104mpr. .. .. .. .. .. .. (5%

In this case also 4/~ K equals /10 times the gravitational field strength.

(¢) The two-body line-element (Einstein, Infeld and Hoffmann, 1938).
For the abovementioned line-element we have

Zmy_ 2my

hay = hgp = hgg = hyy = )\2(— P )+0()\4)
hag = O(A3), hag = O(XY); o, B =1, 2, 3,

7= (2l =12 4 (22— )2 (312,

5= (v1—£2)2+ (a2 —p2)24 (a3 ~L2)2. TR )
my and m, are mass-constants associated with the points (£1, 51, {1) and (£2, 52, {2)

respectively. A is a parameter of expansion of small but deﬁmte magmtude K
is given by

and

2
K=—10)\4[—+ +2’f;"‘22< 1—g1)(o1 —£2)

o7 12
2mym
R 2 Mg,
72— 2 22 7'12 .a .. . (56)
"1 7'2 71T

where a dot denotes a differentiation with respect to ‘2.’ If 4/ —K is treated as
proportional to the field strength, as in other cases, we see how the Newtonian
expression is modified by velocity terms which are relativistic corrections.

(d) The curious solution.

In this case alone we find that K is positive in contrast to other gravitational
fields of physical significance.

k2
= i 2+ + g2 H)M 20 +k)¥) L (5T)

It needs to be more fully investigated if the sign of K can furnish a criterion for
distinguishing between real and fictitious gravitational fields as given by line-elements
which are non-flat.

{€) The line-element,
ds? = —et(dz2 +dy2+-dz2—di2), .. .. .. (58)
where p = p(rLd).

This is an example of a line-element which is non-flat and for which K = 0. The
line-element is conformal to flat space-time and we have verified that it is devoid
of physical significance.

3. A NEwW REPRESENTATION OF (GRAVITATION.

In the last section we have seen how a Riemannian field can be considered
as & field of A-symbols superposed on the auxiliary flat space-time. By way of
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generalisation we may consider the effect of superposing a field of b-symbols, more
general than the A-symbols. The generality will consist in this that while

N k
P‘J'+Ai1'={ij} .. .. .. .. (59
provides a Riemannian field,
Lk Tk
r'.’;.ﬂ-bij:rf.j .. .. .. .. (60)
will not necessarily be equivalent to the Christoffel three-index symbols of
Riemannian metric. In general 1": will serve as a symmetric affine connection
for non-metric four-space. There are forty distinet components of the b-symbols.
One restriction on them will be that if
d2x+ p..d_xj Lzz}j_ p.dx'. dxd
st =% = - . .. 6]
is the set of equations for the test particle it must be consistent with the metric
relation,
da# dr”
'}’F_p%-%——i. . .. . .- .. (62)
Differentiating (62) with respect to s we obtain

Oy, datdai dak A2 dat da A2
Py o, deidy | dzdia
ot ds ds ds Y5 ds2 ds +7ij ds dsz 0, .. (63)

" from which we get, on using (61),

(bijetbjnitbaiy) %;‘ %%b =0, .. .. (64)
where b.-j,,=bfj'}'”. .- . . . .. .. (65)
From (64) we get twenty relations between the b-symbols.

bf1 = "2‘1)}2’ béz = -—2b§1, b::a = —2bf3’

b:1)'1 = —2b;3’ bzaz = _2b§2’ bga = "'2623'

bil = Zbiu bgz = 2bfz’ b;3 = 2633’

1 __ 42 _ 18 _ ;4
bu—bzz—bss‘bu"‘ 0,

1 _ o934 ;2 _ g4 ;3
byy=2by,, by =20y, by, = 26;47

3 1 2
and 7 b12+b23+b31 =0,

4 1,2

b12_'b24"b41 =0,
4 2 43

byg=byy—by, = 0,

4 .1 33
bjg—by,—b,, = 0. (66)

For further restrictions on the b-symbols we consider the analogue of the curvature
tensor for the affine connection [’Z and obtain

né__ pb i i i gk g8
By = Ryt by y=bj, +0, b—b bk .. . L (67)
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We have for flat space-time R;M = 0 and therefore we adopt the sixteen equations,

R;Ik,:o, .. .. . .. .. (68)
which can be expressed explicitly as
i i TERT
e A | PN (1)

Thus we obtain thirty-six conditions for the d-symbols. The number of conditions
is four less which leaves scope for the fourfold arbitrariness of the co-ordinate
system.

We find that there are identities corresponding to Bianchi identities in this
case. We have

e B N R O e P )

the differentiation being carried out as indicated by the suffix outside the bracket
in the usual manner of a non-metric space.

Thus

0A4A% =
(Ae=S=+Tg 4% .. .. . . o

A particular first order solution has been found satisfying the equations (66),
(69) and (62) and also the identities (70). The metric tensor for the flat space-time
has been taken as

711=Y22=783=—744=—1; ‘yz.j=0,?:¢j, .. (72)
and the b-symbols are given by the following:
_ma
2r8’

B =y = 4, = w2,

1 1 1
b22 = b33 = —%bu =

B, = b3, = — 3B, = —mz/23,
bii = b;«i = %biz = —3mayt/4r5,
b3, = by, = 3by, = —3mazt/4rS,
by, = bl = $b}, = —3myzt/4rS,
by, = mt[2r8 —3mat/2r5,
b;2 = mit/2r8—3my3/2r5,

blg = mt/2r8—3mz2t/2r5,

3
. 1 2 3 4
along with by =by=byy=0b,=0,
3 1 2
and by, = byy = by, = 0. . . e .. (73)

m?2 is treated as of the second order in the above.
6B
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The solution {73) was suggested by the structure of the equations (69). One
of us found the same solution independently by considering the question of plane
orbits for the test particles. Following the procedure of Narlikar and Karmarkar
(1946) we investigate the conditions to be necessarily satisfied by the b-symbols
8o that the orbit for a test particle is plane.

If @1, 25, 23, x4 are expressed as wx, y, 2, {, the condition for plane orbits
reduces to

x’ y’ z’
de  dy dz
ds’ ds’ ds | =0, .. .. .. .o (74

ds?’ ds?’ ds?

_ ' d2x 1 dat da’
—= = —b, — = etc.
in which A2 ids ds’

Together with {66) this condition leads to the following relations:
B3, = bd, = Kz,
by = by = Ky,
by = bés = Kz,
by, =La, b:, =Ly, b, =Le,
B, =4z, B, = Ay,
6;4 = Bz, 624 = Bz,
by, = Cz, b, =Cy,
b, = D+24x, b, = D+2By, by, = D+2Cz,
by, = Ay+Bw, bj,=Ca+Az, by,=Cy+Bz, .. (75)

where 4, B, C, D, L and K are six arbitrary functions of z, y, 2, ¢.
The field conditions (69) can now be used in the form,
b v—bp =0, N )
80 as to get a solution correct to the first order only. The solution (73) given above
follows immediately.

For this particular solution the equations of the path of a test particle are found
to be in the Cartesian form as follows:

x+7:——:—’2ﬁ£ (2rf+trog2—2ti2) + 5= (ert— 3t —riyd) =0,

G+ g — 55 (ritrig2— 2% + 5 (gri—3yi+1384) = O,

where 24y =12, tan ¢ = y/z, .. - .. {17
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and the initial conditions are z = 0, 2 = 0. The polar form of the equations, if the
initial conditions be § = #/2 and § = 0, are

r—r¢2+;’;—;’j—f (rig2—2i24-2) — o0 (2624 126%) = 0,
%(7245)——%;[ri‘+t(r2¢;2-—-2+2—1)]=0. .. . .. .. (78)

The interesting point about the solution is that it gives the inverse-square law of
gravitation without having to modify the conditions of a flat space-time. The
non-metric space is purely conceptual and it is to be treated as a logical fiction invent-
ed for the purpose of geometrical representation.

SUMMARY.

There is an indeterminateness implicit in the co-ordinates of general relativity. We show
how it manifests itself when the gravitational effects are measured in a Riemannian field with
an auxiliary flat space-time serving as the substratum. We consider new vectors and scalar
invariants, couched in terms of certain three-index symbols which are defined in relation to
the auxiliary space-time, and show how the intensity of gravitation appears through them. A
new derivation of the inverse-square law of gravitation is given, the space-time being virtually
flat. The equations used are of a non-metric affine space and the method is one suggested by the
rdle of the three-index symbols in general relativity.
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