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INTRODUCTION.

It has been observed that in the sun (as also in Saturn and Jupiter) the parts
nearer the equatorial plane on the surface move faster than those nearer the pole
(Adams, W.S.,1911). This has been found to be true of some of the rotating nebulae
also. H. Faye (1865) attempted an explanation of this phenomenon in the sun by
the assumption of radial convection currents caused by the surface-cooling of the
sun. All hydrodynamical models of perfect fluids under axial rotation, constructed
so far, have shown however just the opposite effect (namely equatorial retardation),
if not a constant angular velocity on the surface. Maclaurin’s spheroids have
uniform density and uniform rotation. The heterogeneous models whose existence
was proved hy Dive and very recently discussed by the author are also cases showing
the same behaviour (Dive, 1930; Ghosh, 1950 A, B). In the present paper some
specimens of fluid models have been constructed that exhibit ‘ equatorial accelera-
tion’ on the surface. The fluid body has variable density and is in equilibrium
under self-gravitation only, in a state of pure rotation, with variable angular-
velocity. '

The law of density stratifications in the rotating models is assumed to be given
by

p = poll —Aar2—puB22) .. .. .. ()

the boundary of the fluid being
l—orz2—B22=0 .. .. .. .. N 4]

and where r and z are the cylindrical co-ordinates of any point in the fluid and
o, B the reciprocals of the squares of the semi-axes of the boundary spheroid.

SE0. la. THE GRAVITATIONAL POTENTIAL.
1. By an adaptation of Dyson's formula for the potential of a heterogeneous
ellipsoid (Routh, Statics, Vol. II, Art. 247, p. 125), for the distribution (1) and the

boundary (2), the potential V in cylindrical co-ordinates, at an internal point (r, z)
is easily obtained as,
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2. It will be useful, for later reference, to note here that the coefficients
L, M, N, etc. are not independent. By considering Poisson’s equation we can at
once show that

2L+L' = —2/a%; 4M+M’ = 2\atc; 2N +3N’ = 2u/a%c3;
which by (1.4) lead to

2Lo+Lo=—2fate; 2Un+In=0; 2Ly+Ly=0; 4My+ M= 2fatc ;} .
Mo+ My =0 ; 2N14+3N1 =0; 2Ny+3Ny = 2/atc; ’

otV o2V

3202 92 O have My = N,; My = N, a8 is obvious

Also considering that

from (1.6).
From (1.7) and (1.6), we can at once show that

T3]
7]

Hence, both the quantities on the left-hand-side of (1.8) are positive, This informa-
tion will be utilised later on. :

(1.8)

Skc. 15. EQUILIBRIUM IN PLANE STRATIFICATIONS.

The general case corresponding to the density stratification (1) leads to
complicated calculations. To get an insight into our problem we shall first discuss
a special case of (1) for A = 0 and assume the law of density stratification to be
given by

p = poll—ppz®) .. . .. .. (1.9
for
o< <t . . .. .. .. (1.9a)

where, of course,

1 1
%=~ and B = = (1.96)
The equations of motion for steady rotation of a perfect fluid, in cylindrical

co-ordinates (r, z), are given by
w? _a V,1 a_p
2T Tt port
oV 10p

U B 1)

where w, V, p, p represent respectively, the angular velocity, the gravitational
potential, the pressure and the density.

>

oV av .
For the density-distribution (1.9), the values of 38 35 can be at once obtained

from (1.3) by putting A =0. We shall take them to be represented by (1.1) in
general.
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Now, from (1.10) we find, by eliminating p,

0 2 ov
5;(%’*)=pwﬂ§r—, G U £ 10 0
Hence, substituting from (1.1) and integrating partially we have
pw? = poC[pBLA+uB M2+ JpuBNATH F(r2) .. .. (112)

where F(r2) stands for any arbitrary function of r2.

Now, we see that % and % are both quadratic functions of r and z and so

is also p; hence the derivatives of the pressure appearing in (1.10) are not expected
to be of a degree higher than 4 at least in 2z, and the same remark applies to pw?.
So we may assume that the pressure, in general, is of degree 6 and pw? contains
no power of  higher than 74, Therefore, we put

F(r2) = poC[ Ko+ Kyr2+Kord] .. . .. (1.13)
and -
p = poC(1 ——arz——ﬂzﬁ){Ao+Alar2+Agﬁz2+A3aﬁr2z2+A;oc’r‘-}-A,,ﬁ%‘l} .. (114)

the first factor on the right making the pressure vanish on the boundary (2).
With these we have, from (1.12), (1.1) and (1.14)

w?

&2— = poC[ Ko+ Kyr2+puBLz2+ufMriz2+ Kort +3uBNz4 .. (L.15)
1 ov 2
poC g”?a_r#%} = (Ko+L)+(Ky+M)r2+ M'z2+ Kort— Nzt
1 aV ’ ’ 2 ? ’ 2 £ z
7 g = LA M (N~ L R B M 18— NS
1 dp
ool B8 =af (4= do)+2(Ag— As)ar2+(Ag— A, — Ag)B22 .. (L15a)
—2(Ag+ Ag)xBrez2—3A,a8rt—(Ag+ A5)224]
1 9dp
PRGIrE e Bl(As—Ag)+(Ag— Ay — Ag)ar?+2(A5 — 45)822

—2(A3+ A5)aBrez2 = (Ag+ A )atrt —3 45p%4] /

Hence substituting in (1.10) and equating the coefficients of like terms on both sides
we have, as the conditions for equilibrium under self-gravitation,

w(Ay—do) = Ko+ L .. (1) Bldg—Ag)=L' .. .. (7
Dut(dg—Ay) = Ky+ M .. (2) | aP(ds—Ay—Ag)=M".. .. (8)
aBlds—Ay—Ag) = M’ .. (3)|  2Ay—Ag) = N'—pBL’ .. (9)
2B(As+A) =0 .. .. (4) | 2ufAds+Ag) =ppM’ .. (o) | 1O
—3a34, =K, .. (5)| afBdsg+A)=0 .. .. (1)
af3(As+Ag) = 3upN .. (6) 3345 = ufN’ .. (12)
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The twelve equations in (1.16) may be regarded as the conditions necessary for
equilibrium under self-gravitation. But they are not all independent. Equations
(3), (4) and (6) are exactly the same as (8), (11) and (10) respectively and the rest
are independent. Hence, there are only 9 independent equations in (1.16). The
number of unknown constants in our problem, viz., Ko, K,, Ks, 4y, A3, dg, 43,
A,, Ag, for a given law of distribution and a given boundary, is also exactly nine.
Hence in general, it will always be possible to evaluate the unknown constants,

The solutions for the unknown quantities are as follows :—

28240 = }2u—3)N'+(u—2)BL’

20g2; = §B—4p)alN'+ (u—2)BM' — papl.
2824, = §(2u—3)N'+pBL’

20243 = —3paN'+pBN

2024, = jpaN'—ppN
38245 = pN’
282K, = —2B2L+20(1 —p)(BL' +N')+ (u—2)BM’

B2Ky = a2Bul’ —B2M + a2N'(2u—1)+2(1 ~p)aBN
2B2K o = 3a2BuN —2a3uN’
(1.17)

4. THE SURFACE ANGULAR VELOCITY,

The value of }pw? at any point of the model is given by (1.15). On the
surface (2), we have

art =1—p822 .. . .. .. (1.18)
Hence, for the surface angular velocity w;, we have from (1.15)
.w?. 33/ ~2
Ps “’*(ﬂ’ = [232K0+2p.ﬂ3Lz2+p,83Nz4+(1——ﬁzz) {2——32 Ky 2B M aM
[

23 K21 Bz2) }] (1.19)

o2

where p, denotes the density at the point (r, z) on the surface, and the variables on

the right have their appropriate surface values. Now substituting the values of
282K, 282K, 2B2K,, from (1.16), simplifying and factorising we have on the
surface

2
P;: ‘épa‘ = 2(1—pp2t) [—B’L—ﬂN+a(ﬁL'+N')+ (1—B22)

{_%’.M_aNI+2pzxr}]. .. (1.19a)

By (1.9) the first factor on the right-hand-side of the above equation is p. Hence
as p, 7 0 the surface angular velocity ws is given by

boo? _-[ BL—BN +a(BL'+N')+ —pzzg—%”.m—m'ww}]. .. (1.20)

(The formula (1-20) also holds for ¢ —1.)
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From this, we have at once

}w? (pole) = [ BL—BN+a(BL'+N)] .. .. (121
3w? (equator) = g[aL'—ﬂL+N——ﬂ/a.M] .. .. .. (1.22)

5. THE EQUATORIAL ACCELERATION.
From (1.20), we have

dizz(%wf)=0[,3/G-M+oc/ﬂ.N’—2N]... o .. (L23)

This expression being a constant, the variation of w? must be monotonic. Further,

substituting the values of M, N’, N from (1.4) and (1.6) after putting A = 0 in them,
we have, on simplification,

. d 02)2
&Zi(%wf)=—0p — - (a2—c2 [TZ] 2a2c2|: ]] .29

For all oblate spheroids and for positive values of x only, the right-hand-side in
(1.24) is obviously negative and, hence, w? must diminish with increasing 22 or z.

This shows conclusively that the surface angular velocity must, in all cases, be larger
at the equator than away from it. In other words the model must always show
what is technically called ‘equatorial acceleration’.

6. Tue CONDITIONS FOR THE REALITY OF THE SOLUTIONS.

We have not yet proved that the solutions given by (1.17) represent any real
case, For this we have to show that
(i) the pressure is everywhere positive inside;
(ii) the density is nowhere negative;
(iii) the square of the angular velocity is nowhere negative.

The first of these conditions has already been secured. For the pressure has been
so chosen as to vanish on the surface and because it satisfies the second of equations
(1.10) it must diminish outwards along any line parallel to the axis. This argument,
due essentially to Dive, shows that it must be positive everywhere inside.

For (ii), we note that for all values of u satisfying (1.9a), the density given by
(1.9) must necessarily be positive everywhere inside. With density everywhere
positive we notice that w2 will nowhere be negative unless pw? becomes negative.

From (1.11), however, it is clear that since gz,
ponent, must be negative, pw? must continuously diminish outwards along a parallel
to the axis of rotation, barring the special case when u == 0 and the model reduces
to the homogeneous Maclaurin’s spheroid, the angular velocity being then constant
everywhere. Hence, if pw? is nowhere negative on the outer surface it must be
positive everywhere inside. Again, as the density does not vanish on the surface
in the stratifications considered (except at the pole, for p = 1) pw? will be positive
on the surface wherever w? is positive. Thus a non-negative value of w2 everywhere
on the surface ensures that w¢ will not be negative anywhere inside.

Now, owing to monotonic decrease of w2 along a meridian section of the surface
from the equator to the pole, the lowest value of w2 will be attained at the pole, and

representing the attraction com-
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hence it will be enough for any real case to have this lowest value non-negative.
Thus, the necessary and sufficient condition for the reality of such models is

w?(pole) > 0 . .. .. .. (1.25)
Hence, for all real cases of equilibrium in plane stratifications (1.9), we must have

—B2L—BN+a«(BL'+N) >0 .. .. .. (1.26)
from (1.21).

Now substituting from (1.4) for L, N, etc., in the case A = 0, (1.26) becomes

(aBLo—P2Lo) +p {aBLlo—B2LotqN2—BNo} >0 .. .. (1.27)
Now, from (i.6) we have
, 0
MBJA]—BZLO = aﬁz(a2—(‘2)|:2 3:| .. .o . (] ‘28)
' g

. . 0 2020 12—
mﬂllz—ﬁ“’fzz+al\’z—ﬂ]\e=gaﬂzi""z[‘z,%]—vz[ L3 ]*[ L ]

2c2—0
“/,2,-2[ 5 5 ]} .. (1.29)
3

It is obvious from (1.28) that the first term in (1.27) is always positive except in the
case of a sphere when it just vanishes. The second term in (1.27) is always finite.
Hence, ‘for every given eccentricity it is always possible to find out a value of p
such that the condition (1.27), i.e. the condition (1.25) is obeyed.” This proves
that for all spheroidal shapes (barring a sphere), stratification in planes parallel
to the equatorial plane is possible under self-gravitation and the corresponding
model will possess equatorial acceleration.

In the special case p = 1,

2 . . .
5;0 - w? (pole) = (acBLo—BZLO)+(a}3L2—ﬂ2L2)+(aLN2—BN2) .. (1.30)

This equation can be simplified and put into the form

(2024 0)62 62 9 \
sortpote) = 40a | @r—en| " Jaseue—en [ " ][ O ]] am)
+ T “y Yy s 7 .

Hence, for a—c,
w2 .
- (pole) — a negative value ;

but for ¢—>0, .
2 1 1
% (pole) > 5 (' [2’ %] > 0.

Hence, the equilibrium is real for eccentricities sufficiently high under self-gravitation
only. For cases where a2 > 2c2 this is always possible,
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Sec. 2.
EQUILIBRIUM UNDER THE (GENERAL QUADRATIC LAW OF STRATIFICATIONS.

1. In this case, we assume the law of stratifications to be given by (1) with the
boundary (2) as before.

Then, all the equations from (1.1) to (1.8) hold good in toto, A being no longer
zero. Besides, the equations of motion are still given by (1.10) but, instead of
(1.11) we have

2 (1 av 14
522'(5”‘"2):_90"\“6_,—;2"-”""5675 .. .. (2.
Hence, substituting from (1.1) and integrating partially we have, as before,

$pw? = poCl(uBL—AaL' )22+ (uBM — A M Y1822+ J(uBN — AaN')24]+F(r2). .. (2.2)

Using the same arguments as given in Sec. 15, we assume that the arbitrary function
F(r2) and the pressure p are still of the same form as in equations (1.13) and (1.14),
though the constants appearing in the right-hand-side of these equations have,
in general different values in this case.

Hence (2.2) takes the form

bpw? = poC[Ko+K1r2+(,uBL—-/\otL’)z2+(pﬂM——)«odV[')rgz2+K2r4
+3pBN—daN)24]. .. (2.3)

Now proceeding exactly as in the case of plane stratitications the twelve new
equations corresponding to (1.16) become

w(dy—Ag) = Ko+L .. .. (1) Bldy—Ag) = L’ o
2u2(Ag—Ay) = Ky+M—dal .. (2)| af(Adg—Ay—Ag) = M'—)aL’  (8)
fldy—Ai—dy) = M'=dal' .. () A=Ay =N'—pL’ @),
WB(ds+4) =AN .. .. ()]  20BHAy+ds) = A +pBM (10)|

3034, =AM —Ky .. (5) «B(Ag+Ag) =AM’ .. (an
20B%(Ag+Ag) = AN’ +pBN .. (6) 38245 = ulN’ .. (12)

As M’ = N these equations are, as before, not all independent ; equations (3), (4)
and (6) being the same as (8), (11) and (10) respectively. Besides the number of
unknown constants is still only 9 and hence as before, the equations are just sufficient
to determine the unknown constants. The solutions are given by

282 Ay = }2u—3)N'+(—2)8L .. .. .. ... () \
2uf2A; = $(BA—4p+3)aN '+ (u—2)BM ' +@r—paBLl’ .. .. .. (i)
2824y = }2u—3)N' +ufL/ O £
20B24g = ¥BA—2p)aN'+p8N .. .. .. .. .. .. (v
20884, = —3@BA—2m)aN' +2A—p)BN .. .. .. .. .. (W 25)
3245 = pN'’ O e
282Ky = —2B2L+20(A—p+1)(BL +N")+(u—2)8M’ .. .. .. (vi)

B2K, = aB{NBL—2aL’)+pal’} —B2M +o2(2u—22—1)N’

+2aB(A+1—p)N  (viii)
282K 5 = 2Xa82M — 3a2B(2A— p) N 4-a3(3A —2u) N’ .. .. oo (ix)
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2. TaE REALITY CONDITIONS.

In order that the above solutions may conform to real conditions the minimum
value of pw? obtained from (2.3) for 0 < ar2 < 1 and 0 < 822 < 1 must not be nega-
tive. This is both necessary and sufficient. As the form of pw? is extremely general
having altogether three degrees of freedom, represented by the parameters A, p
and the eccentricity of the boundary spheroid, a general discussion is not likely to
lead to any specific conclusions. 'We should, however, bear in mind that given any
set of values of A, u and the eccentricity it is always possible to test whether
equilibrium is possible for the set or not. Besides, it will be profitable to remember
that we always have a real solution for the case where A = u for any eccentricity
whatsoever if A (= y) lies between 0 and 1. For, thereby, the problem reduces
to that of the stratification in spheroids similar to the boundary and in such a case
equilibrium always exists, as has been shown by Dive (1930) and also by the author
in a previous paper (Ghosh, 1950A).

3. THE SURFACE ANGULAR VELOCITY AND THE CONDITIONS FOR EQUATORIAL
ACOELERATION. ’

Assuming that the reality conditions for w are obeyed, we propose now to
obtain the general expression for the surface angular velocity and deduce therefrom
‘ the conditions for the existence of equatorial acceleration ’.

Substituting the values of K, Ky, K from (2.5) in (2.3) we have

pw?f®
pol’

{ —262L 4 20(1 —p)(BL + V') +(—2)8 M+ 2B uBLe2+ 4B N24) |
2] 2§ pa(BL +N') +20B(L )N — (1 — )N — 21 | +23M 2
+r2{oc2u(3ﬂN——2od\”’)}]

4:)\0:[{(2ﬁL’+N’)—232(L’z3+}N'z4)}

+r2[2{ﬁfﬁL+2N)—2a(ﬁL'+N')}—232M'z=+r2{2,92M-6aﬁN+3a2N'}]]. (2.6)

The first two terms together really form the entire expression for the case correspond-
ing to A = 0, discussed in section 1, and can always be put in the form given
by the right-hand-side of {1.192) when «r? is replaced by (1—pB22) in accordance
with (2). Hence, the first two terms reduce to

2(1 —uf?) [—B’L—ﬂN+a(ﬂL’+N’)+(l g% ] B u —aN'+2ﬂN¥]

on the surface. Similarly substituting (1 —p22) for ar2 in the third term, it reduces
on simplification to

2Xar2 [B’L+ﬂN——aﬁL’-——aN’ +(1 —Bz2) { —28N +az.1\7'+%2 . M}]
Combining these two results (2.6) gives

p,-w?.B2

=20 _mz—u.ezﬂ).[~ﬁ=L—ﬂN+a(ﬂL'+N'>+(1 ~p2A)

{—%.M——a!\f’+ZﬁN}]
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and henoe, cancelling p, from both sides (A, u #21) we have
w2 C
=L le:-—ﬁZL—ﬁN+at(ﬂL’+N’)+(l —ﬂzz){ g M—aN’ +2ﬁN}:| o @2mn
the same expression as in (1.20) with altered meanings for L, M, N, etc.
Differentiating (2.7) we have, as before,

d () _1{p2 ,

Arguing as in the case A = 0, we see that w2 must change monotonically in every
case for a fixed set of values of Aand u
Now, substituting the values of M N’, N from (1.4) we have

d

w2 ﬁ ﬁ

B
Replacing M,, M,, etc. by the values given in (1.6), (2.9) can be reduced to

2a2 a2 e—c2
dzz( > = A( (12--c2 [ , % e l: ] a2—c2) X
(a2—c2) [ 68
02 I: 2, T:l —EE I: ] .o (2.10)

Nince (2.10) vanishes for ¢ = ¢, the first obvious conclusion is that for perfectly
spherical boundaries there cannot be any variation in the angular velocity over the
surface.

For the general case of any eccentricity we note, first, that the coefficient of
—u on the right-hand-side of (2.10)is always positive. Again, the case A=p =1 has
been investigated in a previous paper (Ghosh, 1950A) and was found to be a case of
equatorial retardation, From this we conclude that the coefficient of A, for any
given eccentricity must be positive and, further, exceed numerically the value of the
coefficient of —p. This result, which we prove here easily by indirect argument,
would involve a laborious calculation for direct verification.

Now, we see that the right-hand-side of (2.10) can be negative only for values of
A < p, both A and u being positive, In other words a necessary condition for the
existence of equatorial acceleration is

o<A<p<l. ce e (201)

It is interesting to note that all cases for which A < 6 must result in equatorial
acceleration but such cases may not yield any natural models. For even if
equilibrium be possible there cannot be stability as the density would increase
outwards along an equatorial radius.

‘We also observe that for any given eccentricity the upper limit to the value of
A corresponding to an assigned p consistent with equatorial acceleration can
always be obtained from (2. 10)

Thus, we conclude that ‘equatorial acceleration under the law of stratification
(1)is pos&uble only for those models for which the stratifications (in similar spheroids)
are much flatter than the boundary spheroid, i.e. the ratio of the major axis to the
minor axis is higher for the equidensity surfaces than for the boundary spheroid;
str&tlﬁc&tlons in planes parallel to the equatorial plane is also possible for such
cases,’

Finally, it is interesting to make the following observation regarding equation
(2.8).



N. L. GHOSH: EQUILIBRIUM OF ROTATING FLUIDS 401
The equation is of the form

=— w? == const.

dz2

When the surface is nearly spherical this is equivalent to

0
= w2 = const. X sin 2¢

o¢
where ¢ is the latitude.

A form like this was actually proposed by Faye to explainthe observed variations
of the surface-angular velocity of the sun.

I am extremely grateful to Prof, N. R. Senfor his helpful criticisms and persistent
interest in the preparation of this paper.
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