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Rose {1951) and others have investigated the effect of the finite size of the nucleus
in a number of problems. They take a penetrable model of the nucleus in which
the wave functions inside and outside (the nucleus) are made to join analytically
at the boundary. We on the other hand for our non-relativistic treatment of the
hydrogen atom take an impenetrable model for the nucleus and make the wave
function vanish at the boundary. For this the Schroedinger wave function ¥
satisfies here the boundary conditions (i) ¥ (r)=0 at r=ay, the radius of the nucleus,
(ii) ¥ (r) -0 as r—c0 as compared to the conventional case in which (i) 7 ¥ (r) is
finite at r==0, and (ii) ¥ (+)—0 as r—>c0. This problem is in a way complementary
to that of Sommerfeld and Welker (1938) in which they discuss the solution of
Schroedinger equation for a hydrogen atom enclosed in a sphere of finite radius R
with the nucleus (proton) at the centre. The problem of the bounded oscillator was
considered by Auluck and Kothari (1945). As the energy levels are raised as an
effect of the finite size of the nucleus it is likely to have some relevance in connec-
tion with the theory of Lamb and Retherford (1947) shift. The shift which is
largest for the s levelsis in the case of 2s of the order of ‘23 wave numbers for a, of
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the order ofm =2 x 10 cm.

The Schroedinger equation for the hydrogen atom* is

2
VZ‘P+(E+7)‘F=O . . .- (1)
The radial part of ¥ satisfies the usual equation

}R=O ‘e - - (2)

d2R+2 dR { 1k _li+1)
dZ2" Z dZ" 4" Z 72
1=0,1,2,..)
1
where | Z=3kf, = e e e ®

The boundary conditions to be satisfied by R are:

(i) R(Z)y—>0 a8 Z-> o

(i) R(Zy=0 at Z=2Zy (Zy>0) whereZy= %’.
The required solution is the confluent hypergeometric function

R=Wiyima[Z .. .. .. . )

2
* Here the unit of ¢ is the Bohr radius ag and the unit of energy is Rydberg constant %.
H
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as pointed out by Eddington (1927) and Sugiura (1927) and later developed by
Hartree (1928) »
The vanishing of R at infinity is evident from the asymptotic form for
W, i+32) (Whittaker and Watson, 1927) for large Z
_ o {m2—(k—3)2} {me—(k—3)2}....{me—(k—n+3})
o= 2145 H P dnto o))

nlz®

n=]
The boundary condition at Z = Z, requires
Whityzn =0 . . . .. (5)
The expansion of Wy 144z for small Z (Hartree, 1928) is

e~z ,,.+1I' N l+m)1"(2l-|-l-m) —k=l+m
Wi ity = T(—k— l)F-—k+l+1)[Z m! z

&~ I(—~k—1 Z—k-lim !
- };, T {logZ+¢<—n-—Z+m)—¢<m—1>—¢<m—2)}]
m== 24 .

()
As will be seen later, the effect of the nuclear size on energy levels gets very

small for large I, we shall therefore restrict ourselves here to the cases [ =0
(s states) and | = 1 (p states) for which we can write

_ =k (1 1 (-k)(’l—k)(l 1 21
Wavo =g 1T (:‘k‘i)z*'*‘z‘jé— it 173) B+

+(1og 242y +y 41 ) {-nz+ By ]

2. 12
Wh, j2) = f;zk)z[Z (—1-kz+ = lgki( L ;)(2_1)(1 = x
{Ti—l'c*(&+1}+1)}za+ .« .+ [log Z+27+¢(1—k)]{(-1—g),(.‘;kl)(l—k)zs
4 ZLHEIE—DE oy . }] (8

where y is Euler’s constant 0-577.
First for the conventional case,
¥ (r) is finite at 7 =0 ;
we shall show that k¥ must be a positive integer.

For s states :
R= ZW" )
e 1k(1 k)(— k)( 1) _{_ _
I"(2 5 + : 373 +. (1-k) log Z+42y(1—k)+

(1—k)./,(1—k)+l-;_k} {k—k(;__lk)z+. . }]
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Now if the above expression is not to diverge at Z = 0, the coefficients of 3 1

and log Z must vanish, i.e. k= 1. Similarly it is readily seen that k admits only the
other values 2, 3,4.... Taking now W, 3z it similarly follows that the possible
values of k are 2, 3, 4 , the lowest value being 2.

As Wi 1442 vanishes at Z = Zy (Zy > 0), we have from the series expansions

(7) and (8)
[1+52 (Z-1) 2+ S0 (Lo i-0) 7
+(logZo+2y+¢(1—k)+7lc) {( Bze+ =050 ]=o
(for 1 = 0)

and

[o+E 41 B 0

$AHER1-h (log zo+2y+¢(1—k)>) {2042 Fz4 . }] =0

Dt (Lp=+140)+

(=
3.2.1

3.2
(for 1 =1)
Writing for eonvenience 2a, = ¢ and noting that
kZo = 2(10 =0
we obtain
14k  24-k—5k2 1 1—k
14 A o+ v a2+ .. . = (log o+2y—log Ic+,;+.};(l —k)){a+-‘-§-k-02+ .. }
(forl =0) .. (9)
and
1+  k+k2 (1—k)(—1—Fk) 2—k
24— = A G+Tk2—02+ - —-———G_E"—_ o3(log a/k 42y +y(1—Ek)) l+-—4Ta+ ..
(for I =1) .. (10)

Writing k& = 148 we have, as ¢ <1, the following approximate expressions
[from equations (10) and (11)] for

B=o+a?(logaty—)+0@® .. .. .. (9a)
(1s state)
Simi.lar]y for the next level (k = 2) we have, writing k = 248,
B = o+o?(log o +y—log 2—}) +0(a?) . . (95
(2s state)
B = 1508+ 0(c?) .. .. .. .. .. (108)
(2p state)
and for the next (k = 3) writing bk = 3+8 _
B = a+o2(log o+y—log 3—})+0(c®) .o .« (90
(3s state)
B = 40%+0(s") | . .. . .. .. {10¢)

(3p state)
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Numerical values for the shifts in the energy levels are given in the following
02
table for (i) ay = A/MC, (ii) ag = M'p_Cz , where M is the mass of the proton.

Table for level-shifts in Rydberg units.

Level ag = i n = _.?_2_
MC 0= Mce

1s 16 x 10-5 1'2-x 10~7
2s 2 x 106 1'5 x 10-8
2p 8 x 10-18 3 x 10-2¢
3s 6 x 10-7 4-4 x 10-9
3p 3 x 15-18 1 x 10-2

(Tt may be noted that the observed Lamb-Retherford shifts for the 2s—2p
levels is 3 X 10-7 Rydberg units.)
The authors are thankful to Prof. D. S. Kothari for his kind interest in this work.

ABSTRACT.

In this paper the solution of the Schroedinger equation for a hydrogen atom with a finite
size impenetrable nucleus is worked out.
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