AN ESSENTIALLY STATISTICAL APPROACH TO THE
THERMODYNAMIC PROBLEM

by M. DuttA, Khaira Laboratory of Physics, University College of Science and
Technology, Calcutta,

(Communicated by Prof. 8. N. Bose, F.N.1.)

(Received March 3; read May 9, 1952.)

I. INTrRODUCTION.

Though it is generally admitted that the methods of mechanics are not suitable
for solving thermodynamic problems, yet the mechanical bias predominates in all
the existing methods of statistical thermodynamics. In statistical thermo-
dynamics, the problems, as usually formulated are essentially of mechanical nature
and the probabilistic or statistical arguments are generally introduced as substitutes
of mechanical methods, if and only when they fail. Now, in microscopic
approaches to the thermodynamic problems, the thermodynamic systems are
usually assumed to be composed of large numbers of constituent parts, of which
the nature is not really known but is only postulated conveniently as mechanical.
So an essentially statistical method, free from mechanical hypotheses about the
nature of constituent parts, for the interpretations of thermodynamic problems
may be considered desirable and overdue. Even, discussions of the -classical
phenomenological thermodynamics, according to which in a thermodynamic
(equilibrium) state any physical quantity signifying some behaviour of the system
can have only one value, when modified in light of the notions of fluctuations in
the values of physical quantities based on the experiments on light-scattering, on
the torsional oscillations of mirror suspended in high vacuum, etc., necessitates a
purely statistical approach to these problems. In this paper, an attempt has been
made to pursue an essentially statistical method for treatment of such problems.

With this end in view, & mathematical probability of occurrence of the system
under consideration, in any state (which will be defined in the next section), has
been suitably introduced in this paper as the starting point of the discussion. As
defined, the expression for the probability contains two distribution-parameters,
which, by introduction of suitable assumption analogous to the principle of maxi-
mum likelihood, are determined and are correlated with the ‘real’ state (observed
in the sense of classical phepnomenological thermodynamicst). Up to this, all
discussions have been made for the system kept in a definite environment. In the
later portion of this paper, the environment of the system under consideration is
slightly varied and the effects of the variations on the average behaviour of the
system are calculated by introduction of the equation of continuity in & suitable
form. Some important functions, characterising the behaviour of the equation
of continuity, are identified as the entropy, the temperature and the chemical
potential of the system. Other important results, viz., the non-decreasing property
of entropy, statistics for microscopic distribution and the formulae for fluctuations,
have been subsequently investigated.

1 In future, ‘in the sense of classical phenomenological thermodynamics® will be shortly
referred to aa ‘in the classioal sense’,
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110 M. DUTTA: AN ESSENTIALLY STATISTICAL APPROACH

11. FORMULATION OF THE PROBLEM.,

In this paper, the system means some finite quantities, M and E, of two types
of entities, viz., matter and energy, enclosed in a definite volume in a definite environ-
ment.! In the discussion, if not specifically mentioned, the system is to be taken
as open, i.e., there is no hindrance on free transfer of matter and energy between
the system and the environment. The state of the system in a definite environment
is taken as specified when a set of values (M, E) is ascribed to the quantities of
matter and energy contained in the system. In contrast to the term ‘real’, used
in the previous section, all these states will be referred to as ‘virtual’ states. In
this connection it should be noted that the ‘virtual’ states are not purely
hypothetical and not devoid of physical significance. They are realisable and are
significant in experiments connected with fluctuation-phenomena; or better, they
(the virtual states) are the fluctuating states about the real (thermodynamic) state.

The basic statistical investigation of this paper really consists of two simpler
problems. The first is how to determine the law of distribution of occurrences of
the system in a definite environment amongst states, from the knowledge of
observed values of M and F in real states by introducing plausible assumptions.
The other is how to investigate the consequences of changes in the environment of
the system. From these all the usual informations of microscopic distribution are
also obtained by introducing suitable assumptions about the constituent parts.

For simplicity, at present, the system will be assumed to be composed of
chemically single type of material, and M and E are assumed to have discrete
values. This is also quite in agreement with other modern methods according to
which the system, being essentially a quantum system and being composed of
molecules or the like, generally assumes discrete set of values of M and E.

III. THE LAW OF PROBABILITY-DISTRIBUTION.

Due to perfect randomness in values of M and E in virtual states of systems,
corresponding to the same and the different environments, the matter and the
energy contained in the system will be taken as unrelated entities. So it will be
assumed that in a definite environment there is a constant a priori probability ¢
for each unit quantity of matter to occur in the system considered, and that there
is a constant a priori probability z for each unit of energy, such that for a quantity
of matter of mass m it will be ¢®, and for quantity of energy e it will be z°.

Thus, if W(E, M) be the weight of the states, i.e., the number of ways in which
(E, M) can be realised together in the system, then the probability of occurrences
of the system in the state specified by (M, E) is

E E

Plt,z; B, M) = W(E, M).t¥ .z =W(E',M).t”.z ’ N
%x s f(t’z)
Z Z W(E, M) . 2"
E=0M=0

where
f(t,z)=z ZW(E,M).t".zE. .. . (@
E=0M=0

The function f(¢, 2) is the usual characteristic function.

1 In future, ‘enclosed in a definite volume in a definite environment’ will be simply referred
to as‘in the definite environment *,
1B
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In the present discussion, for specification of distribution-law, P(t, z; E, M)
will be considered as functions of ¢, z and E, M will be considered as parameters,
and so this will be briefly written as P(t, z).

The expression (1) can also be written from a slightly different consideration.
Now, if an equal a priori probability p be associated with all possible environments,
and if one of the environments has the productive probabilities ¢ and z respectively
for unit quantity of matter and energy to occur in the system, and if W(E, M) is -
used with the same significance as in the above, then the probability of occurrence
of M and E is also given by (1).

In the expression (1) for P(¢, z) the possibility of infinite variation of M and £
has been admitted. This will remind one of the infinite heat-bath (of course, here,
infinite heat- and matter-bath) in the usual discussions of canonical assembly.
But, even when the upper limit of variations of M, E be restricted to some large
number AC and & (as the case should always be in consequence of relativistic concept
of finite universe), the expression for probability can also be put in the form (1).
Let ¢'¥ and 2'E be as before a priors probabilities of M and E to occur in the system
and then as the universe is finite, so (1 —¢ )%~ and (1—2')6-F should be taken
as a priori probability of A —M and §—E occurring outside the system. Thus,
with usual significance for W(E, M), the probability can be written as

W(E, M) . t'% . 2E (1—f)M-M (] _p"E-E

Pt 2, E,M) = W
Z Z W(E, M).t'™ 2E  (1—f)W-H (1—z)6-E
M=0E=0
t: M 2 E
I i A\M s \E
v () ()
“o = 1t 1—=2
W(E, M) .M, 2E
Z Z W(E, M).tM . 2E
E=0M=0
_-=P(t,z),
t '
where t=1—_-_7andz—-1_z,-

This is of the same form as (1), only interpretations and ranges of ¢ _and z
are different. The summation can also be extended to infinity as due to finiteness
of total energy and matter in the universe,

W(E, M) =0, when M > AT or E > £.

For determination of the distribution-parameters f and z, in agreemernt with
usual idea of statistical equilibrium, it will be assumed that the ‘real’ values
M, and E, (taken to be known from observations in the classical sense) correspond
to the maximum of probability of occurrence, considered as function of ¢ and z.
This assumption is quite similar to the principle of maximum likelihood. Again
the present idea of associating & probability-distribution of (M, E), besides a set of
My, Ey), to each ‘real’ state is also similar to that of Szilard (1925).
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IV. BruAVIOUR OF THE ¥FUNOTIONS W(E, M), f(i, 2), P{t, 2).

It is now necessary to discuss the nature of W(Z, M) and of the series in the
denominator of the relation (1) denoted by f(t, z). This discussion will help to
form ideas about the nature of the probability function P(t, 2), and to show that
the function P(t, z) has really a unique maximum.

For the clear understanding of the above, in the beginning, some well-known
special cases are discussed, and then, as a way of generalisation necessary postulates
about the nature of the above functions have been introduced for general cases.
With this end in view, the case of the system in gaseous phase (where contributions
of the radiation-energy and the mutual-interaction-energy are not significant) has

been discussed in details. Let us denote % by N, where m is the mass of each

congtituent part of the system. In this case, W(E, }) is partition of the number
E into N parts according to certain rule of partition and so is essentially a positive
integer, and as a way of definition, W(0, 0) is to be taken as one. Obviously
W(E, M), being partitions of a number E into N parts, depends on the
instantaneous numerical values of & and N and is to be taken as independent of
all external parameters. In the general case, as a way of generalisation, it will be
taken that W(E, M) is essentially a positive integer and is independent of external
parameters.

To have the clear insight about the behaviour of f(¢, z) as in the above, simple
cases will be discussed first. In the simplest case, the energy-levels for constituent
parts may be taken as equidistant and non-degenerate, i.e. E; = {A, such that
encrgy-quanta are simple integral multiple of same quantum of energy. Here,
if A is taken to be unit of measurement for energy, then the set of values of & will
be set of integers. In these cases, discussions proceed very simply as follows.

Case 4:

The system is such that any number of constituent parts may have the same
energy. This corresponds to the case of ensemblies of Bose-Einstein particles.
Here W(Z, M) is the partition of energy £ into N parts with no restriction.

Then,

W(E, M) = P(E/N/s), + o ®

and
f(t, 2) = ﬁo(l-zm.z~)-1. O 7

Case B:

The system is such that no two constituent particles can have simultaneously
equal energies. This case corresponds to the case of ensemble of Fermi-Dirac

particles. Here W(E, M) is partition of E into N parts where no two parts can be
equal. Then,

W(E, M) =Py, EINM, LB

and

ft, 2) = ”Iz (L tmm). ce e (8

1 Notations, used here for partition of numbers, are similar to those in Algebra (Part IT),
G. Chrystal. (1922, A. and C. Black Ltd., London.) faebre { )
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Case C:

The system under consideration is such that the number of constituent parts,
having simultaneously equal energies, cannot exceed a certain fixed number d.
This corresponds to Gentile’s statistics. In this, W(E, M) is the partition of E into
N parts in which up to d repetitions are possible. Then,

W(E, M) = P(}d) (EIN/x), . .. )
and
x l—t"'(d+1) . zn(d+ Ly }
f(t’z)=,,]=70{—_1?t-;?— g . .- (8)
Case D:

In the case, when the constituent parts are localised and distinguishable, these
become

, (E+N—1)!
Ve =yrry—nige 0 0 o O
and

o= > gy SEETL e

NI N-—D)TEY
N=0E=0
g il
- .\ _ -N___ 1-%
= Z Nl't . (1—2) e
N=0
«
22"
= £ Y
== ﬁ e‘m ”
na=0

The above discussion can be very easily extended to the case where there is a
degeneracy of eigen-states in energy levels, i.e. where every energy-level is not of
equal weight as in the case of degeneracy. If 4, be the weight of nth energy-level
(i.e. the degree of degeneracy of states), then the above formulae can be written as
follows:

Case 4.

filt, z)::'f:Yo (I—m . 274 @)
Case B :

f(t,z)=”§0 (1412 20w N (-4
Case C;
Case D:

ft,2) = [T o™ SO ¢ (1

=0
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The present discussion can also be very simply extended to the cases where the
energy-levels are not equally spaced and the corresponding expression can be
obtained as follows:

Case A:
fit,2) = I (L—t= .20, I 4 5 )}
n=0
and in the case of degeneracy,
£, 2) = ﬁo (1=t . 25%) 45, U ¢ )
Case B:
fit,2) = IT (Qtm 2, .. .. .. .. (13)
#=10
and in the case of degeneracy,
ft, 2) = ﬁo (14-tm . 2%m)"n, R ¢ P
Case C:
e (] —gmé+D) ,@+De,
fit,2) = II { . .. (15)
n=0 1—t™. 2z
and in the case of degeneracy,
« ] —gmd+Y) @+ den ) An
fit,2) = H{ z , ... (18)
n=0 1—f" . 2"

where ¢, is the energy of the nth energy-state of the constituent parts, and A, is
the degree of degeneracy of nth energy-state.

Now, as in the cases discussed here, f(¢, z) has been found to be expressible in
form of infinite product, and as ¢ and z lie between 0 and 1, so the continuity, the
differentiability, etc. of f(t, z) follow simply from the well-known properties of
infinite product. When €,’s are commensurable, such that ultimately they are
expressible as integers with a suitable choice of the unit of energy, then f{(t, 2) also
reduces to the form referred above. For other case, i.e. when ¢,’s are not com-
mensurable, careful analysis is required and is postponed at present for future.
Here, in general, f(¢, z) and so P(t, z) will be postulated as a function of ¢ and z
having continuous derivatives of first two orders within the domain of ¢ and z.

Theorem: If f(z) be the characteristic function of the system and if it is possible
to distinguish in it two groups which together make up the whole system and have
characteristic function f;(z) and f,(z) respectively, then the characteristic function
of the entire system is factorisable as f(z) = fy(2) . f2(2).

Let M,, My be the number of particles in two groups, where M 1+ M =M

%rllld let B, and K be corresponding energies, where E,+E; — E at any instant.
en,

W(E, M) = z WiE,, M,). We(Eq, M,) .. . .. .o Qan

Lty = D WE MM E
M=) E=(
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]
Mﬂ
Ma
™M

oSG, 2) Wiy, My). WolEqy, My) . M1 Mz 2Er+Es

X { i ZO Wo(Eq M) . tMe ‘252}

M2=0 E2

=filt2).ft2. .. . .. .. . .. .. (18

Similarly, it can be shown that if the system may be looked upon as consisting of
n number of sub-systems, then f{f, z) is factorisable into » components.

Now, from the equation (1) it is obvious that P(t, z) = 0 when either ¢ = 0,
or z = 0, or both. As some sort of interpretation, it is to be remembered that { = 0
signifies that the occurrence of any particle in the volume is highly improbable,
i.e. there is an infinite rarefaction of matter in the volume, and so the probability
of occurrence of non-zero value of M is very small, i.e. zero. Similarly z=0
corresponds to infinite rarefaction of energy, and so P(¢, z) for finite non-zero value
of E is obviously zero. Againt =1 and z = 1 can be similarly interpreted as the
case of infinite accumulation of matter and energy respectively in the volume,
80 P(t, z) = 0, when t = 1, or z = 1, or both, for finite values of £ and M, as this is
incompatible with the idea of infinite accumulation. Contrary to the cases z = 0
ort =0, forz=1ort=1, the form (1) does not give P(f,2) = 0. This has been
introduced here as a sort of characteristic of the nature of the function P(t, 2) to
fulfil the physical requirements.

Moreover, as defined, the continuous and differentiable function P(t, z) is
positive for all values of t, 2, so P(t, z) must have at least one maximum within
the domains of ¢ and z.

V. SPECIFICATION OF VALUES OF [, z CORRESPONDING TO THE OBSERVED
STATE.

Now, the probability of occurrence of £ and M in any state, as given by (1), is
W(E, My. M 2*
fit, 2) '

Then, the probability of occurrence of an observed state with the observed
value of £, and M, is

P, 2=

W (ko Mo) - fo° . 250
Plto. 20) = f(to. 2o) ’

where #y, zy are such that for these values of t, z, P(t, 2) has & maximum with
observed values of M and E. Then, ¢, and z, are given by the equations,

Mo’—"o'é%{lo&f(fo, z0) } .. .. e 19

and Ep=12o. 52; {log fto, z0) }. (209
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It is important to note the relation between M and E as specified in (19) and
(20) with average values M and E obtained when ¢ = fo and z =23 One thus

obtains,
M. W(E, M) .1
= Zzzz W . t 0 =1p. 3_2(—) {log f(to. 2o)},

> > E.WE M.z

0
> > WE M)z %0 P2 {log fto, 20)}

0

and

S
|

So average values M and E are identical with those M, Eq defined by (19) and (20)
and so hereafter 3/, E will be replaced by My, Eq freely.

VI, UNIQUENESS OF f; AND z,.

Now, to justify the correlation of ¢y, 2, with physical properties of the system
under consideration, it will be necessary to show that (fy, z), as defined by (19)
and (20), is unique. For this, P(t, z) will be shown to have a unique maximum,
which will be done by showing that every stationary value of P(¢, ), in the range
of ¢, z mentioned above, must be & maximum of P(t,z), and so P(¢,z) being a single-
valued function with continuous derivatives of first two orders cannot have more

than one maximum of P({, z). To decide the nature of stationary values of P(t, z),
the function

D(t, z) = log P(i, 2) .. .. .. .. 21
will be considered.

On expanding the function &(?, z) about the values g, zo by Taylor’s theorem
of two variables, one can write,

Bt 2) = Plly, 20)+ { Pe g, (1 —10)2+2 . By (t=—t0) (2—20) + Py s, (2—20)2)
F{ Pyt (=103 +3 . Py g s (E—10)2z—20) +3 . Py 4 4, (1 —10) (2 — )2
+¢'0’o'o(z—20)a} +.o .. 22y

where ty, 29 are defined by (19).
Now, by straightforward calculations it can be shown that

1 1
Py = = 3"
. 2 ftor 20)}

x [z > M-I WE M) WE, W), t:”"'.sz'] <0,

1
Dyl g = - —— .
B2 Zg { f(to, zo)}2

X [z DO D E-ErE WE M. WE,M). z(:’”'.zg'*‘?'] <o,
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and

¢‘o ¢ (p‘o 5
O, B, s

1 1 M—-M M'—M" 2
-—to.z‘)- {f(to, %0) }2. Z ZZ Z E—FE’ E'—E"
xW(E M) WE, M) WE'SM'). WE", M)

M . ™ vor
th +M'+M“+M

E+E'4+E"4+E™
x ZEHEHE"S

- 0.

So the expression within the bracket in the second term in (22) is negative definite,
So @it, z) has maximum at (I, z9) if (o, 29) corresponds to a stationary value of

the function. Thus, @{¢, z) and so P((, z) have only one maximum. Thus (g, zg)
is the unique set.

VII. INFLUENCE OF VARIATIONS IN THE ENVIRONMENT,

The behaviour of the system in a definite environment has been investigated
above. The statement that the system is in a definite environment implies the
existence of some external parameters—other than the quantities already intro-
duced—which are kept constant and so are not explicitly mentioned in previous
discussions. It is easy to see that the volume of the system is one of the
parameters; and the others may be the area of the boundary-walls when surface
tension is significant, the intensity of current when the system is a portion of
conducting medium, some parameters involved in the definition of the external
field of forces if any, etc. These parameters will be denoted by z,’s. Properties
of the system in different virtual states, and the average properties will evidently
depend on the values of these r/s. The effect of the variations in z,s on the
average properties will be considered now. This consideration will be necessary
to make the theory complete from the point of view of applications, as the influence
of variations in environments on the behaviour of the system is of great importance
for application to physics and other sciences.

With this object in view, we shall first consider such infinitesimal variation in
the parameters z;’s that due to this variationr there is no change in M, the quantity
of matter contained in the system. For actual physical system, the process of
variations of the above type can be visualised if it is imagined that during the
process of such variations the envelope of the system is replaced by a conducting
one, which is introduced just before commencement of the process and is removed
just after the process.! Then, if (M, E) be the mass and the energy in the virtual
state of the system at commencement of the variation, then the equation of con-
tinuity for energy can be written as

3E ,
dE=Za—z'_.dx¢+dq,.. c 23

where g—lE;’s are values in the virtual state of the system 2 and d’q is the increase

s
of the energy in the system which is not accounted for by the first term, viz. the
Increase due to flow of energy from outside in the system and other similar processes.

. ! Here, a8 in classical phenomenological thermodynamics, it is assumed that the system
18 not materially affected by introduction or removal of the walls.
! Hore, it is implicitly sssumed that there is & value of 9K [@z; for every virtusl state

specified by B, M. This will be more plausible if each virtual state of the system is looked
upon as state of virtual aystem (replica).
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Now, as which virtual state is the initial virtual state of the system cannot be
determined, and as only average properties (which are here the same as those
corresponding to the real state) of system are of real physical significance, so the
equation (when there is no generation or annihilation of energy) should be written
as

_ o8 ,
dE_ZE.dx,-+dQ, R ¢ 71)
where d’'Q is the average value of all d'¢’s. This equation of continuity may be
looked upon as a form of the first law of thermodynamics. Now -

),
1Q=dE~ 5 o= dx, N £ 15)

i i <_g—.f‘).W(E,M).tg'.zf

where

1
=1 ;,{l0g.flto, 20) } v e (28)
logZ .

as W(E, M) is independent of the external parameter.

Now, if the system after variation of environment be again allowed to the new
state for sufficiently long time for establishment of the statistical equilibrium, then
the ‘real’ state of the system in the definite environment (the altered environment)
will be specified by two distribution-parameters, in general, different from { and
zg; let them be fy4-dfy and zy-+-dzy,. Thus, the variation, considered above, is a
very slow process from one equilibrium state to another and can easily be recognised
as the usual reversible variations of thermodynamics. For this variation, when

both sides of the equation (24) are multiplied by (log zl_o> , the relation becomes

1\, 1 _ 8
(1os a;) Y= (“’g z) ’ {‘IE' é“‘d}

. 2
= (log 21-0) -dE+Z ax, {log f(to, 2o} } - d=;

_ 7]
=d{(10gzl—o>-E}+Zéz-{logf(fo,zo)}dwt
+é'az‘o {log f(to, z0) }dzo
——dg(lo l) E +log flto, zo) -——?-{l f(to, 20) } - dt
~ gzo - g 0> %0 ato Og 0 %0 ™o

=d {(log :—(-’) . E+log f(tp, z5)—N. log to} c .. (27
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This shows that (log %) is the integrating factor of d’Q), and the integral can

only be determined for finite reversible variations composed of infinitesimal
variations,

The integrating factor (log ;-) of the equation is t6 be taken to be propor-
0

tional to 761?— and, after choice of scale, one can write,

1
zg=e M, .. .. . .. (28)

and 8, the corresponding integral, is, as usual, to be interpreted as the entropy of
the system and is given by

a8 _d'Q_ . TE , :l
T_k—f_dl_ﬁ-l-logﬁ’(to,’l’)—l\.loglo , .. .. (29
where
F(tg, T) = f(to, z0). .. . . .. (30)
Then,
S = %H- log F(tg, T)—N . k. log fo+So. @
If the concept of absolute entropy is introduced after Planck, then,
Ag°=0, .« .. . . .« (32)
and
E
S=T+k' log F(ty, T)—Nk . log 1, .. .. .. (33)
Then,
W=1Fk.log F(ty, T)—Nk . log 1. .. .. .. (34

d'@Q = T .dS can now be easily interpreted as heat supplied to the system.

dE is the change of total energy. Then, —-Z g—f dr; can be interpreted as the

external work done by the system. Thus, if the generalised forces on the system
be taken as X;, then one obtains
X i = a—év

P SR 2

Thus, if the system under consideration be taken as of the mechanical (classical
or quantum) nature, then the equation can be recognised as the usual equation of
the principle of adiabatic invariance, which principle has been discussed for systems
of classical and quantum mechanics by Boltzmann (1866), Clausius (Routh, 1905),
Einstein (Sommerfeld, 1923), Born (1927) and others from completely different
congjderations.

VIII. INTRODUCTION OF CONCEPT OF CHEMICAL POTENTIAL,

Now, as in the above section, the equation of continuity of matter (after
Proper averaging) can be written as

= oM ,
d.M=Z§E‘--da:,+dm, e ... (38
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where d'm is the quantity of matter flowing into the volume. (Z is kept constant
in variation, as some variables are to be kept constant such that this can be recog-
nised as the previous system.)

Now, as before, one obtains

- - 4 -4 aM> M .
- — ) . W(E, M).t, .2
_a_L_[_EZOMZO( 0 e e
ax‘ - o
W(E,' M)-tu.zx
EZO uz=o 0"
1 7/
=—7 5z, {log . flto, 20)}- c .. .. (3684)
Og—t;

Then,

ry ., 1 — M
(lOg;;).dm—-(lOgT()-').[d -— é;:'dx‘]

=d (log p . M+log f(to, z)—E .log zo}
)
= -1— ds. . . .. .. .. .. (37
Now, d'm is the increase of M not due to any change of parameter and so due
to flow, then,
1(098 1/28

= | 22 = | .. .. (38
logto=—7 (aM)E, LTE (au)a . (38)

Y N
T mkT kT 39)
where p is usual chemical potential, m being mass of the constituent particle.

From the above discussions, it follows that the equations of continuity of
energy and matter lead to the same integral, i.e., the entropy. Thus, so far as
definition of entropy is concerned, the energy and the matter have the same rdle.
From the present general discussion of the thermodynamic problem it is clear that
the special stress on the significance of energy in usual discussions of thermo-
dynamics is mot necessary in mathematical developments. Also, it is to be
noted that in the present discussion no specific assumption about the properties
of energy and matter, other than the laws of conservations and the possibility of
variation with external parameters, has been used. .

Now, in the present discussion, f, and z, have been introduced as a priors
probabilities that unit quantities of mass and energy occur in the specified volume.
From the macroscopic point of view, it is known that the flow of energy is controlled
by temperature, and the transfer of mass by chemical potential, so relations
between ¢y and u, 29 and 7', as obtained here, are quite satisfactory.
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[X. INCREASING PROPERTY OF ENTROFY.
From section VII we have,

M _E
tzo

f(t07 zo)

It has been proved in sections V and VI that the argument of the
logarithm in the equation (40) has one unique maximum for values f, and z, of
tand z. So the function S(t, z) has a unique minimum for values of #y and z,.

Let us consider two isolated systems of some constituent parts, and let
(% %) and (%, %,) determine their states respectively. Let E’ and E” be their
total energies, and M’, M" be number of constituent parts respectively. Then
their entropies, §°(¢, zo) and Sy(t7, z;), are given by

8= —log. {40)

IM’Z‘E‘

8(t z,) = =log = Ty .. .. .. (4])

Sl t" N e —l t")’”” -ng" 42
(0) 7’0) - og f'(t;, zg) s .o .. .. ( )

where the functions S§’, 8" have unique minimum, ie., for (¢, z;) and (f, 2
respectively, i.e.,

8'(t, 2) > 8(ty, 2,)» .. ee .. {(43)
and 1 ”.
8, 2> 81, , 2,), .. .. .. (44)

where (L, z) be any other set of values.

If the systems be coupled in any manner provided that both the systems,
taken together, remain isolated, i.e. there is no loss of energy and matter in the

total system, then,
E=FE+E"’, .. .. .. - .. (45)
M=M+M" .. . .. .. (46)

where E, M are energy and mass of the total system.

Let (fg. z9) define the state of the compound system after the statistical
equilibrium has been set in. Then the entropy is given by

M E ’M' zE‘ M" _EB”
Slto, 20) = —log -0 = —log [ & 0.0 "% ]
f(’O» Zo) f (’0) zO) f ([01 Zo)
M' zE’ tM" ZE"

0

-1 —1

% Farze) "% T 24
el SI(’O) z0)+S'(t0) 20)
>80, 2)+8(, %) - .. .. .. .. 4]

[by (44) and (18)].
Thus the entropy of a closed system cannot decrease.
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X. LAwS OF MICROSCOPIC DISTRIBUTIONS.

The previous discussions are mainly of microscopic nature and no assumption
has been made about the nature of the constituent parts of the system. It will be
now shown the usual laws for microscopic distributions can also be simply deduced
in the present discussions, if the usual hypothesis about the microscopic nature of
the system be made. So the system under consideration will be assumed to be
composed of a large number of small constituent parts, viz. molecules, atoms, ions,
etc. Let us write

w(l,Ny=W(eE, M). .. .. .. .. (48)

Let the energy of one of the microscopic state of constituent parts be denoted
by e, and let n, be the number of constituent particles in the state at any instant,
In statistical considerations, the expected value %, of =, is of real interest and is
to be calculated. Now, the number of ways in which a particular value n, with
energy e, is realised when the total energy of the system is £ and the total number
of constituent parts is N, is denoted by w'(£—n,e,, N-—n,), then w'(£—ne,,
N —n,) denotes the number of ways in which £— n.,e, can be partitioned in N —n,
parts, such that no one of the parts is equal to e,. Then, on writing ¢, = ¢, the

expected value #, is given by

o o« N
Z Z Ry W (BE—nye,, N,y (¥ . 2F
B E=0M=0n=0
R, = a o
2] N E
Z Z w(E, N).1¥
E=0N=0
N e [ < R N E—
nty.z)" 1+ Z Z w(E—n,e,, N—n,) .1 .z
gy | NS0 £So ’ |
- ac " " r ac a 1
1+ Z t oz )| 1+ Z Z w (E—n.e,, N—n,). 1} .2
n, =0 N=0E=0 _
a - ”, n,
(ol
oz 1t Z AR
1 n,=0 ]
= - = tl . a—t-; {log . g’(to, Zo)} . .e . (49)
1+ Z .z «
u,.=()
Now,

& »
]+Z t:.zf.(f
Hypoc O

is one of the generating functions as discussed in Section IV, and is denoted
by gr('ﬁv zo)-

ﬁ,=t,.%.{losy,(to,zo)}. .. .. .. (60)
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Then, in the case of the system composed of Bose particles :

< 1 Ay
™ "' e—
9,(fo. 20) = {H‘ Elfo'zoﬁ }—{1_#‘ "}

0%
s A a4,
S . T e . .. .. .. (6])
0 0 e AT _]

In the case of the system composed of Fermi-Dirac particles:

4,
g, = (1+:5)

P 4, .
’ '—[0_'"_2'5,_'_1 - my - €y . .o .. (b )
¢ e kT +1

In the case of the system composed of Gentile’s particles:

l_t"'(d+]) €pld+1) 4,
0 . ZU

g' - —[m P ]
)
— 1 (d+1)
n, = - - —_ -
’ A ™. z iy ma+1) i zo'(d“)"—l
ol e ) "
g me T
e T 1 e kT -1 )
In the case of the classical system:
4, ::'.x:'
g =e
e e
7¢,=.,..t”.zu"=:1'.e A1 R .o . .o (54)

X1. FLUCTUATIONS.

As fluctuation of average properties is a most important concept of statistical

thermodynamics, the usual results will be deduced here before concluding the
discussion. Now,

z E*. W(E, M).1¥ . f
Fe o E=0M=0 =__1_—__{ L
¢ i w, . 5 e 20550% Ao}
E=xQ M=0 ’ ¥ ’
1 ? _ _ ok
R R R L] B
. TP o oK :
.o (E"‘E)2=E2'—‘E2=—a-—(l—(;é—z;)=L.T2.('.,

(E=Bp _kT.c, kT%,

— .e e .. .o .. (bb
ie Kt B (55)
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Similarly,
> > MEWE M.
HE=E=(LM=Z
> W(E, M). ¥
Ez0M=0
R R LTl o i I B E RO
_ D . to, = {lg.=— Y M. f(ty,
Tl 70 {° a’o} flto %) = 720 U 3 flo: 20)

(M—M)2 = M~ M =

"o
» [t
a(k—:ﬁ)

M—3° -7 T oM

wrE . mE M e
(N—N)2 kT 9N :
NN %9
Also one can obtain
o aC N
Z z z nf.w'(E—n,e,, N,.—n.). th{ . zg
— N=0E=0n,=0
ne =
z Zw(E,N).t;'.zf;'
N=0E=0
o] - fote
= ty . ==—~¢ 390, »
S R G SR Rl
- 2
2 = 4ty . o . (R
ni = ft414 ET ()
— .} kT oan
) B2 = by () e P
(n,~n,) n2—q? tl.afl(n,) o o
(n,—n,)2 kT dn,
a2 @t.m’ op’ (67)

These are the usual formulae found in the treatises of Fowler (1936) and Tolman
(1938).

XII. CoxcLUSION.

In the above discussion, all usual results have been derived in the forms
obtained by Fowler (1936). Also some subsidiary mathematical calculations are
the same as those of Fowler. But the present method differs from that of Fowler
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almost in all the essential points, of which the most important ones may
be summarised in the following:

(i) Here the entire discussion is based on a principle similar to the principle
of maximum likelihood, whereas in Fowler’s method the same is
based on average properties.

(ii) Here no approximation formula has been used, whereas in the latter,
the approximation by the method of steepest descent is the kernel
of the entire development.

(iii) Here a parameter or a variable, which has no ab initio significance
(physical or statistical), has never been introduced and so all quantities
entering in the calculations are real; whereas, in the other, two
parameters, which have been afterwards correlated to two important
functions of thermodynamics, have been introduced as two complex
quantities, helping the calculations of approximate values and so
having no ab tnitio significance.

In the present investigation, the entire discussion of the behaviour of a thermo-
dynamic system is made consistently with the general formalism of statistics. In
this discussion, there is nothing which will restrict it to the thermodynamic systems
only. So it is expected that the present method can be applied for discussions of
essentially different types, viz. the problem of distributions of population and
money in a country where M and E will represent the measure of the population
and the money in the country.

Moreover it should be noted that the method, developed here, is essentially
statistical and macroscopic, but can be applied to microscopic discussion with
equal convenience and advantage.

ABSTRACT.

In this paper, an essentially statistical approach has been made to investigate the behaviour
of & thermodynamic system. In the entire development, the problem has been discussed
macroscopically as a statistical problem of general type. As in phenomenological thermo-
dynamics, no assumption about the structure and the internal mechanism of the system has
been introduced. For this, 8 probability of occurrence of the system, enclosed in a definite
volume surrounded by a definite environment, in a state specified by definite values for
quantities of matter and energy contained by it, is suitably defined and is taken to be the starting
point of the present discussion, The analytical behaviour of the probability, consniergd as a
function of two parameters—the characteristic parameters of distribution—-has been investi-
gated and it hae been shown that this function has & unique maximum for a set of va}ues of
distribution-parameters controlling the energy-exchange and the matter-exchange with the
environment, It has been assumed that the state, for which the probability of occurrence is a
maximum, corresponds to the observed state, and the values of the distribution-parameters,
corresponding to the maximum value of the probability, are taken to specify the state of the
system in a definite environment. Thus, over and above, the unique set of values for ql}antltles
of matter and energy, a probability-distribution of matter and energy has been associated to
every observed state of the system. After this, to consider the effect of variations in
the environment of the system, the equation of continuity for energy and matter has been taken
in suitable form. Some functions associated with the equation of continuity for energy (tke
first law of thermodynamics) and that of matter, have been identified as entropy, temperature,
and the chemical potential of the system. In this connection, some discussions about mverslple
variations and about the principle of adiabatic invariance have been made. The'non-decreasmg
properties of the entropy have been established. Usual formulae for fluctuations have been
easily obtained, It has also been shown that the method is also suitable for obtaining the laws
of microscopic distribution when usual assumptions about microscopic nature of the system are
introduced.
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