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Dr. R S, Varma (1952) has recently given a generalization of the Laplace
Integral

f(s)=J e”* dalty .. .. .. (11)
in the form °
fie) =j " wdan .12

6

where «(f) is a function of bounded variation in 0 €t < K for every £ and R(m)
> L.
If we put k4m = §, the integral (1.2) reduces to (1.1) as

mof —§st -st

(aty e B (st = e

t-m m
If «(t) be absolutely continuous and du(t) = ${t) dt,
then
flo) = j’ iy W enend .. . (L3)
0

In this paper I have worked out a few inversion formulae for the generalized
Laplace transform (1.3). The variable s has been assumed to be real.
2. First Inversion Formula.

Multiplying both the sides of

fs) = J (.\'I)"_‘ e Wk. m(,\w‘) S di
0

by s~' and integrating from 0 to o we have

j -«"f(s)ds-[ J R NP Wm(smqb(:) dt ds.
0 e 0
Let

1) = 0(°) for small ¢,
éi) = 047) , Rpy>0. .. o@D
= o(e~*) for large ¢.
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Then if
€
A(s) = g™ -1 J it W, () $(t)dt where e is small,
0
and

B(t) =™ 4(1) J it Pt o W, (styds
0
we see that A(s) is uniformly convergent in s > 0 provided that
R(m—Iitm) >0, R(mtm+p+1)>0,
and B(t) is uniformly convergent in ¢ > 0 provided that
Bmtmtp)»0, Rm—I£tm+41)>0,
as (Whittaker and Watson, 1946, p. 346)

W, .. (2) = 0(zE™*¥) for small .

Also if we consider the integral

J t"_*sﬁ(t)dtj gimh g W, . (s)ds

T T

where 7' and 7" are large we find on account of the values (2.1) of $(t) and the
estimate (Whittaker and Watson, 1946, p. 343)

Wy (@)= 0(z*¢ %) where  is large, .. o (2.2)

of W, ,, (¥), that the integral does not exceed a constant multiple of

le fPrm-t e—‘v{ dt J@[ ghtmei=tg=®| gg
T T
which tends to zero provided that RB(v) > 0.
Hence the order of integration can be changed if the conditions
Bm—Il£m)> 0, Rimtm+p)>0, R{r)>0,
which, by the principle of analytic continuation, can be waived to
Rm—ltm+1)>0, Rmtm+p+1)>0, R@E)>0, . (23)

are satisfied.
Therefore changing the order of integration we have

j s~ f(s)ds = J ™= d(1) dt J Pl it W, (st)ds
0 0 0

provided conditions (2.3) are satisfied,
58



K. M. SAKSENA: INVERSION FORMULAE FOR A GENERALIZED LAPLACE INTEGRAL 175

If we now apply Goldstein’s formula (1932)

~30
1,-1 -(0®+i)s _ Ph+mi+3) Iy —my +3)
J x e Wk;,nn (z) dz = I'ily—ky+1)
0
XoFy[li+my+4, li~mi+3; Li—k+1; —a2] .. (24)
where
R(lliml+§)>0) R(az+1)>0’
we get
® _rem—t+nyra-yf .,
J‘ 8 " fla)de = Fim—k—T+D U () dt
0 0
where

R@2m~141)>0, R(1-1)>0.

Applying Mellin’s inversion formula (Titchmarsh, 1937, p. 46) to the integral
on the right we have

447
1 I'm—k—1+3 -
H(t+0) +4(1—0) } =;_;;,.,_I;twj r(zn(:iz ) ;’(f)_l)t Ly dl
=7
where W) = j 87 f(s) ds

0
provided that

{i) the integral j W #(r) dr converges absolutely,
0

(ii) the integral J. W f(z) dx also converges absolutely (I = c+ir, —0 <7< )
0

and
(iii) ¢() is of bounded variation in the neighbourhood of the point & = ¢ (¢>0).
If we put k = }—m, we have

c+4T i o
1 t o
Hot+0+40—0)} = 5 It f mj s™ f(s) dsdl
=T 0
which is the corresponding result in the theory of ordinary Laplace transform

(Titchmarsh, 1937, p. 316).

3. Second Inversion Formula.

Let F(s) be a continuous function of s in (0, oo) such that its derivatives up to
the n-th order are all continuous in (0, ) and

%; [F()] = [f(s) m J (st ¥ e ¥ L) é(1) dt.

0
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Then if we integrate (1.3) with respect to s, n times we have

(st) $(0) dlt

— (_\n —-n m+i(n—-1) —4st
Fs) = ( )Jt (st) W

0
as

J(st)m—ie—}s‘ Wk, , (st)yds = = (s e Wk-i, mti (st). .. (3.1

Multiplying both sides by

nt+1
F Ay, Koy o . o g1y . ( 8 ) ]
2 y —P
w2 Bi, B2 oo Bar1 v v, . - Yn n+1

and integrating with respect to s from 0 to oo, we have
® +1
”
F(s) F Oy, &g, « - - . Optl,s A ( 8 ) :Ids
L ks I N O H A 4 T S |

® po +1
”
=(_)MJ J +1F2 " oy, Kgy « + .+ A1y ; __[l( s ) ]
mrboE 1B - - Bat1, Y1, Y8 - - - Yn n+

00
X ¢ (sty" N i (60 $(0) At ds
=<—>”J g dtJ T )
R=c,m+=
, . g "te
% T, oy, 09, - « - . Apid, ; Y S 1;"+1:| dv (3.2)
P2 B Be o Bar Y1 V2 - - P {(n+1)e}"t!

on changing the order of integration in the right-hand integral and making a slight
change of variable, provided that

R(mim+g:}:g+l) >0, R(m:l;m-—g:i:;+p+l) >0, R()>0.

Evaluating the v-integral with the help of the following result due to Pasricha
(1943)

J wﬂ-—l e-(a’+l‘)z Wk,v(x) ,Fs( ll, l2, PR l' : ya.p) dr

0 my, Mg, . . . . My

_ i (h)a () - . - . () Lla+pm) L(b+pm)
= (ml)- (m2)- e (ms)- P(c+pm)

X oFi(atpm, bfpm; c4+pm; —a?) .. (3.3)
where a=p+v+d, b=p—v+}, c=p—k+41
and R(a)>0, R(b)>0, p<s+1-—r, Rla2+1)>0

m=10
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we get
0
I= (")"J 17 () .. o (34)

where ¢

IEJ F(s) . F &3, X - . L Hntd, s \**

ntl” 2n+1 Dl
0 "t ﬁl) ﬁZ) e ﬁn+1, Y ¥2. ¢« o ¥a ) p n+1 ds

and

J =

i (@1)r « + + (%n31), Dlatnt1r) Db+nt1r) N p ’
=y (Bl)r LR (ﬁﬂ‘f'l)r (71)1 e (yn)r F(G+m7) L’C {(n+l)f}n+1}
a being equal to 2m4n+1,b =1, ¢ = m—k+n43.

Puatting
_c+ti—1 _ati—1 . .
o = . , Bi= i) (t=12...0241])
. 3.5)
btj—1,. (
= mr U=12....n)
and using the multiplication formula (Gupta, 1948).
= e o) (2t atn-1
I'la+m) = n* I'(a) (n)' ( " )r ....... ( p ), . (3.8)

the above result gives

oy TEmint)) (7 p
H=(-) I‘(m——k+7z+i})f t 1F0<1, —t"_“) #ll)
0

where H is the value of J with the parameters «'s. f's and y's having values given

by (3.5). .
Woe therefoire have
mﬁ(u)du _ _ oy lim—k+n+3)
I?EHWM=(%W%;;3H 3T
0
¢(tl/(n+1))
)=
where B i+ 1) A1)

and $(t) is such that the integral on the left converges.

The left-hand side is the ordinary Stieltjes transform. .

If we now define an operator Ly, [(x)] for any real positive number u by the
equations

Lo,u(2)) = #2)
L, 1)) = o [0 900)]

- -1 dm-—l
Lyule) = T - S [ )]

(3.8)
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and () possesses derivatives of all orders less than 21, then, by a result of Widder
(1941, p. 345), we get

Bln) = Lt {L, J$()}}

for almost all positive u.
Hence

() = (n+ 1" TELLEN o

for almost all positive .
It remains to justify the change in the order of integration in (3.2). To do so

let us put
n 1

n_1 L
Sy =1t % 2¢(1)J AR P (st)

k—in, m+in
0

: n+1
F xy, &g, - - . Oy, . ( S ) ]
X ; —pl —— ds
L 2mtl ﬁls pZ; LR p’l+1: Y1, VY25« - - ¥a P n+l

where € is small,
[ n+l
4oz o1, 0o, v v v s 8
x() =52 rrFonss| g g ot ; "2’(“) :I
pl’ ﬂZ’ ceee p’l+1x Y1: Y2« « Va '7l+1

o0 n 1
X J b R, L g () B(0)
0

and let the behaviour of ¢(t) be given by (2.1).
Then &(t) is uniformly convergent in ¢ >0 provided that

R(m:{:m—gig+p> >0, R(m_—j;m+gﬂ:g+l) >0

and y(s) is uniformly convergent in s3>0 provided that
R(mam+ots)>0, B(mam—pds+pt1)>0.
22 22

Again if we consider the integral

® en1 D il

11=J. t 2 24 dt[ S S )
T T
n+1
®y, %z, . .. & 8
Y F 1y %2 n+1s - (___) ]d&
AL 241 pl!pZ! LN p”+1y 71, Y, - - . '}'u ’ p n+1

where 7 and 7" are large, we find, on account of the estimates (2.1) and on account
of the following behaviour of ,1Fas41 (Gupta, 1948).

F 0y, 002, . . . . Cxtly . -p( 8 )”+1]
LAk - P - 7YY - MFRE VAT VAN Vi n+1
ntl

A\ Ao\ T 2L\ -
~(pu+1 .g) eXP{ (P"“ 8) e"+1}+ z a.(sp"'”) rense (s—+0)

r=1
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Where ZG.,. —ZBH E‘yg 2 s
that I, does not exceed a constant multiple of

7’1

j !tm—ﬁ-k_'}e—‘vjdtj l8m+k—}{ o 'SP 9"+1 i n+1)°"} --"ld

T T =

which tends to zero for a given p provided that E(v)>0.
Hence the change in the order of integration is justified under the conditions

R(m:tm+%:t%)>0, R(m:bm—g—:l:g+p> >0, R(»)>0,
which can be relaxed to
n . n n. n
R(m:i:m+§:i:§+ 1> >0, R(m:bmr-ézl:§+p+l) >0, R(v)>0,
by the principle of analytic continuation.

4. Third Inversion Formula :

Here we shall assume & and m to be both real.
Let us define differential operators U, I, by

Ul f(5)] = f(s)
Ulf(8)] = (=)™ "2 D" j(s)]

(4.1)
ULf(s)) = (=) s™* 07 pifsh " f(s)]
(¢g=2,3,..... )
where D= 82%

and

v {f( )] q+k+m ¥

, v ot
N = rs |
Since (Sharma, 1939)

d , .
F [.r* e¥ W, (.r)] = —ph=le=t* W, . (7)

applying the operator U to g(s) = (st)y™ "t ¥ W, m (1)
we find that Ufg()] = ()" e W, (51).

If (1.3) converges, we can evaluate the derivatives of f(s) by differentiation

under the integral sign.
Therefore

Uq[f(&)]=J ()" Ye ¥ W, (st) g(t) dt.

]
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If the variable ¢ be changed to v by the relation ¢ = uv, we have

P
Ulf(s)} = uJ (sun)™ e F W, (sur) $(uv) do.
0
Putting su = I, the right-hand side becomes

A0

g j (o)t~ Wt m (0) $(ur) dv.

1]

Therefore substituting the asymptotic estimate (2.2) of W (lv) in the integral

k+g, m
we have
3. B 1 »
l-I::o [8 : {é( )}] = z.I:'éo [ f () =¥ o= W gy do
—Jo

If we take I = k+q+m —1%, the right-hand side becomes

® l1+1
Lt J‘ — o e P(uv) dv = b (u)

l»® ll
0 —

as it is known (Widder, 1934) that for almost all positive u ,

1
nn+

Lt

n—o0 172

J y"e” " {luy)—¢(v)} dy =0,
0
Hence for almost all positive

1
$(u) = i‘ﬁo[a Uq{f‘(s)}]
=t .

= Vi

1 am indebted to Dr. R. S. Varma for his kind help and guidance in the
preparation of this paper.

Riv

SOMMARY.

Dr, R, 8, Varma has recently given a generalization of the Laplace transform

J(&)= jwe"‘"da(t)
0
in the form

f(8)= J’ P aym-t gt W, (o) da()
0

which assumes the form
f(8)= F(az)”"‘e'*“ W (st) $(t) de
0 &, m

when «(t) is absolutely continuous. Three inversion formulae for this generalized Laplace
transform have been obtained in this paper—one by making use of the Mellin’s Inversion
Formula, second by using a result in the theory of Stieltjes transform due to Widder, and
third by employing a set of differential operators.



K. M. SAESENA: INVERSION FORMULAE FOR A GENERALIZED LAPLACE INTEGRAL 181

REFERENCES.

Goldstein, 8, (1932) Operational representations of Whittaker’s Confluent Hypergeometric
Function and Weber’s Parabolic Cylinder Functions. Proc. Lond. Math, Soc., 34,
103-125,

Gupta, H. C. (1948), On operational calculus. Proc. Nat. Inst, Sc. India, 14, 131-156.

Pasricha, B, R, (1843)., Some integrals involving Whittaker Functions, Jour., Ind. Math.
Soc., 7, 46-50.

Sharma, J. L, (1939). On Whittaker’s confluent hypergeometric function. Phil. May., 15.

Titchmarsh, E. C. (1937). Theory of Fourier Integrals,

Varma, R, 8. (1952), On a generalization of Laplace Integral (in press),

Whittaker and Watson (1946). Modern Analysis,

Widder, D, V. (1941). The Laplace Transform,

Widder, D. V. (1934). The inversion of the Laplace integral and the related moment
problem, Trans, Amer, Math, Soc,, 36, 107-200

Issued March 27, 1953.



