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1. INTRODUCTION.

Let X =(x,...,2,) and Y = (y;, ..., ¥,) be two points in the n-dimen-
sional Euclidean space B,. We shall use the usual vector notation to denote the
points (x1+y1, ..., #,+¥.) and (Azy, ..., Az,), A real, by the symbols X—¥ and
AX, respectively. If S and 7' are two sets of points in R,, we-shall nuse the
symbol AS+puT for the set of points AX--uY with the points X and Y lying in §
and T respectively. By |X| we shall mean (z2+ ... 42%)}, the distance of X
from the origin O.

Let K be any bounded or unbounded set and let 4 be a lattice of points
X =(x,...,x,), where

Ty = appur;, h=1,...,n;, =0, +£1, +2, ..
2

and the coefficients ay are real and the determinant d(/) = !{ayhk "'5£0. We shall
call A a covering lattice for K if every point of R, belongs to the set KA.

The upper bound of the determinants d(/) extended over all covering lattices
A for K will be called the covering constant of A and will be denoted throughout by
¢{K) or by ¢ when there is no danger of confusion.

Let K be a closed bounded set with non-zero Jordan measure V(&) and let B
be a closed bounded convex body with Jordan volume T(B). We say that there is
a lattice covering of B by u sets K if there exists a lattice /1 (not necessarily homo-
geneous) 2 such that every point of B belongs to the set K+ and such that there
are exactly u sets X+ X, with X a point of A4, which have a point in common
with B.

Let w(B, K) denote the smallest number u for which there is a lattice covering
of B by u sets K. Then the density 3(B, K) of the most economical lattice covering
of B by K is defined by the relation

(B, K) = u(B, K) V(K)/V(B) S ¢ §)

When K is a convex body a result of Hlawka (1949, Satz 1 anfl Satz

26 folgerung) states that lim $(AB, K) exists and is in fact equal to V(K)jc(K),
A

independent of the choice of B. By a slight modification of Hlawka’s argument it is

easy to prove that this result is valid for any closed bounded set K with an inner

point, This limit will be called the density of the best lattice covering of space by K

and will be denoted by the symbol 3(K).

1N t Punjab University College, Hoshiarpur. )
2 i.e(?w‘;lama.y bia a set of the)t'ype A*+ A, where A* is a lattice of the type defined earlier and

A is a point not in A*.
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A few years ago, Hlawka (1949, Satz 2) proved that for any closed bounded
convex body K with a centre, we have

S(K) < n” .. . .. . (2)
Rogers (1950) improved the above to
H(K) < 371, O )

Bambah and Roth (1952) have shown that if K is further supposed to be .
symmetrical about the co-ordinate plane, then

S(K)<:ﬁ§:~:~e" <52—n>1}asn—>oo. .. . .. )

When X is a sphere Davenport (1952) has proved that
I (K) < (1-15)~, . .. .. .. (5)

while Bambah and Davenport (1952) have proved that
HK) > $—€w . .. . .. (6)

where ¢, - 0 as n — o0,

If K is a bounded convex body in two dimensions, it follows from certain results
of Fary (1950) that ¢(K) is equal to the area of the largest symmetrical hexagon
contained in K.

Our object in this paper is to prove some general results about ¢(X) and certain
related lattices for sets K, belonging to more general types than that of closed,
bounded and convex bodies.

It may be relevant to remark that there is a close relation between covering
lattices and certain problems in the Theory of Numbers. For example, Davenport
(1951) has recently obtained the following remarkable theorem.

Let Li(z, ) = ax+By and Ly(z, y) = yx+3y be two linear forms with real
B
14

coefficients and determinant A = 5 l;é 0. Then there exist real numbers zg,

%o such that

1
| Ly(@-+20, y+40) La(z+20, y+90) | > 558 -« (D)

for all integers (z, ¥).

In the covering notation the above theorem can be rewritten as follows. Let
K be the body |zy| <1. Then ¢(K)< 128. Prasad (unpublished) and Cassels
(1952) have proved (7) with better constants.

2. K CLOSED AND BOUNDED,

In this section our main object is to prove—

TaEOREM 1: Let K be a closed bounded set with the origin O in ils interior. Then
there existe a covering lattice A for K such that

d(4) = o(K). R )

As O is an inner point of K, it contains a sphere C; with the centre at the origin.
Since every covering lattice of C; is also a covering lattice for K, we have

c=cB)>cC)>0. .. .. .. .. (9
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On the other hand, K being bounded is contained in a finite sphere C, with the centre
at the origin so that

(B)<eC)< VW), .. .. .. .. (10

where V(C,) is the volume of C,. Thus ¢ is a non-zero finite number.

By the definition of ¢, there exists an infinite sequence AM, A®), . . . of covering
lattices (not necessarily all different) of K such that d(A%)-» ¢ as i— 0. Without
loss of generality we can suppose that for each 3

C
s<dAM <o .. Q)

It was shown by Mahler (1946, theorem 1) that every lattice 4 in R, has a
reduced basis Y, ..., Y, such that

[ Xy] . | Y] < yadd (A), O 4 )

where vy, is a constant depending only on n. Let Y(li), oY S) be such a reduced

basis of the lattice A" defined above. Then using the inequalities (11) and (12)

we have
§< AN < YY) Y <y d(AD) ey .. L. (13)

We now prove
LevMAa 1: For each i and each k=1, . .., n we have
[ Y9 < dy,p, O ¢ 3]

where p is the radius of the smallest sphere with the centre at the origin that contains
the set K.
Proof: Suppose, for example,

LY | > dy,p.

Then using relation (13) we have

{¥) (1) ~ ¢
lYl'l...[Y”_1}<;;. P | 55!
Now let P® be the fundamental cell of A® spanned by Y, ..., ¥, Let T

be the face containing 0, Y (li), R Yf:')_l. Let A be the perpendicular distance of
Y, from II. Then, using (13) and (15), we get

¢ i) = .- i) ) A
5 < dA) = V(PO <Al ¥ |...}Y"_1]</\;;, ce . (18)
here V(P®) denotes the volume of P@. From (16) it is clear that

2> 2. O ¢ )

Let IT; and IT, be the hyperplanes parallel to I at distances p and A—p from
it. Then P’ the part of P intercepted between II; and IT, has a non-zero volume

X
V(P'). Since A® is a covering lattice for K and so also for the sphere C': !—pJ <1,
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which contains K, every point of P’ lies in the set of spheres C-+A%. Therefore

0<V(P) < ZV{(G+A) ne}
Aed®

- Zv{on (P'+A)}
Aea

< Vi+V,, R ¢ 1)

where V, is the volume of the part of C which lies to the side of IT, away from O and
V, is the volume of the part of C to the side of —II, away from O. As the distance
of II; from O is equal to p, while (' is a sphere of radius p, it is clear that both
V, and ¥V, are equal to zero, which is in contradiction to (18). This proves the
lemma.

By (11) and (14) it follows from a result of Mahler (1946, Theorem 2) that there
exists an infinite subsequence of {A®} which converges to a lattice 4 with d(4)
= ¢(K) = ¢. Without loss of generality we can suppose that the sequence {A%}
itself converges to the lattice 4. We now complete the proof of Theorem 1 by
proving that A is a covering lattice for K.

Let Z be any point in R, and let L be a lattice. We observe that Z lies in the
get K-+ L if and only if L has a point in the set Z+ K, where the set K is the image
of X in the origin O.

Now, since each A is a covering lattice for K, it follows that for any point
Z in R, each A% has a point X®, say, in the set Z-+K. As Z+K is closed and
bounded, it is clear that there is an infinite subsequence of {X®} which converges
to a point X lying in the set Z4+ K. Because of the boundedness of the lattices
A% it is easy to see that X must be a point of A. Thus for every point Z in R,,

A has a point X in the set Z-+K and the theorem follows.

DeriniTion: If A is a covering lattice for a set K and if d(A) == ¢(K), then we
shall call A a maximal covering lattice for K.

We next prove

TaroreM 2: If K is a closed and bounded set and if A is a maximal covering laitice
for K, then K has n independent points on its boundary which are just covered, i.e.,
which do not lie in the interior of any K+ X with X in A.

Proof: Suppose K does not contain n independent points which are just
covered. Denote by IT the set of all points of K which are just covered. Let L
be the linear space of lowest dimension f(0 < f <{n—1) which contains I7. Let 8
be the set of all points X; of A for which the set K+ X, contains a point of I7. Then
the set § must lie in L, for otherwise we have a contradiction to the assumption
that all points of K which are just covered lie in L. Let M be the linear space of
lowest dimension g(0 <g <f< n—1) which contains 8. Then by Minkowski’s

method of adoption of lattices we can find a basis ¥y, ..., Y, of 4 such that
Y),,..., Y, liein M and generate it, while Y44, ..., ¥, lie outside M, Let P
be the fundamental cell, together with its boundary, spanned by Y,,..., ¥Y..

Then any point 4 of P is either completely covered (i.e. is an inner pomt of a set
K-+X, X in A) or is congruent mod. 4 to a point B of II.

We now observe that since K is bounded, any point B of IT is at a distance
greater than a positive number r(B) from all sets K+ X, where X is a point of A4 not
in the set 8. Consequently, since A is a covering lattice for K, every point in the
open sphere of radius 7(B) about B must lie in a set of the type K4 X, where X is a
point of 4 lying in 8.
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Let 2 be the set of all points 5 = (£, ..., £,), where 0 < ¢, < 1, forall ¢ = 1,
..., n. Since the point ¢, Y+ ... +£,Y, is a point of P, it is either an inner
point of a set K+4-X, with X a point of 4, or it is congruent mod. 4 to a point B
of II. We can consequently associate with every point & of X an open sphere ¢(Z)
containing & and a real number ¢(£) > 0 such that for all positive ¢ < (&) the
points £, ¥ 4 ... +€u 1Y £, Y, for all (§),...,£,) in ¢(8) lie in the set
K+A" where Y', = Y,(14¢) and A’ is the lattice generated by Y,,..., Y,_y,
Y’,. From this it follows easily by the ¥eine-Borel Theorem that there exists
a positive number e* such that the lattice A* generated by ¥y, ..., ¥,_;, Y, (1+€¥)
is a covering lattice for K. But d(A*) = (14+-€*)d(A) = (1 +-e*)e(K) > ¢(K). Thus
we get a contradiction which proves the theorem.

3. K cLOSED BUT UNBOUNDED.

In this section we suppose K is an unbounded closed set which contains the
origin in its interior and which has Lebesgue measure V(K). We first prove the
almost trivial

TaroreM 3: ¢(K) <V(K).

Proof: If V(K) = o0, there is nothing to prove. Therefore, we can suppose
V(K) < o0. Let A4 be a covering lattice for X and P a fundamental cell of 4.
Since every point of P lies in the set K+, we clearly have

d(A) =T(P) <D V{(K+4)N P}
AeA

=2V’,Kn(P+A)}
Aed

=V(K)NR,)

= V(K),
and the theorem follows. ) )
In the rest of this section we shall suppose F(K) < o0, and our object will be

to prove o

TuEOREM 4: Let K be an unbounded but closed set containing O in its inferior
and having Lebesgue measure V(K) < oo. Then there exists a lattice A with d(A) =
c(K) such that the set of all points of R, which do not lic in K+-/1 has Lebesgue mea-

sure zero. _ )
We shall in the rest of the paper write K® for the set of all points of K which

lie in the sphere | X| <t. We shall use the symbol R, both for V(K)— V{K¥)
and for the set K N CK®, i.e. for the set of points of K which do not lie in K®.

. . bd .
In the usual notation we shall write 8(X, S) for the distance, i.e. .5 | X—Y|, of

the point X from the set S. _ .
If § is closed, it is clear that XeS if and only if 3(X, §) =0. Further, 4 is
a covering lattice for § if and only if for every point A of R, there is a point X of
A, such that i
5(A, K+X)=8(4—-X, K)=0.
Since O is an inner point of K, there is a sphere 0: | X | <p, which is contained
in K. Consequently
0 < ¢(C) < o(K) < V(K) < 0.

Thus ¢ = ¢(K) is a non-zero finite number.
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As in §2 there exists an infinite sequence AW, A®), , . of covering lattices of
K such that d(A%) - ¢ and such that

s<ddM <e. .. .. .. .. (9)
Also A% has a reduced basis ¥, ..., ¥¥, such that
z < dA9) <Y YY) <y d(A9) ey, .. .. (20)
where y, is a constant depending only on =n.
It is well known that B, = V(K)—V(K®) >0 ast—> 0. Lett=1¢ be a fixed
number for which R,, < 2 We now prove a lemma Zlemma 2) very similar to

lemma 1 of §2.
Lemma 2: For each t and each k=1, . . ., n, we have

79| < 6y, R 1 )

Proof: Suppose, for example, [Yff) | = 6yt
Then from (20), we have

Y9, ">1<~~ e .. (22)

Now let P be the fundamental cell of A% spanned by Y(li’, v Yff’. Let IT be its
face containing the points O, Y(’) cees Yf:)_ , and let V(IT) be the (n—1)-dimensional
volume of IT. Let A be the perpendicular distance of Y, from II. Then, by (20)
and (22), we have
5 < d(A9) = V(PO) = V(1)
® %)
<A ] Yoo 1Y

<
so that

A>3t .. . .. .. (23)
Let II; and IT, be the hyper-planes through the points - Yf:’, 3 Y(') parallel
to II. Let P’ be the part of P¥ intercepted between IT; and H 2. Then

PP) =3 VPO =gdA9). .. . (2

Since A% is a covering lattice for K, every point of P’ lies in the set K446,
Consequently, we have

11 . ,
g¢ < gd(4¥) =V(P)
< V(E+4HN P}
Ae®
VIEN (P'+4)}
Aea®

<Vi4Vs oo oo e .. (26)
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where Vy is the volume of the part of P’ which lies on the side of IT, away from
O and V; is the part of P’ which lies on the side of —~I7, away from 0. Since the
distance of IT; from O is greater than t;, it is clear that V,+ ¥, < R,,, so that, by
(25) and the definition of ¢;, we have

1 1
BC<V1+V2<R{1<60,

which is a contradiction that establishes the lemma.
From Lemma 2, it follows as in §2 that there exists an infinite subsequence of

{A®} converging to a lattice 4 with d(4)==¢c. Without loss of generality we

can suppose that the sequence {A®} itself converges to 4. Further Y, .. ., Y,
where )
Yi—lim Y9,
t—>

is a reduced basis of A.
From inequalities (20) and (21) it is easy to see that the parallelopiped P whose

<

. ) -—1
vertices are given by 471 f’ + ...+ Yf:) contains the sphere | X | < ; ( 6 1 ; > in
Va1

its interior. As this sphere is independent of ¢, we easily deduce that given a fixed
sphere C, there are only a finite number of sets of integers (ay, . .. ,%,) such that

there exists a +ve integer ¢ for which the point a, Y;i) +...+4a,Y ff) lies in C.

\
\

Again, since P does not contain any point of A%, except 0, in its interior, it is easy
to see that the lattices A9 are bounded in the sense of Mahler (1946, Def. 1).

Since both K and A% are bounded it is easy to verify that for every point

X of P®, :‘—1—% 8(X, KO+ A) is actually attained. Further, if C' is a big enough
€

sphere depending only on ¢t and ¢, the bd is attained at a point A% of A% which

lies in C. Let C be such a sphere. Let S be the set of integers (a, . . ., a,) such

that for some ¢ =1, 2, . .. the point &; ¥ ;‘74— ... +a, Yf? lies in €. As already
observed § has only a finite number of its members. Therefore for every X in P®
we have

ia(x, KW4d)y= min,  8(X—a, ¥ — ... —a, 7Y, K®).  (26)
AeA® (@15 ¢+ .5 an)eS 1 *

Now define E; to be the set of points (£1,...,£,),0<é <L Ek=1,...,n,
such that for every j > 1 the point & Y4 ... ££,¥% does not lie in K(14A0),
Similarly define E as the set of points (§y,...,£,),0<{, <1, k=1,...,n, for
which the point & ¥+ ... +&,Y, does not lie im K®+/. Then we have

Lemma3: E CE,UE,U...

Proof: Let (£y,...,&,)eE. Then ¢, Y4 ... 4§,Y, does not lie in K04 A,
Therefore,
(&Y + .. +&Y)— @Y+ ... +a,7,), K0} >e >0
for some e and all (aq, ..., a,) in S, i.e. all the points (§;—a}) Y1+ ... +(&—a) Y,

are exterior points of K®. Since there are only a finite number of members of § and
gince Yf) — Y, it follows that there is a j, such that for all ¢ > j and all (ay, . . . ay)
in S,

ST . &Y @Y+ ... +a,T)), KO} >0.
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This means that E1Yf)+ . —f—f,,Yf) does not lie in K04A® for all ¢ >3, i.e.
(&1, . - ., €2)eE;.  From this the lemma follows at once

Lemma 4: Let F® be the set of poinds (£1,...,£,), O <L €, < 1, for which the
corresponding points £, Y+ ... +£,Y9 do not lie in KO+AD. Then
1

TAT < o 2R oo o)

e(F(')) < Rt d

where m,(F®) denotes the outer Lebesgue measure of FO),

Proof: Since A% is a covering lattice for K, the parallelopiped P% spanned
by Y] o, , Y, ) is contained in K+A%. Consequently the points of P® which
are not conta,med in KN4+ A% are contained in R,+A4¢). Therefore, if we denote

by G the set of points of P! which do not lie in K-+ A%, we have
m(69) <D VH(Ret-A) N PO
AeA®
=ZV{R, N (PO+4)}
AeA™
= V(R,N R,)
=Ry .. .. @8

and

me(F(i))=_(lm_) m (G0 < I AM)R¢< R,

This proves the lemma.
Now E; is clearly a subset of F(. Therefore

2
my(B;) <m(F¥) < °R. (29

From the definition of E; it is clear that for every j > 4, E; D E; Therefore,
writing

B —E,UE,U.
we have
mB) <m(E) = lmmyB) < R. .. .. .. (30)
- t—>w ¢

If we denote by H® the set of points of P the parallelopiped spanned by Y5, ...,
Y, which do not lie in KA, it follows that

m (HO) = d(A)m ,(E)<2R*d(/1)=213,. L@

By taking ¢ large enough we can make R, as small as we like. This completes the
proof of Theorem 4.

We end this section with an example which shows that there exists a K with
finite Lebesgue measure for which the possibility that the set of points not lying in
K-}-A be non-empty does in fact arise.



R. P. BAMBAH: ON LATTICE COVERINGS 455

Ezample: Let K be the set of points (z, y), where

o<y lyi<y:
i%‘<a:<é—g,2<y\<;;—%>x>—;—g,—g>y>—;;etc-

It is clear that ¢(K)=V(K)=1. Also there is no covering lattice 4, for
which d(4) == 1, while the lattice A:xz=¢, y =7, £, 7 integers has determinant
1 and is such that the set of points which do not lie in K- A consists of an
enumerable number of lines parallel to the Y-axis and is consequently of measure
zZero.

4. K A STAR-SET.

In this section we shall suppose that K is a star-set,! bounded or unbounded,
We shall denote its distance function by f(X). As before, we shall write K for
the set of points of K which lie in the sphere | X ! < ¢, i.e. K® is the set defingd by

IX!
JHX) = max. gf(X), T} <l .. .. .. (32)
It is well known that K® also is a star-set. We shall denote the volume (not
necessarily finite) of K by the symbol V(K).

TrEOREM 5: There exist star-sets K with V(K) = o for whickh (i) ¢(K) < 0,
(ii) ¢(K) = o0.

Proof: (i) It follows from the result of Davenport referred to in the introduc-
tion that K defined by the inequality | z,@- | <1 has the property (i).
(ii) Tt is well known that if

T, = au+tfv,
Zs = yu-+8v
I, .
are linear forms with real coefficients and determinant A = l[aﬁ #0 and if

T lyd
Y
a/B is not rational, then for any € > 0 and any real numbers ¢;, co there exist
integers %, v such that

' 1
(o1 4e | <e, l(x1+01)(~"32+02)l<1l§~ . .o (33)

From (33) it is easy to see that the set K = f(z) = | (2,2x.)} | < 1 has arbitrarily
large covering lattices. This means that ¢(K) == oo and the theorem is prove_d.

Our next theorem shows that unlike for convex sets with a centre there is no
finite upper bound for $(K) - V(K)/c(K) even when K is restricted to the class of
bounded star bodies.

1 We use the notation of Mahler (1946).
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THEOREM 6:
bd V(K) _

K oK) =%
where the upper bound is taken over all bounded star-sets K.

Proof: Let K be the set |zym| <1. Then K@, the set of its points lying
within-a distance ¢ from the origin, is a bounded star-set. Since K% < K, we have

o(K®) < o(K) < 128. ce e (3

Also V(K")— V(K)= oo as t— oo. Therefore, by taking ¢ large enough we can
make V(K®)/c(K®) as large as we like and the theorem follows.
Our next theorem is the central theorem for this section.

TaroreM 7: Let K be an unbounded star body and K the set of its points lying
within a distance t from the origin. Then

lim ¢(K®) =e(K). .. .. .. .. (35)

{—>

Proof: It is obvious that for &, >¢;, K% contains K%) so that ¢(K®) is an
increasing function of ¢. If ¢(K®) is not bounded above, then there exist real
numbers ¢ such that K® and so also K has arbitrarily large covering lattices. This
means that ¢(K)==co and since lim ¢(K®)= oo there is nothing to prove.
Therefore, we can suppose that ¢(K¥) is bounded above so that ¢(K%)-> a limit
¢7 o as t—> and have to show that ¢(K)==¢. For this it will suffice to prove

{a) For every ¢, < ¢ there is a covering lattice 4 for K for which d(4) > ¢,
and (b) there is no covering lattice 4 of K for which we have d(4) > c.

The condition (a) is clearly satisfied since for every ¢; < ¢, there is a ¢ with
¢(K®) > ¢, and the maximal covering lattice A of K% is a covering lattice for
K whose determinant is greater than c;.

We prove (b) by reductio ad absurdum. We suppose there is a covering
lattice A for K, whose determinant d(A4) = ¢(1-i-2¢)", where € > 0 is a real number.

1+e
X4, ..., X, be a basis of A’ and let P be the corresponding fundamental cell.
Let X = oy X1+ ... 4a,X, where 0 <oy <1foralli=1,..., n be a point of P.
Then there exists a point 4(X) = A4 of A’ such that
1
1+¢€

The lattice A" = I‘.}T‘A is obviously a covering lattice for the set ——l—K. Let
€

f(X-4)<

Since f(X) is continuous we can find an open sphere C(X) with centre at X such
that for every point Z of C(X) we have

f(Z~4) < 1.

In this way we can associate an open sphere C(X) and a point 4(X) of A’ with
every point X or P such that all points in C(X) lie in the set K+ A(X). As Pis a
closed bounded set, we can choose a finite number of spheres C(X) which together
cover P. This means that we can choose a finite number of points Ay, ..., Ap of
A’.such that P is contained in the union of the sets K-+4,,. . ., Ki+A4, Aspis
finite there exists a ¢ such that P is completely contained in the union of the sets
Kt414,,. 1 , K®4A4,. This means that 4’ is a covering lattice for K. Since
dA') = (ke d(A4) > ¢ > c(K¥) we get a contradiction and the theorem is com-
pletely proved.
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We next give three theorems which are consequences of Theorem 7 and are
analogous to certain theorems of Mahler (1946) and Davenport and Rogers (1949)
for critical determinants of star bodies.

TuroreM 8: Let K, K, Ky, . . . be an infinity of star bodies satisfying the follow-
ing conditions :—
(@) to every € = O there corresponds a positive integer N(e) such that -for all
r > N(e), K, is contained in (1+¢€)K.
(b) for every t > 0 and every e >0, there exists a positive integer N(I, ¢) such
that K is contained in (1+-¢)K, for all r > N{t, ). Then

lim o(K,)=c¢K). .. .. .. .. (36)

r— O
Proof: For r large enough K, is contained in (1+¢)K,
therefore c(K,) < c((14-€)K,) = (1+¢)c(K).

Making ¢ — 0, we have
lim sup ¢(K,) < ¢(K).

T ®
Again for r large enough K% is contained in (14-¢)K,.
Therefore (KW < e((14€)K,) = (14€)"e(K,).
Therefore, on making € — 0 and £ - o0, we get

e(K) < lim inf. ¢(X,),

-0
and the theorem follows.

THEOREM 9: Let K : f(X) < 1 be a star-set, g(X) an arbitrary distance function
and t a positive parameter. Then for the star-sets K(X): f(X) < 1, where

fdX) =max. { f(X), t-9(X)}, .. .. .. (37
we have
lim ¢(K,) = ¢(K). .. .. .. .. (38)
t—>

Proof: Since f(X) > f(X) for all X and ¢, it is clear that K, is contained in K.
Also since the set H : g(X) < 1 is a star-set, there exists a number r > 0 such that
H contains the sphere | X | «<{ 7. The sphere | X | < rt is contained in ¢tH, so that

K™ which is a subset of this sphere lies in tH. Consequently K ) 55 contained in
K,. Thus the hypotheses of Theorem 8 are satisfied and (38) follows.

TuEOREM 10: Let g(z;, ..., z,) and e(xy, ..., x,) be distance functions of r
variables and let A(T,41, . .., Z.) be a distance function of n—r variables, where
1< r<n—1. Then the star bodies in R, defined by

n—r

{9y, .. » 2} ™ { W&y, - - - ::.)}T<1 .. .o (39)
and

L At

( {g(zlr LR} 2,.)}'/"{8(2:1, crr :E,)+h($r+1, rres xn)}T< 1 . (40)
have the same covering constant.
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Proof: Let K denote the star-set defined by (39) and K’ that defined by (40).
The substitution
VB =@y, ., VB, =B, Gy =T 51, s T, = T,

where v and p are positive numbers with v"u”-7 =1 as a substitution of deter-
minant 1. Hence, if K, denotes the star body defined by

tin u;'
{g(xAi) }{e(ﬁ )+h< 1 x-)} <1 .. (1)
v v v 73 ©
we have
c(Ky') = e(K') e A .. .o (42)
for any v.
Since ¢, ¢ and h are distance functions we can write (41) as
g(xls e xr)rlﬂgge(xla RS xr)+h(xr+1) ey xn)} < 1. . (43)
Now consider any point (xy, ..., z,) of K. This point satisfies (39) and g, e, &
have upper bounds gy, €, Ao which depend on ¢ but not on v. We, therefore, have
/n( 8+h> < gr/nhT +gr/n<’;: 6)

< 1+90'/"<§ 60) .

If € is any positive number, the last expression can be made smaller than 14-¢ by
taking v large enough. Hence for a fixed ¢ the body K® is contained in (14-¢)K,’
for large v. Therefore
o(K1) < (1+e€)e(Ky') = (1+€)"e(K),
so that
e(K) < ¢(K'),
and by making { » oo

c(K) < e(H). .. .. .. .. (44)
But K’ is contained in K. Therefore
(K" < ¢(K), . .. . .. {(45)

and the theorem follows from (44) and (45).

It is easy to verify that the theorem remains valid if in (40) e--A is replaced by
(e*+2*)1/* where o > 1.

Ag a consequence of this theorem it is interesting to note that for any positive
k, the sets

Koy <1, .. .. .. .. .. .. (48)

Kp:lz|(k|z|+1yl) <1, .. .. .. .. @
and

Kg:lz|(klz |+ |y M <1, a>1, e .. (48)

have the same covering constant. Further, as the set K, =|z| < :/lé, ey | <1
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is contained in K,, while K, is contained in K, it is interesting to see that the set
K, has the same covering constant as its subsets |ay| <1, [2]|<¢, foralle,
however small.

SUMMARY.

Certain general theorems about the covering constant and covering lattices have been
obtained for different types of sets in the Euclidean space of n dimensions.
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