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1. The object of this paper is to evaluate a few infinite integrals involving
modified Bessel functions of the second kind by the methods of Operational
Calculus. Some of the results obtained are believed to be new and interesting.

As usual, the notation ¢ (p) == f (x) means that

$(p) = pfo e?* f(z) d
when the integral is convergent and E(p)> 0.
We shall use the following

TaeorEM. If

f(@) = ¢(p) and p*~Ze? f(p) = g(x)
then

$(p) = 2pa”f0 (p+2) 'K, {2 Jalp+a)} g@)de .. .. (1)
provided that g(x) = 0 (z#) for small z, where R (1)> —1, and for large z, g(z) may
utmost be of the order of o ¢2¥** if R(v—2—$)> 0, R(p)> 0, R(a)> 0.

Proor. Since
a
p* 7" f(p) = g(a)
and (McLachlan and Humbert, 1950, p. 16)

-V

k-
e FaP-1==9p (p—i;) Ko {2/a(p+k)}, R(k)> 0, R(a)> 0

we have, on applying Parseval-Goldstein-theorem (Goldstein, 1932)
oo D
fo e~ flx) dx = 2a”J . (x+k)"K,, (2Va (z+k)} g(z) da.
Hence, on replacing k& by p, the theorem follows immediately.
2. (i) Taking (McLachlan and Humbert, 1950, p. 35)
g9(z) = z* I, (2vaz)

—a? p e, RA)> —1
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we have
F @) = ath a-2-2
= I'(2y—)—1) a® p2+3-2
=¢(p), B@v—-2-1)>0, R(p)>0
Applying the theorem we get

0

-1 — S,
piHa-zv JT%fTT) M (p+a)r I, @Var)Ko (2 ValpFo) ) de .. (2)

valid, by A.C. (analytic continuation), for B(})> —1, R(2v—A—1)>0, largp| < =,
larga| < m, 70, p#£0.

(ii) Starting with (Mitra, 1933)
$(p) = 29K, (V2pa) I, (V3pa)

ot (&) =

we have on term by term interpretation,

v i fpy o BRI ( )
pr-%e? f(p) = Tt D) oF 1 [ u+1; 7

T T(p+1)TCv+p 2 16
= g(z), B(2v4p)>0.

Therefore, by the theorem, we have

- (3a)# x?+r-1 F, </.L+]. 2V+y 2v4pu4-1 a2x2>
)

9 H Gut+v J"O v wip-1
M DT @m ) o 2T "

X sz {2~/a p-l-x)} oFs <;l+l 2V+[.4 '2_11_-&-,1—-}-1 a2x2> i

K (~/2pa) I (JZpa)

2 * 1
(3)
valid, by A.C., for B2v4-u)> 0, |argp| < =, |arga | < @, p£0, az£0.
Since
2 %x) ’ v+2 v41 22
ber,? (N 2z )+ bein¥(v/2z) = 7 1) o3 <v+l, 5 o ;E) )

we have on taking v = } in (3),

E,(V2pa) 1, (V2pa) = Va f o (P+2) T Ky {2/a(p+a)}

X {ber#z’(J%E)—l-bei#z(\@a_x)} dz .. (5)

where R(u) > —1, |argp| < =, [arg a | < =, p£0, a£0.
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(iii) Next taking (McLachlan and Humbert, 1950, p. 51)
-2 a
f(-’lf) =xFe ¥ Wk,m(;;)

= 2va?"" Ky (2Vap) = (), R(p)> 0,

we have

P2 fip) = pE-h e W (2>
k,om P

e I'(—2m)(aa)" "
St Z {F(;—m—k)l“(lc+2v+m—%)

m,-m

X 1Fo(3+m—k; 14+2m, b+2v4m—1}; aa:)}
=g(x), Rik+2v4-m—3)> 0and 2m not an integer.
The theorem then gives

Kon(2Vap) = a"  pt~* f 0 (p+x)~" 2t+2-2 Ky, {2Va(p+7) }

(—2m)(az)™t?
z I'i}—m— IcF(k+2v+m— )

X 1 Fa(34+m—k; 142m, 2v+k+m—1; ax)}dx ..

valid, by A.C,, for R(k+2v+m—1)>0, |argp| <=, |arga| < m, a#0, p#£0.

A few special cases of (6) are worth mentioning :
(@) When &k = m+14%, we get

— Vim m
K, (2Vap) = f%é—m-{-%jj (p+2)~"atmt2-1 Ky, {2Va(p+)} dz..

Rim4»)>0, |argp|<m, |argal < 7, p#£0, a20.
(b) If we take v = }—Fk, and use the relation
2K, (24/7) = z I(—v) 2 oFy (14v32) ..

Vy =V

we have

-k @
Ky(2Vap) = G- k+1(1:p)(%——lc—-m) f o (e TieTit

x Koy {2Va(p+2z)} Keu(2Vaz)dz ..
Ri—kdtm)>0, |argp| < m, |arga| < =, p£0, a5£0.
(c) Finally, we take v = 2m+} and k = —m and use the relation
O (u+ 1) (K () = T() 1Fad; 14p, 1—pi3 22)
+ 2% I(—p) 1 Fo 3+ps T4p, 14245 22)

(6)

8)

€)

(10)
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we then get
2 S rem 2am+2 pm+§ -2m-3 2m
sz(lJap)_ —m f (p+=) x
X Kini (2Va(p+2)} Lon (Vaz) Ky (Vaz)de .. (1))
R(m)> —1%, largp | < m, |arga| < =, p5#0, a£0.

(iv) Now taking (Meijer, 1936, p. 18)
a
~3p-4 =
flx) = e 2x W#, u (x)

2,
= Jﬂ,a&"‘pz"ﬂ K, (Vap)

(4p+) )le(’,l+2,uy4,u+2v ax)

(2 (ax) "+
(DT Cu+2v) "
=g(x), R(u+v)>0, RQ2u+v)>0.

Applying the theorem we have

:x3[l-+2v_% { F(—-Q'u)(ax)#+%

o —2p; 1=2p, 2u42v; ax)}

K (Nap) = Nmp-2# a¥+e f | () Ky, {2Va(p+o)}

f_ =2a)
T —2p) (& +2v)

I'2p)(ax)—#
I'HI2u+2v)
valid, by A.C.,, for R(u+v)>0, R2u+v)> 0, largp | < 7, |arga | < =, p5%£0, a5£0.

In particular, taking 2u+v = 4 and using (8), we get

1Fo(}; 142p, 4p+2v; ax)

+ 1Fo(3—2p; 1=2p, 2u+42v; ax)}dx (12)

(N/ap) 2*}112#——;%)# (p+x)2f“* z-#-} Ky, (2Vaz)

X Kyp_y {2ValpF2)}dz .. .. (13)
Ru)< i, largp| < m, larga| < =, p#£0, a£0.
On the other hand, if we take v = $—3x and use (10), we have

 (yap) = YT Tt
0

X Koy 1{2v/ a(p+2) H -ou(V 02) Kou(V az)dz .. (14)
Rp) <}, |argp|<w farga|<m p7#0,a7%0.
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(v) Next taking (Meijer, 1936, p. 19)
ey =z w, (%)

= 2;1)3/2\/§ Kuii(Vap)Bu_y(V ap)

= ¢(p ) >0, R(a) >0,
we have

P22 i’f pl-2 ZPW% #<a)
p

e T(—2p) (az)+ L. }
e S {F(—F)F(%+F+2)1F2(/" 124, 2v4ptis a)

= g(z), R2v+tp+1) >0
Hence, by the theorem we get

Kuvi(Vap)Ku_y(Vap) = @ \/;J' (p+a) Ko {2\/a(P+m)} 2 -4
. !

1" 2 *

valid, by A.C., for
B2v4u+3) >0, argp| < =, larga| < =, p#£0, a £0.
(vi) Lastly, taking (Watson, 1944, p. 439)

_a+B —
f(x) — i o x Ky(z‘\iaﬁ)

(ZV@)Ky(ZV@)
= ¢ ) >0, E(B) >0, E(p) >0
we have, on taking a = (\/oc+ \/}3)2 in the theorem
(Va-++/B)? 2Jaﬁ
e P fipy=pTe ? ( \/pr>
2./aB

= ipl-Te * z zp(-p)<\;gﬁ)#eﬁ'x<l+p; %g)g
o —p

= ip' z {P(—F)<\/paﬂ #1F1<,u+%; 2u+1; 4\;'15)}

s =

by virtue of the relation

]_Fl(a; 2“, 22) = ¢* 0F1(d+%; %22) .. .. . (16)
5B
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On finding the original function, we have

<y r
g(x)=%x2”-1#2#{,:(~2(m(\/aﬁw) Falutds 20kl 245 4v/afz) |
B(2vtp) > 0.

Thus the theorem gives

2Ku(24/ ap)Ku(20/Bp) = (Va++/B)" J (p+2) " Kn{2(v/ a+v/B)Vp+z}
0
xar1l S I%V:f;—)(\/ﬂx)" Folutds 2t 2v+p;4\/EB‘x)}dx Lo

valid, by A.C., for
R@2vtp) >0, ]argp| <, |arga]| <, [argB|< =, p#£0, a £ 0, B#0.
In particular, when v = %, this result simplifies with the help of the relations

. ks —
K%(Z) = 2~ze . . .o .e (18)
I'3+2)I'(3—2) = 7 sec nz . .. o (19)
and
V7 l(22) = 2% T2+ ) ee e (20)
to

Kul2n/a7) K(2y/Fp) = oos (;m)J (g oty te 2 VTS
]

x Kglan/v/aBx)dx .. .. .. @1)
(Blu)| <3, [argp|<m, [arga|<m, [argB|<m p#0, a0, B30,

3. It is possible to transform the theorem into another form which involves
Whittaker function. For example, if we use the integral (Goldstein, 1932)

—_ ° - f—}u
2K2v(2’\/x) o= x}‘lJ‘ [ “ ul-ZWl, v (u) du . e (22)
0

in (1), taking a = 1, we have

® P4z

¢(p)=pj (p+x)*"‘"y(x)dxj e Y W, (w)du
0

0

0 p Pl x
- —3u -
= pJ e ¥ wEIW,, (u)duj (p+ax)t-r-le “g(a) da

0 0

on reversing the order of integration, a process which can easily be justified if, for
small z, g(z) = o(z*) where R(u) > —1, and g(z) = o(?) for large =.
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The result may then be stated in the following form : If

1
fl@) = ¢(p) and p>~2 ¢” f(p) = g(2)
then

u
d(p) = pJ. e ¥ w-2Wyy (w) Flp, w)du .. e (23)
0

where

=)

P(p, u) = J (pta)-r-te

0

RN

g(x) dx

provided that the integrals are convergent.
As an illustration, we take (McLachlan and Humbert, 1950, p. 16)

1
x

fla)=e *a-n-1

= 2ptn+1K,(24/p) = $(p)
we then have
1

P2 & flp) = pm-w
2V tm—1
= T m) = g(#), R(2v+m)>0
and

xz x

! : ~a
F(p, u) = mj (pFai-v-tp2vim-1e * gy
0

P
— oo m—-l- 2
= g~% (pu)}(l’+ 1) uW_%(3v+1+m_;;), yvEm—l4d) (u)
R(2v4m) > 0.

on using the integral (Whittaker and Watson, 1935, p. 340)

J t”‘(t+z)ﬁ e~*dt = F(a-}- l)ei’k zi(m‘l'ﬁ)
0
X kmHABENW 0 _o), arprny(k), Blatl)>0.

On applying (23), we get

; Y
2K.(2V/p) = pt-t-b | ¢ w ypvimii-$)
0

X Wi v () W_yiavriem—3), 404m-141) (5) du (24

The restriction B(2v+4m) > 0 may now be removed by A.C. When m = —2v,
this yields (22).

I am grateful to Dr. R. 8. Varma for his guidance and interest in the preparation
of this paper.
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