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The purpose of this note is to present a simple proof of the rule usually given
for obtaining the spectrum of normal frequencies of a crystal. The rule is that the
distribution of frequencies is the same as those of a hypothetical crystal satisfying
the ‘cyclic boundary condition’. We shall in the following refer to the hypothetical
case as the ‘mathematical crystal’.

Arguments for this rule have been given in many contexts, the most complete
proof being probably that given by Ledermann (1944) but, in view of the fact that
there is still some controversy about it, it may be useful to give yet another proof,
based on a more physical reasoning.

For our purpose ‘spectrum’ refers merely to the position of the characteristic
frequencies. No statement is implied about their occurrence in the emission,
absorption or scattering of light.

The rule must be understood with the following limitations: (a) it is not
claimed that the normal modes of the mathematical erystal are identical with
those of the real crystal. (b) It is not claimed that the exact values of the
frequencies are the same in both cases, but merely that the distribution, i.e. the
average number in a frequency interval 4w large enough to contain many frequen-
cies is the same in the two cases to the leading order in N, where N is the linear
dimension of the crystal in terms of the lattice spacing. Our argument will be
formulated to cover three dimensions and the presence of several atoms in the
unit cell. This will make our notation somewhat cumbersome ; to avoid adding to
the formal complications we assume the lattice to be of cubic symmetry and take
a unit cell of cubic shape. We also assume the crystal to be a cube with its edges
along the crystal axes. The argument could easily be freed also from these
restrictions, at the expense of some slight further complexity of notation.

The idea of the proof is to show a connection between the frequency distribu-
tion and the propagation of disturbances through the crystal. In particular, from
the knowledge of the propagation of disturbances over times up to a certain time
r, we can uniquely determine the frequency distribution except for its fine structure
which concerns frequency intervals less than 1/, Now for a disturbance starting
from a point distant ! from the nearest surface, the propagation will be the same
as in an infinite crystal for a time less then I/e, where ¢ is the maximum velocity
of sound. Hence, for a crystal dimension of 1 cm., and with ¢ ~ 105, I/c will be of
the order of 10-5 sec., and larger than say, 10~1¢ sec., for practically all the
crystal. It follows therefore that over such times the propagation of disturbances
is the same in the mathematical and the real crystal, and hence that the frequency
distribution for the two is the same except for oscillations in frequency intervals
of the order of 1010 sec.~}, (corresponding in spectroscopic terminology to about
06 cm.-1).

A very similar reasoning was used in an earlier paper (Peierls, 1936) concerned
with justifying the cyclic boundary condition in the derivation of the equation of
state of a relativistic gas. There are, however, some minor differences between the
two problems, the crystal problem being, on the whole, the simpler one, and it is
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therefore easiest to explain the method anew, rather than to rely on the results of

the earlier paper.
We assume our crystal to be a cube, each side containing N cells, so that each

cell can be enumerated by three integers,
1<ny,ng, g <N, .. . . .o (D
We label the position of an atom within the cell by s,
I1<s<p .. . .. . 2
The three co-ordinates will be distinguished by a suffix p
P=%Y,7 .. .. .. . o (3

Then, if the p-th co-ordinate of the s-th atom in cell » at time ¢ is denoted by
T4 (7, t), a normal vibration is given by

Tos (1, 1) = aps (n) cos (wyt—1yy) .. . A (- 3]

Here « labels the normal modes
1 <a<3pN e e e )

w, is the corresponding (circular) frequency; y, is a phase. The coefficients and
the frequencies are, in principle, to be found from the equations of motion and the

boundary conditions.
It is known from general theory that the amplitudes a are orthogonal in the

sense that
33 Sationtom, =0 a2

ms being the mass of the s-th atom. They can be normalized so as to make the
sum equal to unity when « = §8; with that convention we have

ZZZa (n)a (E)m3=5aﬁ .. .. .. (6)

8, being the Kronecker symbol, as usual.
Conversely it follows that

, 1
Z Ps(n)a/,(n)=—7y788ppf 888' 8””1 .o .. .. (7)

o

We now want to consider the distribution of frequencies wy,. To find the

number of frequencies within the interval w34, w—3}4, we should obtain the
quantity .

Flw) =Z Dlwy—w) .. .. .. .. (8
where
1, |z)< g
D(x) = AA
0, |[z{>3

2
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However, this definition is not convenient, because of the discontinuity, which
means that whether a certain frequency is counted or not depends on its precise
value. It is therefore more convenient to use a smooth weight function for D
to which we give the following properties :

J Dxyde =4 .. .. . o9

D)<l ifz>4 .. .. . .. (10)

In addition, D(z) is to be a smooth function so that its Fourier transform con-
verges rapidly ; if

e o]

* —iTw r +v"ra;
g(7)=él;j e D(w)dw;D(w)=J ARl TE S 0 §

the condition

git) £4 1f1>>% .. .. .. .. (12)

is compatible with (9) and (10). For instance, a possible choice of D is

1 2242 _ 4 a2
’\/2—17 e ] g(T) - 2ﬂe
It is clear that, with this definition of D, the expression (8) represents the

spectrum of vibrations except for the fine structure, provided 4 is small compared
to the maximum frequency w

D(z) =

max *
It will be convenient in the following to replace F(w) by

G(w) = F(w)+F(—w)

=Z[.D(wa-—w)+D(wa+w)] N &)

Because of (10) the extra term vanishes in fact, unless we are concerned with the
very low-frequency end of the spectrum, where w ~ 4, otherwise, since the w, are

positive, w+w, will certainly appreciably exceed 4.
Now insert the Fourier transform (11)

Fw) = z J. dr g(7) Lei“’a"' e'?'w7'+eiwa-r e+im-r]
o

= J.dn- 2g(7) cos wr Zeiw“‘r .. . .. .o {14)

o

If D(z) is an even function, g(r) will also be even, so that (14) can also be written

as
o0

Glw) = 4J dr g(7) cos wrz COB w,T .. . .. (18)

0 -2
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However, because of (12) it is sufficient to include Fourier components belonging
to values of » not much greater than 1/4, say up to /4, where ¢ is a numerical
constant. We write

e/d
G(w) = 4J‘ dr g(7) cos wr B(1) .. .. .. (16)
0
where
¢(T)=Zcowar, r<eld .. .. .. .. (1D

[+4

Now we show that ®(r) has a simple physicdl significance. For this purpose use
the identity (6) to write (17) as

Or)=> > may, (n)ay, (8) cos wyr

o py8 N
=Z¢M(T) O ¢ £
psn
with
¢M(T)=stags(n)azs(@) €08 w,T .. .. .o (19

This quantity has the following meaning: Let at =0 all atoms be in their equilibrium
positions except that the s-th atom in cell n is displaced by an infinitesimal
amount & in the p direction, and is there released from rest. Then the value of
the p-th co-ordinate of this atom at time 7 is exactly 8.4, (1) .

To see this, remember that the general solution of the equation of the motion
is given by

g (n, t) = Z Co a,ofs (n) cos (wuf—py) -. . .. (20}
o

the ¢, and y, being arbitrary .

We require that solution for which all atoms are at rest at ¢ =0, which
requires that all y = 0.

Furthermore, to satisfy given initial values x,, (n, 0)
o
2, (1, 0) = Z Cal(® .. .. .. @)
[+

We can solve this for ¢, in the usual way using the orthogonality relation (6).

Multiply (21) by a particular a:;g () and by m, and sum :

¢, = Z Zma aza (m)=,, (2, 0) .. .. .. (22)
pen
Insert in (20)
Tpg (n, 8) = Z Lyrgr (n', 0) Z mgy :a (n) a;‘,s, (n") cos w,t .. (23)
Plal’—‘l a
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(23) expresses generally the co-ordinates of any atom at time ¢ in terms of those of
all atoms at time 0. If at time O only one co-ordinate is disturbed, the sum on
the right contains only one term, and the same co-ordinate at time ¢ becomes then

Zog (n,t) = Ty (n, 0) Z m, aza (n) a,:‘g (n) cos wgyt
¢4

which by comparison with (19) is
%5 (% 0) bpgn (t)
This proves our statement about the ¢, .

Now it is known that a disturbance will propagate in the main with the group
velocity, and that at time ¢ a disturbance starting from cell # will be negligible
at all points in the lattice distant more than ¢f from n, where ¢ is the greatest
value of the group velocity (for either the ‘acoustic’ or ‘optical’ branches). Its
order of magnitude is the same as that of ordinary sound velocity.

To be precise one should remember that in a dispersive medium there exist
‘precursor’ signals preceding the main front, which advances with maximum
group velocity, However, their amplitude diminishes exponentially with the
distance from the front,

Now compare the value of ¢y, () with the same quantity for an infinite

crystal. Let the distance of cell from the boundary of the actual crystal be I, .
Then the solution of the time-dependent equations for the infinite crystal will
almost satisfy the boundary conditions if 7, > ¢f. The amplitude at the boundary
will depend exponentially onl,. To satisfy the boundary conditions exactly we must
add a reflected wave of similar amplitude, and its amplitude at cell n will, in fact,
vary exponentially with 2I,~ct. Hence the difference between ¢ and ¢
decreases exponentially with 21, —e¢t .

Now divide the crystal into an interior and a surface part, the ‘surface’ part
extending to a depth BN, where 8 is a suitable small number. The total contri-
bution from the ‘surface’ terms to the sum (18) is then of the order of 68N3 com-
pared to a total of N8 and their omission represents a relative error of the order 68 .
On the other hand, the remaining ‘internal’ terms belong to points distant from
the surface by more than SN atoms and their contribution is therefore equal to
those of an infinite crystal exeept for corrections decreasing exponentially with

2 BNa—ct .. .. .. .. .. (24)

Except for these errors, the ¢ functions are the same as for an infinite crystal and
algo the same as for the ‘mathematical’ crystal with the cyclic boundary condi-
tion for which it is easy to write down the spectrum explicitly.

(It is equally easy to write down expressions for the gb:s {n) for the infinite

crystal directly and thus evaluate the spectrum of a finite erystal without using
the eyclic boundary condition at all ; the answer is, of course, just the same.)
To illustrate the quantitative side, assume a orystal of 1 cm. thickness

(¥ ~ 108). Choose § = 10~ and 7 = 107 sec. agsuming ¢ to be about 105 cm./sec_

Then the omission of surface atoms in the sum (18) causes a relative error of
68 ~ ‘08%, . The boundary correction for the ¢ for an internal point is an

exponential function of (24) in which the positive term is at least 10™* and the
negative at most 107°. Heuce we get an exponential function of an argument

10" *cm. or 10* lattice constants. Both these errors are therefore negligible for
practical purposes.
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On the other hand, our choice of + means that in the Fourier integral (16) we
lose components with 7 > 10" gec. and therefore the fine structure of the spec-

trum G(w) over frequency ranges less than 4 ~-§_ ~ 10" gec.”!. In spectroscopic

language this corresponds to about 1010/21:-0,_ ~ 06 cm.”"s (c, being the light

velocity) a fine structure which would not normally be resolved if it existed.
Clearly these numbers represent generous limits and much closer estimates could be
obtained.
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