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INTRODUCTION

The Angelescus set of polynomials [I7,(x)] of degree n in = are defined as

IT,(x) = e (d%) {e "4,(x)} .. .. .. (D
where
A.(2) = (ag, ay, ag,..a, )" .. .. .. o (®

Shastri (1940) gave some recurrence relations for these polynomials and also their
relations with well-known functions. In the present paper a Stieltjes integral
representation of these polynomials has been given and it has been shown that the
only orthogonal sub-set of this set is the set of confluent hypergeometric poly-
nomials, the most well known among which is the Laguerre polynomial. This
problem has also been treated in a more general form, by Meixner (1934) and
Sheffer (1939). Meixner has used the generating function relation and Laplace
transformation and Sheffer has used a property of zero type polynomials. I have,
however, used the integral representation for these polynomials as given in the
present paper. With the help of the integral representation some finite and
infinite series involving Angelescus polynomials have also been summed.

I. SeEr oF ANGELESOUS PoLyNOMIALS

We begin by proving the lemma :
The set of Angelescus polynomials is given by
2]

=J L@+t)dBt), .. .. .. .. (3)

I1,(=)
al

where L,(z) is the Laguerre polynomia“i of degree » in = and B(¢) is such that for
n=20,1,2,3,....the moment constants [u,] given by

pﬂ=f t* dB(t) exist and po£0. .. .. @

-0
Proof : From equation (2) it is obvious that

4 {Anm} Ap1(z)

dw { ! § = ma—1)1"
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which shows that the set of polynomials

A.(x)
I: nl

belongs to the Appell set. It was proved by Sheffer (1945) that an Appell poly-
nomial P,(z) can be represented as

mm=j(ﬁ?wm
0

if p,,=J t"dB(t) n=0,1,2,....
0

exist and puy # 0.

Without any difficulty we can say that under the conditions on B(t) as given in
~ the lemma

hm=J EED” gas

~©

Hence using (1) we have

H;;(!””)=e= ((%) {e"J (x:f)"dﬁ(t)}

o f“ <(%). {e (:U-I—t)n} 280

There is no difficulty in diﬁ'erentiating under the integral sign, since the differen-
tiated integral is uniformly convergent for all finite values of n and 2. We get

therefore
Pft)
d 1 -4 (@40)"
— p® t LA
nl ¢ ] ¢ [ {d($+t)} {e n! E ]dﬁ(t)

=e | ete L (zt0) dBY)

-0

il

= L(z+1) dB(t),

DY

-0

where we have used the well-known Rodrigue’s formula for Laguerre polynomials,
This establishes our lemma.
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II. SoME SERIES INVOLVING ANGELESOUS POLYNOMIALS

Resurnr 1. For all finite values of w

Multiplying both the sides of (3) by :‘f:! and interchanging the order of summa-

tion and integration on the right hand side we get

2 Dl r 2 Lz+t) 2 ()

if the integral on the right exists.
Now, from Szégo (1939 ; p. 98) we have

ZL(x Li;=ewJo(2\/x—w).

,‘;’—=e"’f Jo(2ValwtD} dB)- - - O

-0

Hence

L ot _ g J Jo {2V tD) ) a8t

—a0

Resvrr 2. If Ig(z) is the Bessel function of purely imaginary argument

wW(t41)

w(z+y) @ ) . _wit4t)
¢ 1o Z’L(“)”—"‘y)wn:J dB(#)[ Iy {2\/“+t y“’} = 381, (6)

n! n! l—w

n=0 —

whenever the integral on the right exists.
Using (3) we get on interchanging the order of summation and integration,
whenever it is possible to do so, that

S (@) L) ,, J dap(t) Jf > Lufa+1) Ly +t)w"dp()
-0 —p #=0

o nl nl
_W(zty+itt))
iy 1-w
_ , 24/ w(z+1) y+t’} dp(t)
__J’ dB(t)J ooI { —w T—

Wherein we have used the Mehler’s formula for Laguerre polynomials Szégo (1939 ;
p- 98)
a0
2
Z “’"=exf’{'(x+y>1f } { }/zyw}l—w

+ )_.a_’-
Now multiplying both the sides by ¢ 1-® we get the rosuls.
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hid Hv(x) = — iﬂ,,+1(x) . (7\
v! de(z4+ 1)1 ’ h o

V=0

Resurr 3.

We get from (3) that

i”v”(f) = r S Lis+0 sty

_ j ”_i_l[Ln<x+t>-Ln+1<x+t>]dﬁ<t>

4
_ J 2 Lrsalo+t dat)

_ G Dy ()
dz(n+1)!°

Wherein we have used the well-known recurrence relations about Lafruerre
polynomials,

III. TeE ORTHOGONAL SUB-SET

It is a well known result that the necessary and sufficient condition for a
polynomial P,(x) of degree » in x, to be orthogonal is that it should satisfy a
difference equation of the form

P, () = (=a,x+b,) Pp_1(2)+CoPr_2x), .. .. (8

where a,, b,, ¢, are constants independent of z and ¢, is negative.

From (3) it is clear that a particular sub-set of Ancrelescus (1938) set of polyno-
mials can be obtained by properly choosing the function B(t) and that for different
B(t) we will get different sets of pclynomials all belonging to the Angelescus set.
We will now apply the condition (8) to (3) in order to search for what functions 8(t)
do the polynomials IT,(x) satisfy the condition of orthogonality and from there we
will get the desired orthogonal sub-set.

Using the expansion of Laguerre polynomials ag+

L+t = > (= )“(V) (= :‘;””

v=0

=2(‘)”(75)2 <>1| Lo L @

y= =

=,Zo(—-x)()”§:( ( )(V-*I-T)
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we get
_ _ N=7 — _VL—
’Z ? ()E( [ ) e
=ho o o et e i) Lo
Z ()z n— r\ By
v v+r)'

wherein we have seperated the terms containing «” and 2"~' from other terms.
In like manner we may write

(—ayz+b,)

O_@ a(—z" vt ( Bagto
T~ =T Hot (=2 {m-—l)t

_ Mo 1
+(n=T)a, ((n—%t‘(n—l)!) }
n-2 #—-r-1

+ > (T > = (rrt) e

7=0 y=0 v v+n)!

+ (7:: 11 ) - Z (_)v(n:r)(»ivr)!} '

=0

(11)

Now, if —=— a ( 2) satisfies (8) we get on equating the coefficients of #* and a"~! in
the right hand slde of (10) and (11) that

; 1
@y = ~,
n
) (12)
Ho Hig __ aHo _ o p
nd gttt = e o o (G - )}
p=Zrlde o ay
n
where
a= £, .. R ¢ )
Mo

and comparing the coefficients of the remaining powers of « on both sides of (8) for
r=0,1,2,....,n—2, we have
4B
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n-2-r n-y
n—2 y[p—r=2\ 8  [n v[(P—T\ M
0"( r ) Z (=) ( v ) (vrt (7‘) Z (=) ( r ) (v+n!

v=0 0
n-r—1
n—1 , (n—r—1 Uy
_< - )b,. ZO(—) ( ’ )—M!
n—1 IR o [n—r Ky
+(r—1) o 2:0(—) ( v )<v+r)!'

Putting the values of @, and b, in this we get after some rearrangement

n~2=r¢

n—2 y [n—r—2 b 1 fn < v f[n—r
0"( r ) Z (=) ( v )(v-i—r)!_;z(r)Zo(—) ( v )

v=20

Hy
X (v—r)’ [—a:(n—-r-—v)——{n2—n(2r+2v+1)+r2+rv+r+v}:| .
From the above equation it is quite clear that C, should be a linear function
of « in order that the term containing « in the right hand side may be balanced by
& corresponding one on the left hand side. Let us therefore put

C,,=ZL%}(oce,+d,,), A 1)

e, and d, depending only on # .
Transposing we get

z (=) (n-v—r) (v_—:fl:‘-fr_ﬁ l:——oc(n-—r—v)—{n2-—n(2r+2v+1)+r2+ru+r+v}

yv=0

—(n=—=r=v) (R—=r—p—1) (d,.+0t€n)] =0

or, Z}(—)"(":’)@__’;};ﬂ[—a(n—r—u){1+g"(n__,__v_l)}

—{m2=n(2r42v+1)Fr24rv+r4+v+d,(n—r—v) (n—y—r—1 }] =0.. (16)

It should be noted here that the above equation holds not only for r = 0, 1, 2,
«.v.,n—2 but also for r = n—~1, n. In the first case it gives the relation (14) and

in the second case it shows that ug 7 0.
The above equations on being solved will give us the values of u,. Now, from
{4) we see that u, is always independent of » and we will utilize this fact to show

that

a
d,,=—1ande,=77_—I. .. .. .o (17)
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Putting r = n—2 in (16) we get
pon—1) [—a(l4e)—(d+ )] —pm{—a+n—1)}+p =0
pe = —pra—pie(n—1)+po(n—1) (d,+1),...

which shows that in order that us be independent of n, ¢ and d, must satisfy (17).
Therefore we can write

pe = —pa—apy = —(@—Dp;+(@+lapo .
With these values of e, and d, (16) reduces to

T I SR Pa—"
0

r=20,1,2,........ , M. .. .. (18)
We will now show that the system of equations (18) is equivalent to the system
pa=—(@—n+lu,_ +al@+l)(0—1l)p, o, .. .. (19)
for n=123,.
if we take p—1=0.
Putting n—r = p (18) reduces to

z( =) < )(v—{-n—p)'[ {<l_pn:1 )+Zil(p—-v—l)}a(p—y).

+v(v+n——p)] =0

o > (=Y (1:') (T-FEL—E)? [—{(n+v—p)+(a+1) (p—v—1)}

v=40

a(p—v)+v(v+n—p) {v+n—p—1)—(r—p)}]= 0

VY
p N\ ( )f‘v
or, Z PR [—a(@+1) (p—v) (p—v—1)+v(y+n—p) (v+n—p—1)

+(a—v) (p—») (n4v—p)] =0

p-2 v p-2
(—)p! (a+1)‘1#p (-—')vlu’v+2p! 1P
Z( -

or, =0(p"'v—2)! Av! (r+n—p)! =T+ vtn—p)!  (n—p—1)1
p-2
(<Pl 2! @=v=1)  peap
+ZO p—v—2)! (v+1)! (v+n—p)! (@—p-=1)! =0
i e (g, —a(p+1) @+ p,+(@—~v—Lp, 1=0
& (p—v—2)! ¢+1! (v+n—p)! Fvag By phyy 1] =
(20)

From (20) it is quite evident that if (19) is satisfied (18) will automatically hold.
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To prove the converse we use the method of induction. We have already seen
that (19) holds for » = 2 and it can easily be verified that it holds for n = 3 also.
Let us now suppose that it holds for n = 1,2,....,m. Then putting n =m+1 in
(20) we get

m~1

(—)vp ! {;L,+2—(V+].) (a+ 1)f‘v+(a—v—'1)yv+1}

T2 T T T GFn=p)! =0

=0

<

Whence
P Ha—mp, —mla+1)p, =0,

because by hypothesis the other terms reduce to zeroc. But this equation is
obtained by putting n» = m+1 in (19). We thus see that if (19) holds for n = m it
also holds for n = m+1. Hence it holds for all positive values of «.

IV. Tae Fuworion B(t)

We have now to determine the function B(f) when p, satisfies the difference
equation (19). It has to be noted that B(f) is independent of n. Substituting
from (4) in (19) we have forn =1,2,....

20

J t"dﬁ(t):——(a—n+l)j t"'ldﬁ(t)+a(a+l)(n——l)J £*~2 dp(t)

- -0

—(a+l)J t""ldﬁ(t—J t"d® B(t) -—[t"dﬁ(t)]

a+l)[ " ldﬁ(t)] a(a+1) f "Bt |

o

—@

Where we have assumed B(f) to be absolutely continuous. Taking

[tﬁ"ldﬁ(t)]m =0 n=1,23,...., .. .2
and we get ) '
{t-+(@+1D)a} 2'9 Dperatn®0ome o e
such that
r dT(@ de=0. .. .. .. .. (23

Integrating (22) we get

11
dﬁ(t) =t ag—1 T(u)e“du :l.
= ¢ t+aata) [A+J(_-—u+aa+a)““
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This implies the existence of the integrals of the form
~ “
T(u)e du
(u+taa+a)**

so that we find from (21) that the limits of integration would be (—aa—a, o),
an<<1.

Let us now define

ki

Ty(t) = (_i_%t_) +ce”t ttaata)?* s - . .o (29)

and determine ¢ such that

J Ty(t)dt = J [‘_’l_’g.r(t‘) +ce”t (t+aa+a)“°“1:| dt=0... (25)

Again, we have, when ¢ is an integer > 1

j 1C) d {(m+aa+a)a“+i'le"} dx
-au—-o

e~ (@t anta)?@1dT

@®

= I:(x+aa+a)i {(% B(z) + ce™* (m+aa+a)mx-1} ]

-l -2
+ J (@+aoata) 1 T(z) dz
- -
=0. .. .. . .. . ce e e (26)

The integral vanishing by virtue of (23) and the integrating term vanishing by
virtue of (21).

But we find that the left hand side of (26) is
J T1(x) {(aa+i—1) (@tanta)~t — (x+aa+a)i] de =0,
—ax-o
Now putting ¢ = 1 we find with the help of (25) that

J‘ T(z) (x+ae+a)de =0,
—-aQol=0

ie. j zTy(x)dx = 0.
—-G -0
Similarly putting ¢ = 2, 3, 4, in succession we find that

J 2?Ti(x)de =0 .. .. .. .oo(2n

- Q-0
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i.e. T'y() is a function whose moments of all order vanish. Hence for all practical
purposes we can neglect the function 7'(¢) and write

Ei%gi) =Ade ttaxt)?* ! 0 >t> —ax—a
= Be ™ a1 w>t>0
With this value of d—g-gi) we will find the generating function for Angelescus
Polynomiéls to be of the form
I'(ao)
(l_t)—au

which is of the same form as that of Laguerre polynomials.
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