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Cantor Bendixon theorem gives an upper limit to the stage at which the
process of repeated derivation* of a set in Euclidean space stops. The final
form of the result given by Cantor {1884) is: For every subset X of a Euclidean
space there exists an ordinal y [ = y(X)] of the first or second class such that
XY the y-th derivative of X, = X+ This note gives a partial extension of
this theorem for spaces other than Euclidean spaces. The result is based on
the notion of ‘intersection character’ of a space at a point, which is defined
by Alexandroff (1924) as the least cardinal number of a family of neighbourhoods
of the point whose intersection is the point. The intersection character of a
T,-space is evidently defined at every point. Also for a Euclidean space the
intersection character at every point is Ny, so that N, is a regulart cardinal
number greater than the intersection character of the space at every point.
Cantor Bendixon theorem implies that for every subset X of a Euclidean space,
X{@1) = X(@1+1) (4, being the initial ordinal corresponding to the cardinal N, i.e.,
the first ordinal of the class of ordinals each having power X,). The following
result will be seen to be a generalization of this statement.

If R is a regular space (i.e. a T,-space in which every neighbourhood of
any point contains the closure of another neighbourhood of the point) whick is
locally bicompact at every point and N, any regular cardinal number greater than the

intersection character of R at every point, then for every set X C R, X(@a) = X(wx+1)
If possible let p be a point of X(“x)—X(@x+1) Then p is an isolated
point of X(“«) and hence has a neighbourhood U such that U N X(®a) = p,
Since R is regular, U O V, the closure of another neighbourhood ¥V of p. Also
since R is locally bicompact at p, p has a neighbourhood W such that W 'is
bicompact. Let N, denote the intersection character of R at p. Then p has
a set {U‘y}y(wp of neighbourhoods such that I Uy =p. Let V, = U, NV N IV,
y<w,
Then Vo N X(¥a) = p and IT Vy = p. Hence for each of the sets Vo— Vy (which is
'y<mp
closed since Vy can be taken to be open), (Vo—Vy) N X(wa) =0, and V, =
pUZ (Vy=Vy). Also X“x) N (Vy—Vy) is the inner limiting set of the decreasing
y<w, _
series of closed sub-sets {(Vo—Vy) N XA}, B<w,. of the bicompact space W.

* For any ordinal 8 the 8-th derivative X 8 of X is defined by induction as = IT X(Y)
r<s
if B is a limiting ordinal, and = the derivative of X ) if B is a nonlimiting ordinal =y 1.
t The initial ordinal wy of the class of ordinals each having power N, is said to be
regular (Hausdorff, 1908) if every subseries of wy cofinal with wy is similar to Wy
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Therefore some member of t}le geries is null, i.e. for each y < w, there exists
B [=8 (v)] <w, such that (Vo—Vy) N XB ¥ = 0. But since by hypothesis the

cardinal number N, of the set {8 () }y<w, is less than N, and each 8 (y) <w,,

and w, I8 a regular initial ordinal, there exists B'<<w, such that each B(y)<f'.

Hence each (7y—Vy) N X#) = 0, and therefore X8 7y = {p U Z (V,—7,)}
y<<wp

N X¥) c p. Hence p is an isolated point of X(B) and therefore p is not e

X +Y which contradicts the hypothesis that p e X(“’a), gince B'+1<w, (B

being <w, and w, being a limiting ordinal).

Since a Euclidean space is regular and locally bicompact at all points,
this clearly implies the result stated above. The result corresponding to Cantor
Bendixon theorem for a T')-space will be: If Nq is a regular cardinal number
greater than the intersection character of the space at every point, then for
every set X there exists an ordinal y [ =y (X)] <w, such that X0 = xr+1),
The following example shows that this result does not hold in general for all
regular bicompact spaces.

Consider the ordered set R consisting of all complexes (z,, x1) where xp, 7,
are any numbers in the interval 0< x <1, ordered so that (zol, z;!) << (%2, ,2)
if either zyl<<wy2, or x,! = 742 and x;,!< 72, under its order topology (in which
the open sets are all open intervals). The intersection character of every
point is clearly N,, since every point is easily seen to be the limit of a well
ordered sequence similar to « as well as an inversely well ordered sequence
similar to w*, the inverse of w. But the process of derivation of the set X
constructed below can be seen to stop only at the w,-th stage.

Since the set of values of z, (which is the set of all numbers in (0, 1) ) has
power 2%0 >N, it is possible to find a subset of this set say, @, having power N,
which can therefore be well ordered as an w, series {%,8}g<w, (zof being = z,f’
if and only if B8 =pB’). For each B<<w; let Ig denote the interval or B given by
(i.e., consisting of all complexes satisfying the equation) x, = %, ( = constant),
(z; being unrestricted in the open interval (0, 1)). Then the Ig’s form a set of
disjoint intervals each similar to the open real number interval (0, 1). Tt has
been proved by Cantor that in any interval of the real number space corresponding
to any given ordinal y a set X can be found such that X8 £ x(B+D) for
all B<vy. Hence in each interval 7 g a set Xﬁ can be found such that

X;(By) # Xg_H) for all y<B. Then if X = U Xg, it is clear that since the intervals
B<wy

Iy are disjoint with each other, for every y<uwy, X nirI g = X/g") and hence
for every y<w; X £ Xtr+1),
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SuMMARY
This paper gives a generalization of a well-known result of Cantor and Bendixon to
Hausdorff bicompact spaces.
BIBLIOGRAPHY
Alexa.nd;oﬂ' (1924). Uber die struktur der bikompakten topologischen Réume. Math. Ann.,
92, 267-274.

Cantor (1884). Ueber unendliche Punktmannichfaltigkeiten, Ibid., 23, 453-488.
Hausdorff (1908). Grundzuge einer Theorie der geordneten Mengen, Ibid., 65, 435-505.

Issued June 26, 1954.



