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1. INTRODUCTION

Generally in theoretical discussions of stellar pulsation, non-radial modes of
oscillations are left out, with the justification that these modes are likely to be
associated with a greater amount of viscous damping than in purely radial oscilla-
tions. But it is plausible to argue, that in the lowest modes of non-radial oscillations
the viscous damping is not likely to exceed by a great deal the damping in radial
oscillations. Also we must take into account the circumstance that, whatever
external disturbances may exist, they will always be of a non-radial character. A
point of great consequence is, as pointed out by Rosseland, that a limitation to
purely radial oscillations fails to reveal the possible instability of the assumed
model for a more general type of disturbance. If there is any mode of oscillation
for which the assumed model is unstable, then the possibility of the existence of
a star built on that model is nil; and therefore the periods of purely radial oscillations
of the model can have no application to the actual stars. An investigation of
non-radial oscillations should thus lead to an elimination of a large class of oscillating
stellar models.

The Eulerian equations which govern the small adiabatic oscillations of non-
rotating stars were first derived by Rosseland (1932) in connection with his in-
vestigation of the effect of non-adiabatic processes on the stability of stars. The
oscillations are found to be governed by an ordinary differential equation of the
fourth order, the explicit form of which was eventually obtained by Pekeris (1938).
Nothing is known, however, about the solutions of this equation beyond the simplest
case of an initially homogeneous sphere, for which an instability with respect to all
non-radial oscillations was established by Pekeris.

In order to simplify the problem and gain some insight into the nature of its
characteristic frequency spectrum, Emden (1907) conceived the idea of ignoring
the effect of the displacement upon the gravitational potential in the outer parts
of a centrally condensed configuration—a simplification which reduces the order
of the governing differential equation from fourth to second. His work was, however,
vitiated by inconsistent approximations made in considering the equation of con-
tinuity which he reduced in fact to the form appropriate to a homogeneous in-
compressible fluid. The correct formulation of a problem so simplified was later
given by Cowling (1942). We shall utilise Emden’s device in deducing the equations
of the problem.

2. Equarions oF MoTION.
Consider the oscillations of a gas sphere under the influence of its own gravity,

the oscillations being so small that squares of amplitudes of the displacements and
their derivatives can be ignored in comparison with their first powers. In setting
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up the equations of motions, we shall neglect viscous forces and assume that the
motion of any individual gas particle takes place adiabatically.

Let the pressure P, density p, and gravitational potential ¥V at any point be
altered by 3P, 8p and 8V respectively, and let the vector displacement of material
from its equilibrium position be 5. Then written within the scope of our approxi-
mations, the Eulerian equations of motion can be written as follows:—

o
Pg—ﬁh +grad 8P+8P grad V+pgrad 8V =0 .. oo
where ¢ denotes the time, and the equation of continuity becomes

8p+div (ph) =0 .. .. .. N )

Assuming the motion to be simple harmonic we shall seek such solutions of the
foregoing system of equations for which
2h | e
LA
e +02h =0 . .. . o (3)

where ¢ = 2 , 7 being the period of the respective oscillation.
T

Equations (1) and (2) represent a simultaneous system of the fourth order,
the solution of which presents, in any case, a problem of great mathematical com-
plexity. In order to simplify it to some extent we follow Emden (1907), Rosseland
(1932) and Cowling (1942) and ignore the variation of the gravitational potential on
the left side of equation (1). Since in the Roche Model nearly the whole mass is
concentrated at its centre, the variation in density accompanying the oscillations
will produce but minor variations in the gravitational potential through the interior of
the star. The neglect of the variation in gravitational potential will not, therefore,
affect in any appreciable manner the characteristic features of our problem. On
the other hand, the advantage of such a neglect is the reduction of our mathematical
problem to the solution of a single differential equation of the second order.

The fundamental equations are ultimately reducible to the following as in
Kopal (1949) :—

(5 2
d_{ %{={l(_-7+_1)_7;}7_7 (4)

dr ¢ o2 ) p
dn_ g, _{2 g.dp 92}.9.
R R L e S N
where
I = r2ar
= 3P
g = gravity

2=y P where y = ratio of specific heats
P

j == order of surface harmonic
o = frequency of oscillation.

The boundary conditions of the problem call for a node (no displacement) at
the centre and a loop (no variation in pressure) at the free surface of the oscillating
configuration, i.e. they require that & =0 at r =0, while P =0 at a value of
ry, for which p(r;) == 0. These conditions can be satisfied only for particular values
of o.
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We first eliminate 5 between (4) and (5). Put
p = redr
= r2¢
where ¢ is the amplitude of oscillations and » = Rx where R is the radius of the star.

Elimination of [ gives

’ g2R2a?
§+|:4:c Rt ]d§+[2 2Rz‘i_3xu_ ff —z2R2AB:|§
=0 .. (6)
where
[_7-}-1 R2x2 1
= = ;
_— .
=':I‘:-—R:;:|-lwherek=‘7ﬁ—_!;—H .. o (M
[ P a
dp g2
B [a2+-l’+— 13_;);5 . ... (8
, dd
4=

We now apply equation (6) to the Roche model. Let M denote practically
the whole mass of the star which is concentrated at its centre.

GM 7
g =_—R2x2 = R—_2z2 .. .. .. .« (9)

where G is the gravitational constant.

Then

p=poz‘2 .. .. . .. .. (10

Therefore = f Po® —2d (Rx)

GM p0

= 3pp (1—2) e 8§

¥p
P

'yGM

Hence 2 =

a(l—23)
Bz

~ (1—a?) =

(12)

yaM
3

where o =

Substitution of these values reduces (6) after simplification to

PPty g%

+Q +S§_0 .. .. .. .. (13)
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where
P = psard+ pgr®+ pyy21l -+ py s
Q = g4t +q7a7+ 102104 g157'3 } (14)
8 = 8g+5g23 + 5428+ 5579 + 51 5212
where
ps = R3ka
pg = —3R3%ka—R8
Py = 3R3k<x+2R6
P14 = — R8ko— RS
qs = 20k R3
g7 = —6akR3 - R8
d10 = 60’.kR3+R6
q13 == —2akR3—2R6
Sg = 2#0(’62—]62[.1.2
(% )
83 = B3 — — k2020 —pk —2ak
* (15)

—OGpk2o 4+ 2k2u2
2
&g = bpk’a—k2p 2+R3(6ka ~ pk+ 3k2a0% — '%)

+R6(8-— %“4- 21«#)
sg = —2uk2a+ R3(—6ko+2pk —3k200?)

2
+R6(-10+4—“ —-4k02> +R9(— "-)
o a

2
512 = R3(2ko+ k2a0?)+ RO (2+2ko?) +‘-’; -R®

3. SOLUTION OF THE DIFFERENTIAL EQUATION

The equation to be solved is

p®%

dx2+Q a

—+8f=0
P can be put in the form

— R3z4(23—1)2(B323 —1) where 83 = 1+—
¢ can be put in the form

— R35(23 —1)[ 20k(1 —23)% -+ R323(1 4 28) |
§ can be put in the form

—(23—-1) [{2#ak2—k2#2}

3
E :P2+ k202a RS+ pukR3+ 20k R3 é

—g8 {4sza_kz“2_
28 { Quk?e + 4k RS —2uk RS+ 2k202 B3+ 8RS — ‘3‘5 : R6+2k02R6}

2
+29 { — 2ko2R6 —2R6 — k2o R3~ %Z R9—2IcazR3}]
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On cancelling throughout —(#3—1), it is easily seen that there are three sin-
gularities
(i) atx=0,
(i) atz =1,

and (iii) at z = % , i.e. in between the centre and the surface of the star.
Also x = 0 is an irregular singularity and therefore a series solution in ascending
positive powers is not possible. Further, due to the singularity in between the
centre and the surface of the star the problem seems intractable in its present form.

4. SoLUTION OF THE PROBLEM IN THE CASE FOR WHICH y = 1-5

We, therefore, consider a restricted problem. We seek a solution for the
case in which the constant term in S disappears and therefore the origin becomes
a regular singularity.

This condition gives :—

Quok?—Fk2u2 = 0

or 200 = p

or 2y%=GM
3

or y=15

With this value of y, the differential equation reduces to

PE+QEL8E=0 .. .. .. .. (16)
where
P’ = R3a2(23—1)(B323—1)
@' = R3x{20k{1 —x3)24 R3x3(1 4 223)]
S’ = [— (k2020 R34+ 4k202)]
+23(4k202 + 2 R3k2002 4 R62ko?)
—26(2R3ka+ k2ao2R3+2R6+ 2 Roko?))

1
The regular singularities arex =0, x =1, z = .
B
3
Since 8 = 1+ % , é < 1, therefore there is a singularity within the star between the

centre and the surface.

We first determine the nature of this singularity. If it turns out to be an
apparent singularity, we shall try to terminate the series solution after a finite
number of terms, so that the question of its becoming divergent at # = 1 does
not arise.

5. DETERMINATION OF THE NATURE OF THE SINGULARITY, AT 7 = é
The diff. eqn. (16) can be put in the form

§”+%—,§’ + %’f = 0 where P’, @', 8’ are givenin the last section,
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Now if the eqn. be of the form

Pi(2)
(z—a)

& (2) =0

G—a)E"’

w' -

w” -}

where P)(z), Q,(z) are holomorphic functions at z = a, then the first condition
(Forsyth, 1902) (3) for the singularity z == @ to be apparent is that P;(a) must be
a negative integer greater than zero numerically.

In our case P)(x) is given by

2ak(1 —23) + R323(1 +223)
Bax(x®—1) (B%x2+Br+1)

1 2
1) _2“’“(1'53) + B 53( E)

Therefore Py <~
=
B3

B
. R3 . .
Since 3 = 14 AL get after some simplification

P1 (é) = —koc.

The first condition is, therefore, satisfied if (ka) is a positive integer greater
than zero. We shall see presently that the assumption of this condition leads to
the fulfilment of the next condition.

The second condition (Forsyth, 1902) (3) to be satisfied is that the roots of the
indicial eqn. are unequal positive integers.

In our case the indicial eqn. is

[2«k(1-5)+3 ( ;323)] Cp=0

plp—1)+
1
3 (51
or on simplification plp—1)—kap =0
or p=0 or (14+ka)

The roots are unequal positive integers provided (ko) is a positive integer. Hence
if the first condition is satisfied, we find that the second condition is also satisfied.
We may assign any convenient value to (ko) only that it should be a positive

integer greater than zero. We shall choose it to suit the third and the last
condition for the singularity to be apparent.
With the notation in Forsyth (4), we have

Jolp) = p(p—1—ka)
so that po= (1+ka),p=1,p; =0;
We thus have to consider &, (p) for p = py = 0; v = py—p; = 1 +ka.

But
) k(s 4 1) (P)—G0(p)
Ja4r) P = 2 ) Folp+2) - - folp+ 1+ ko)
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Now

o0
g,(p) = coefficient of T in z gvxp+v
v=0

which is the solution of the diff. eqn.

Evidently therefore for p = p; = 0, 9(1+22) (p1) 1s either a constant or zero.
Let g(]+ka)(p1) = A gy(p;) Where A is a constant or zero.
Therefore hira)(pr) = A folpr+1)..... .. Jolp1+1+ka)
Now Jolp+1+ka) = (p+1+ka). p
therefore haa(P1) = 4 (p1+1D(pr—ka)(py +2)(p1+1—ka) . . . . p1(p1+1+ka)
Hence by ray(p1) = 0 for p; =0

This is the third condition which is satisfied if (ka) is a positive integer greater than
zZero,

We, therefore, conclude that the singularity at = =é is apparent provided

(k) is a positive integer greater than zero

6. SOLUTION OF THE DIFFERENTIAL EQUATION (16)

We now proceed to construct a series solution of the eqn. (16) about the origin
which is a regular singularity, under the assumption that (ka) is a positive integer.
Substitute in the eqn. (16)
£ = i a xP+3n
n
n=20

The indicial equation is given by

p2+p(2ak—l)—<k2U2a+4k;:2> =0 .. .. .. (7
dk2az\ )
Or p= %l:—(%oc—l);l; {(2ka-—1)2+4 <k2u2a+ g )} :I

Now (ko) being a positive integer (1 —2k«) is negative.

Algo the expression under the radical sign is greater than (2ka—1) as is easily seen.
Hence the root with negative sign before the radical is negative which we reject,
for we want a series in ascending positive powers of « only.

We therefore take
4k2a2\
Rs3 } = Po-

p= %[-—(2koc—1)+{(2ka—1)2+4<k2u2a+

o
Hence ¢ = z a,xPot3 ig the solution.
n=290

7. CONVERGENCE OF THE SERIES.

We next test the convergence of the series

@0

¢ = Z a0t

#n=20

7B
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The recurrence formula is found to be
@, [(p+3n)(p+3n—1)R3ﬁ3+ (o4 3n)B3(2ka+2R3)

2
— (ko B3+ k202 R34 2R6+ 2R%% 0%+ %R*’)J

+a, . [(p+3n+3)(p+3n+2)R¥(—1—B3)+(p+3n+ 3) RS —4ka + R3)
+ (42024 2 R3k2x02 + 2ko2R8) |
+a, [ (p+3n+6)(p+3n+5)R8+(p+3n+6)R3 . 2ko— (k2o2a RS+ 4k2a?)]
~ =0 .. .. (18)

Ayt 2 Ayt
Put y = NVuy1; =N, .
an+l (ln

Retaining only the highest power of # in (18), we get after dividing by @,+1,

n+1 ZV,,, . .. . . ( )
The difference formula (19) giVGS

v (l—z—\—;—() (B3n+4-B3n-34- .. . 4B +1

n =

(1-2—\}—() (B34 ... B +1

Therefore Tt N,=p83

n—>xa0
3
ka

Hence the series Z a,z0t3 ig divergent on the surface of the star. We therefore

n=0

try to terminate the series after a finite number of terms.

Put
ko =0,
R3=4d,
ko? = j(j+1) = m (a positive integer).
462
Then P2t p(20—1)— (m9+ ~d~> =0 . .. .. (E)

is the indicial equation.

In order that the series may terminate, the coefficients of a, and a,;1 in eqn. (18)
must vanish for some finite positive integral value of n.

Coeflicient of @, equated to zero gives

(p+3n)(p+3n—1)d (1 +§) +(p+3n) d (204 2d)

—<2od+md.a+2d2+2md2+%d3)=0.. R .
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Coefficient of a,41 equated to zero gives

(p+3n+3) (p+3n+2)d <—2~ ‘;) +(p+3n+3) d (—40+d) + (462 + 2mdf+2md2)
=0 .. .. (B

Our object is to evaluate § with the help of (E), (F) and (H) and to see if these
equations are compatible with our assumption that @ = ka is a positive integer

1
B
Simplification with the help of (E) reduces (¥) and (H) to the forms

md2—d {6np+3n(3n—1)+(6n—2)} —462 =0 .. .. (Fy

6n 6 It 1b6n 6
2 =2 A - _ I
d [( ] 0+3)p 9 7 +3n 0+3 m

+d[—12p~36n—12—206]4+462 =0 .. .. .. .. (H)

Equating the coefficient of d2 and d in these equations, we get
1 6 6 9 15n 6 ]
m[(“ 8 "0+3)”“T" g t3n—gti-m

_ (~12p—36n—12—206)
T [—6np—3n(3n—1)—(6n—2)0]

greater than zero, so that x = - becomes an apparent singularity.

= —1

From these equations we obtain

6n 6 92 1bn 6
(‘7‘b+3) p=g —g TI—pt3=0

and
(—12p —36n—12—200) = 6np+3n(3n—1)+(6n—2)0

These reduce to
(0—2n—2)p—(3n2+5n+2)+3(n+1)8 = 0
(6n+12)p+3n(3n+11)+12+(6n418)0 = 0

Elimination of p between these two equations gives the following equation in
8 alone

02(2n+6)+0(572+13n+4)+ (2n+4)(3n2+5n+2) = 0

Since all the coefficients are positive numbers, there is no positive root of the equation.
Hence if (F) and (H) held then 8 cannot be a positive integer.

Therefore, if = [13 is an apparent singularity, so that § = ka = a positive integer

greater than zero, (F) and (H) cannot hold with the consequence that the series
cannot be made to terminate after a finite number of terms.
Hence the series diverges on the surface of the star and gives an infinite amplitude
of oscillation there. :
We therefore, conclude that under the conditions imposed, the non-radial
oscillations are unstable and the star in question will throw out expanding gaseous
material in case some such oscillations set in.
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8. CoxNcLUusiON

Spectroscopic observations have revealed several expanding nebulae. The
Crab Nebula is still expanding at the rate of about 800 miles per second. If this
expansion is due to the explosion of a super-nova, then that phenomena must have
occurred about 900 years ago. Indeed a new star in that position was recorded in
1054 A.D. by Chinese observers. The Filamentary Nebula in the constellation
Cygnus shows an expansion with an angular velocity of 0-05 second per year,
so that the expansion must have begun about 100,000 yrs. ago. But there was no
astronomer then to record the appearance of a new star. The expanding nature of
these nebulae is surmised by some astronomers to be the result of nova-explosion
in the remote past. But nothing can be said with complete certainty. It has
also been suggested that the planetary nebulae are the results of Novae-explosion,
but there are good reasons for doubting this theory. The number of Planetary
Nebulae is comparatively small, whereas the Nova-explosions are much too frequent.

The investigation carried out in the present paper suggests that if somehow
non-radial oscillations are set in in centrally condensed stars consisting of gas, the
ratio of whose specific heats is 1-5, the oscillations tend to become unstable.*
Consequently the star will throw out columns or shells of expanding gas with
considerable velocity.

On the strength of the result of the present investigation and that of Pekeris
it is suggested that the expanding nebulae may have their origin in the unstable
non-radial oscillations in stars which are either centrally condensed or homogeneous.
These oscillations may have originated due to some internal disturbance in the
star or due to the disturbance caused by the nearby passage of another star.

My respectful thanks are due to Professor A. C. Banerji, Vice-Chancellor,
University of Allahabad and Professor N. R. Sen, Head of the Department of Applied
Mathematics, Calcutta University, for their kind help and encouragement during
the preparation of this paper.

SuMMARY

The differential equations governing small non-radial adiabatic oscillations of gaseous
spheres are derived correctly to the order of accuracy to which changes in the gravitational
potential produced by such oscillations can be ignored. They are then applied to the Roche
Model in which practically the whole mass is concentrated at the centre and in the surrounding
atmosphere density varies as the inverse square of the distance from the centre. It has been
shown that for the general value of y—the ratio of specific heats, the problem seems to be in-
tractable. Next the case for the particular value of y = 1-5 is considered and it is shown that
with a certain restriction on the form of the frequency function the amplitude of oscillation
diverges from zero at the centre of the star to infinity at the surface. The oscillations are thus
unstable.

On the basis of this investigation, it has been suggested that the expansion of the Crab
Nebula, the Filamentary Nebulae, the Planetary Nebulae and others may have ita origin in the
instability of non-radial oscillations that might have started in the remote past in centrally
condensed stars due to some internal cause or due to the nearly passage of another star.
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