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INTRODUCTION

If F(k, t) be the spectrum function of isotropic turbulence, the decay of tur-
bulence, according to the theory proposed by Heisenberg (1949), takes place according
to the equation

k k
A (v+77k)f F(, ) K2dk, .. .. (1)
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where » is the kinematic viscosity, and 7, turbulent viscosity, for which Heisenberg

(1949) assumed the form
=Kf '\/F(k]fg’t)dk' L@
k

A self-preserving solution of this equation in the form

kt~:/-kat N G )

was given by Heisenberg, which has the property that f(x) ~ «, for small z and

f(x) ~ z—% for large . They correspond to the linear and Kolmogoroff parts of
the spectrum respectively. The above solution was investigated more completely
by Chandrasekhar (1949) who has given numerical tables for f(x). While solution (3)
gives a complete similarity throughout the spectrum, it gives neither Loitsiansky’s
result (1939), nor the ultimate law of dissipation with time as (t—t,)~%, observa-
tionally verified by Batchelor and Townsend (1948).

N. R. Sen (1951) has recently shown that at the initial stages when the low
frequency eddies are predominant (v small compared to »,) equations (1) and (2) admit
a more general type of solution of the form

2-3¢
F(k,t)~1%.];§—;(i§-) FEfk)EtY) .. o @
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where ¢ is an arbitrary constant. Limiting ¢ to << £, it can be used as a parameter
determining a family of early period solutions. It was shown by Sen that this
solution has the following characteristics:

f (x) & const. L B3
and f(z) ~ const. z~
whatever ¢ may be.

While ¢ = } gives Heisenberg’s results, the above solution (4) is remarkable
in the respect that for ¢ = 2, it gives on the one hand Loitsiansky’s result, viz.,

,asx—> 0 ;
, a8 £ — O
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(i) # ~ const. k4 as k£ — 0, and on the ather hand the decay-law and characteristic
length * namely u? ~ const. t7'%7, and A% ~ 7+t respectively, which were first pointed
out by Kolmogoroff (1941) to be true when Loitsiansky’s result is assumed. Sen’s
solution (4) shows that all the above three conclusions follow from this self-preserving
solution (4) of Heisenberg’s equations (1), (2), without any ad hoe assumption of
Loitsiansky’s result. The initial lack of isotropy at k — 0 is, of course, outside the
scope of the present solution in which similarity has been assumed. It has been
suggested that the parameter ¢ may be connected with the mode of excitation of
turbulence.

The object of this note is to point out that the form of the spectrum (4) given
by Sen is also associated with a more general decay equation suggested by Karman
in 1948.

2. SELF-PRESERVING SOLUTION OF DEcAY EqUuaTion witH KARMAN'S
SpEcTRUM FUNCTION

Assuming the existence of a transition function for energy between the intervals
dk and dk’ (which depends on the energy density and wave numbers k& and k'),
Karman (1948) obtained by dimensional reasoning the following equation for the
decay of the spectrum function

oF * ;
~S=c [{F(lc)}“kﬁj (Foe) Yy wt P ar

0
©

- {F(k)}%““k*—ﬁj {F(lc’)}“k’ﬁ dk’] ~2kEF .. .. (5
k

where v is the molecular viscosity, «, B, as yet unspecified constants, and C an
absolute constant. When the first term on the right of (5) is entirely negligible the

form would include Heisenberg’s equation (1), (2) for a = §, f = —3

3.
For steady state under negligible molecular viscosity, (5) has been shown to
give the Kolmogoroff spectrum by Karman.
When the turbulent viscosity is dominant the above equation will have the

form

k ©

_%ltf:o[p“kﬁj Fﬁ““k'*ﬁdk'_ﬁ"“ki_ﬁj F“k'ﬁdk'] . (5a)
0 k

Let us seek a self-preserving solution of this equation in the form

po L @} s}’

. Jas(Ty .. . .. (6)
2 kz tg .Tr

where p, ¢, r are constants, A = kjky, = t/fp, u(A) a function of A and s(7), a
function of . On substitution of (6) in (5¢) and simplification one obtains the

relation
J W) [r—p':“q’]f(z) dx—j wy.r.s, 2 D g

0

° p=3
o z o) .
_—_J uq“()\).xﬂ.f“(x)dxxj u(‘ﬁ‘“)q.s,___z.z*‘ﬁff"“(x) de .. (7)
0 0 ;2

* This last result was pointed out to me by Prof. Sen.
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where z = 8. A, and s, denotes ‘f—; The condition of similarity will be satisfied if

g=0
s=uo'7" } .. .. .. . (8)
r=(p—3)c+2

where a’ is the constant of integration of

T

=c,

w | °

¢ being another constant. The interesting point here is that equations (8) do not
involve @ and 8. The argument of the function f in (6) does not depend on « and 8,
but its form does. On substitution of (8), (7) will have the form

(2—30)[ f(x) dz—cJ‘ z%ﬂdz

0 0
=J zﬁf“(x)dzxj e T S ()
x 0

Again substituting the values of ¢, s, r from (8) in (6), one finds that the form of the
self-preserving solution F(k, t) of Karman’s equation (5a) is the same as (4) given
by Sen. The constituent function f(x) of self-preservation is now given by a different
equation, namely (9), which involves « and 8.

It may be easily shown that equation (9) admits of similar solutions of the
form A3f(hx), f(x) being any solution of the same equation, and A any constant
(which is unconnected with « and B). This similarity property is known also to
belong to the solution of Heisenberg’s equation.

When the inertia terms in the equation of decay (1) are comparable to the
viscous term, i.e., the viscosity part can no longer be neglected, the equation of
decay of turbulent energy will have the general form (5). If we assume a solution
of the form (8) for the complete equation (5), the similarity condition will be satisfied
fors = a’ 7¢, only if ¢ = 1. This again means that Heisenberg’s form of solution (3)
is the only similar solution which is valid for the entire general Karman spectrum
of turbulence.

We shall now examine the behaviour of f(z) satisfying equation (9) as x— 0,
and also as z —» 0.

It (a) Asymptotic behaviour of f(x) at x—0.
J@) ~ Az (z—>0) .. .. .. .. (10)

then progeeding in the usual way we find the following equation for =,
n2 (g—::w)—l-n {@Qa—1)+c(2—B—3a)} +(2—3c)(B—3 =0 .. (I1)

This quadratic equation in = has two solutions, viz.,
2—3c

. (12.1)

and,

= .o [ L) [ 2-2
i > ' (12.2)
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N. R. Sen (1951) obtained the asymptotic solution (12.1) (which is free from o, B)
for the Heisenberg spectrum. It is to be noted that in the case a =}, B = —-%
(Heisenberg spectrum) the above equation (11) becomes linear, which gives the root
2—3c
c

n1=

agreeing with Sen’s result; for ¢ = 2, n; is equal to 4. We take this value of ¢ in our
subsequent argument. In any other cage different from that of Heisenberg, (12.1)
281
1—-2a
In order that n, may be positive, we should have any one of the two alternatives :—
@a>t;B<tor(i)a<i; >4

(i) when « > }; B < i, the expansion of f(x), for x -» 0 will begin with z4, if
doo+B < §; but if 4a+8 > 3, the expansion of f(x), as >0 begins with z"2, n,
being << 4. These are really the conditlons given by Karman.

(i) But when « << 1; B> 1, the above statements are reversed. Ka.rman 8
conditions have validity for the first alternative only.

is a root, which we take as equal to 4 (¢ = 2). There is a second root n, =

(b) Asymptotic behaviour of f(x) for x — .

Putting f(z') = ¢~ “*? and following Heisenberg’s method of approximation
the behaviour of f(x), for x> oo, will be given by the behaviour at large x of f,
when it is governed by the following equation :—

d 1 4B 2 ,
73 (=30 T f+-——f-~77 +27F 0 .. (1)

provided we assume that ow —f—1 >0 .. .. .. o (14)
(" meaning differentiation with respect to log z). If we seek a solution such as
flx) ~Az7" (x> o), A F£0 .. .. .. (18)

where 7 is positive, (13) gives the following equation (where only the highest order
terms are retained)

_[B—ddn(i— 2 3 —
b e =9 (= 1

o T B 1% e —c) fm { (Be—2) (1—a) —Be} +(3c-—2)ﬁ]

4+....=0 .. .. . .. . .. . . .. (16)
If the first term be the significant one (i.e. algebraically be with hlgher power of x)

B—i+n(—o) <n(l—a)+B+1
or n <3,
then the solution will be given by equating the coefficient of
g Birnli—al]

to zero, which gives n =§ .
If we assume the second term to be dominant, then n > 3, and vanishing of th
coefficient in the second term would give two values

n = B/(a—1), or (3¢—2)/c.
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The second of these two values is now a violation of the condition » > 3, as ¢ is
restricted to have a value less than .
We note that for the assumption (15), the inequality (14) reduces to

na—f—1> 0 S § P )

This is not violated in any of the above arguments, but is a restriction on « and g.
Under this restriction we have asymptotic expansion of f(z) for  —> oo as, either

1) flo) ~ 4z~ %

or

2) f@) ~ Az FlE=D  (Bla—1) > 3).

The first is the well-known Kolmogoroff spectrum but the second is also a mathe-
matical possibility for equation (5a). If we, however, closely analyze (5a), and
(16), we note that the first term in the latter equation is contributed by the two
terms on the right hand side of equation (5a), and the second term of (16) by the
term on the left side of (5z). Hence in case (1) above when the solution approaches
the Kolmogoroff spectrum, each of the two terms on the right of (5a) makes finite
contribution but their difference is a small term of an order which is neglected. The
steady condition in the spectrum is reached by any spectral band receiving from
outside and also transmitting to the outside finite and equal amounts of energies.
The entire spectrum is far from the decaying stage. But when condition (2) is
satisfied each of these two amounts of energies is at least a small quantity of the
first order. The spectrum then is very near its state of complete decay.

SUMMARY

The general self-preserving form of the spectrum function governed by Heisenberg’s equation
for decay of turbulence at the stage when the effect of molecular viscosity is negligible, recently
given by N. R. Sen, is found to be valid under the same condition for the more general decay
equation proposed by Karman. The form of the constituent function f of self-preservation
depends on the arbitrary constants « and g introduced by Karman. The asymptotic behaviour
of the self preserving solution of Heisenberg’s equation as k ~» 0 still remains valid under certain
inequality condition satisfied by « and g in the general case of Karman; but under the opposite
condition a second behaviour of the asymptotic solution at k — 0 is possible. For k — o the
Kolmogoroff spectrum is obtained as a (transient) steady state condition with finite transfer
of equal amounts of energies between & spectrum band and its outside, but for Karman’s spectrum
function when B/(x—1)>3, a second steady state behaviour becomes mathematically possible
at near the complete decay end of the spectrum.
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