APPELL SET OF POLYNOMIALS
by VIRRAMADITYA SINGH, Department of Mathematics, University of Delhi
(Communicated by R. S. Varma, F.N.I.)
(Beceived November 13, 1952 ; read May 7, 1954)

1. INTRODUCTION

A set of polynomials {P.(x)}, where P,(z)is of degree n in =, is said to be an
Appell set, if 1t satisfies the relation
P (z) = P,.1(x). . .. M
An equivalent definition is the existence of a power series

o0

At) = at” ayF#0 .. .. .. .o {2)
such that
A)et* = P (x) .. .. . o3

and A(1) is called the generating function of the set of polynomials P (z).

Varma [4] has recently given a generalization of Sheffers [1] representation of
Appell polynomials. His result may be stated as follows :

If

I,,,,=J S(rdpe) .. .. .. .. (4
0

n,r=01,2....

exists such that Iy, o £ 0, then the Appell set is given by

P,,(x):{ K (z, t) dB(1) N )

where "
K.z, t)—_-ZB,-,(t)E:J!—”X. ce e (8

r=0

In particular o
x" - b t
Py(x) = ;‘,J 3F2§ " c:: d: ;}dﬁ(t)
0

and the generating function then is
a) = f Fof @ 5w dpw)
0
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In the present paper we give an extension of Varma’s result to

xr

Po@) = :——J ,HF,{‘"’ PR i 3} dp(t)
0
and
A(t>=J ,F,{z;;zz’- b;ut}dﬁ
(1]

and also give, by means of operational calculus, some expressions for P,(z) in terms
of confluent hypergeometric functions.

2. A Nrw INTEGERAL REPRESENTATION

We begin by establishing the following lemma :

Proof : with the usual notation
(ap, r) = a,(a,+1) .... (a,+r—1)

we can write the left hand side of (7) as
S (2u) @,p) .- (@np) 1 (_5)”
z n: ( n’p)(bl’p)""(ér;p)p! z/"

(=n, p) = (—)"n(r—=1) .... (n—p+1)
=(=)"n!/(n—p)!,

Now

therefore the left hand side

_ i z (ay, p) .... (a,, p) n! (t)P
- poy bls p) (br: p)P ! (n—p) !

n=0

na?

i ___l_ al, . (arr P) < (xu)
p p 1) p) (brs p) nep (”'—p) !

&R {al,az»as, cere Gy t}
== M7

”
e by, by by, ... b, S

by an inversion of the order of summation.
Rice’s result [3]

(zu)" {—n,al,az. t} - {01, as, }
n=20 n! st b11b2,—; = 2F2 bl7b2a’ut

follows at once from our lemma by taking r = 2.
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Our lemma now gives that

x" F n, a, ag, a, 4
nl™ { by, by, b,’_i}
is an Appell polynomial.
. . . —N,a;,08z, .... Q, t
If we write the equivalent series for ,., 7, ;= } we get
by, by, b, x

after some rearrangement

Sy 20
p=0 (bl’p) (bﬂ P)P’ (n-—p) !

(@1, P) el (8,0) L @) (=P (—)
@

0 0np) - b p) & (n—p—g)! glp!

_N e p@1p) ... @,p) 1
2, gt z< " @u ) - b DT lg=p)!
S (240"
q; 40 T (8)
where
g = =1L Z( i v i1 0 Lo SRR )

Hence from (6)
_i‘_ —n,al,az’..-.a"_‘f
P,,(Z) - n' f() HJF'{ bl: b2; e br ’ z } dﬂ(t)

(al,p) e (afs.p) x”_? f_‘_ﬂ
(bl’ P) e (bﬂ P) (’l’l«—p) 'p'

10)

is an Appell polynomml Here {Hp} is the set of moment constants and B(f) is the
type of function considered by Sheffer.
On account of the identity

—n,al,az,..‘.a'._‘ . .
'+1Ff{ @y, dg, ... a,’ u}-—(l+u) ,
the funetion defined by (10) reduces to Appell polynomials given by Sheffer when
we takea, =b, (p=1,2,3,....,7).

3. GENERATING FUNCTION

The generating function of the polynomials given by (10) will be

2 ree= 2 S AT .

nw(0



344 VIERAMADITYA SINGH: APPELL SET OF POLYNOMIALS

On interchanging the order of integration and summation and using our lemma we
get

Therefore
- ” alyaZa""ar_
A(u)—fo 'F'{bl,bz,....b’ut}dﬁ(t)' A

It is easy to see that

can be written as

»

a;, g, ... @ r 1 by-a,—1 ul~Ilx
i bll, b:, L b,-; ut} =Pg11#‘5fox?-l(l—xp)? 2 e 1 pdx;,,
(12)
ER(a,) >0, R(b,—a,)>0.
If we denote the generating function in (11) by A, (u) and use (12} we get

14

y 1 1 ap—l bp-ap-l D i pr
= —_— —_— 1
A, (u) I 5 ,,) fox 27 (1—z,) dz, f e da(t)

14 1 1 4y -1 b‘b-aPAl ( 7 >
= I f z? l1—=z Apglu I z,)dx,, (13
p=r-g+1 Blay, by—a,) J o ? ( ) I\ p=roqt1” pe (13)

which gives us a relation between the generating functions obtained by the different
choice of the order of the hypergeometric functions.

4. RELATION BETWEEN APPELL POLYNOMIALS AND SOME KNOWN FUNCTIONS

If x and y be two independent variables it is easy to see by Taylor’s theorem
and property of Appell polynomials that

"

P
P,,(x+y)=2;’7lp,,_,,(x), (19
?:
and in particular
x"
P, (z) = Zor—!P,,_,(O)... R 1)

If we multiply both sides of (15) by ¢ #* and integrate from 0 to oo, we get
w0

of

P (2)de = "P,,_,(O)—l-. N 1)
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In the notation of operational calculus we can write (16) as

P,(x);=zp,._,(0)p". .. ..ooam
r=0

4.1. By means of an important theorem in operational caleulus we have
from (17)

e"‘P,(z)—:_—zP,-,(O)p/(p+1)’“. R 1 1)

But we know that [Humbert and McLachlan 6]

F+v-}
e W (@) = (=) Pper b ) — B ———
y,,v() = (~) I 1) (1+p)l‘_v+§
Hence taking
we get
r—2
g ® e W, ., (@)= T+ 1p/(p+1)+!

r! 7+2

and finally

P(x) = Z xz FEW,., _@. .. .. (19
r=0 o 2

4.2. From (17) as before we have
¢~*12 P,(x Z P O p/p+D)* e o . (20)
But we know that [6]

1
My, ()= T0+312) +%’+3'2 2F1{v+3/2 —ptv+} p+%}’

R(v) > —3/2.
Putting v = r—1} and p = r we get
M, ,-3(t) = T(r+1) p/(p+H*,
and hence as before
< P,_.(0
Pa) =y 5_7'7(_? My y@ e, o .. (1)
r=90 :

4.3. It is well known from operational calculus that if f(¢) = ¢(p)
then

K/}?J o2 f@)dz = $(\/P) .

0
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Therefore from (17) we have

1 ' 2 n —
7:;,' exp [—s—— 235] P, (s)ds == Z P,_,(0) (1T¥7%)m .. (22)
0 r=10
But we know that [6]

2 x 53 VD
Z@apn-0 ¢ D_ (£/22) = —YP |
\/77-( ) € ('\/ z) : (1+'\/Z")”

where D,(x) is Weber’s parabolic cylindrical function. Therefore as before

\/1;; J exp [—s-— }i] P,(s) ds = J S P, (0)@2yP e Dy (V3 5),
0

and finally

1+

1
e‘/zD —(r+1) (‘\/2 I) . (23)

s o]
J e=s=%4x P ds._ZP -0 (0) (22)
0

4.4. The set of polynomials {IT,(z)}, where IT (z) is a polynomial of degree n
in z defined by the relation

d n
H,,(x):e’(%) {e* 4,2}, .. . (29

where
A"(Z) = (“o.- LTI PP (L‘)" s

is called Angelescus’ set.

It is quite apparent that ) behaves like an Appell polynomial, and so from

(24) we get
d\"§ _.
II,,(-x) = ¢® <35> {e P,(z) } . .. . .. (25)

Taking the integral representation for P,(z) from (10) we get

I (x 1 (a,p)....(a,p) ( d)" (e" z""‘”)
Z Z_J— bl’ . (bwp) Ji (n".p)' te

~I— g_l_,_p;_(a_,ﬂ (#)
Z ' bl, D). P) Ln—:b (), .. .. .. (26)

where L(P ) @) is the generalized Laguerre polynomial,

The generating function for Angelescus’ polynomials was given by Sastri [5]
and satisfies the relation

T—ITteXp <1_—_x;) ¢ (i—:tt) = ZOH (z)

(27)



VIKRAMADITYA SINGH: APPELL SET OF POLYNOMIALS 347

It is now clear that the generating function for Angelescus’ polynomials is obtained

from that of Appell polynomials by replacing ¢ by l:tt and then dividing by (1—1).

Therefore we have

1 ~t 1 [ ay, Gg,. ..., ut
Tl“t‘ﬁ(f—‘t)"l_:tfo 'F'{bl,bz,....b,’_i_:t}dﬂ(t)' - (28)

Putting y = —1/(1—1t) in (27) we have

exp (1) b (1) = > T2 (yyn1—gy

Pz _ (=) I (x) 1
r! “~ p! plr—=p!’
or -
P,(z) = (—)Pﬂ—f"fi)(r) L (29
$=0 PP

The corresponding inverse relation can be obtained from (25) by applying Leibnitz
theorem and we readily get

1, S .
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