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The influence of radiation damping in the Compton seattering phenomenon has
already been investigated by Wilson (1941) and Power (1945) from the quantum
mechanical point of view. One has to tackle Heitler’s integral equation in such a
cagse which is extremely difficult to solve exactly. Wilson therefore attempted to
solve it after averaging the kernel of the integral equation over the scattering
angles. The result that he got by this process showed that the effect of damping
is small and can be neglected for all practical purposes in those cases in which the
incident photon energy is not unnaturally high. The averaging procedure of
Wilson being a very rough approximation, the same problem was again tackled by
Power by making a different type of approximation. Her idea is that if the effect
of damping be really small then a solution of the above-mentioned integral equation
in a series of ascending powers of the fine structure constant may be assumed. By
this procedure she calculated the first extra term (1lst order approximation term) of
the series, the zeroeth order term being the usual Klein Nishina term. This extra
term she actually demonstrated to be small, compared to the other one and con-
cluded that the effect of damping confirms Wilson’s result.

Recent experience about expansion in powers of the fine structure constant
shows that in no way can one assure or agcertain by simple means the convergency
of such a procedure. In fact one has to consider the radiative corrections to the
Compton scattering which has been considered and discussed in some detail by
Feynman (1949). Due to this obvious reason it seems desirable to reconsider the
problem yet from another point of view which in our case will be the semivaria-
tional procedure of Hsueh and Ma (1945). The reason for doing this is that though
approximate this method does not necessitate any further justification on the pro-
cedure (as the convergency of the series in the previous case). It therefore seems to
be of interest to calculate the scattering cross-section by this procedure and to see
to what extent the damping is effective in such a case. The result of our calculation
shows that the effect of damping is really small in conformity with the results
obtained by Wilson and Power. However, there is a bit of difference. The previous
calculations fail to show that the effect of damping is small when the incident

photon energy is sufficiently high, owing to the appearance of the factor log(f)

in the solution (Wilson, 1941). Though, however, the term does not make its
appearance in Power’s first order calculation it has not been shown that the same
feature will occur in the higher order calculations also. In this respect our calcula-
tion shows that the damping effect remains small with any high value of the
incident photon energy and even when it is made theoretically infinite. Thus the
Klein Nishina formula remains valid even at high energies.

We start with the Heitler’s following integral equation and sketch in short the
gemi-variational procedure of Hsueh and Ma for its solution.

Uiy = Hucy+in I | Hiae Uiy pr A8 ¢
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where k; corresponds to the initial state, k the final state, k’ an intermediate state
Py 18 the number of states per unit energy interval per unit golid angle. The sum-

mations integration means really the integration over the whole solid angle and
summation over all directions of polarization. Equation (1) can be written in the
variational form as follows : —

z f SU;‘)k [ Ukko—Hyxy+ t7 Z f Hkk'Uk’kOPk'ko’] pdek =0. .. (2)
kot w
Now to obtain an approximate solution of equation (1) we get,
Ukko = kako

where z is a parameter ; equation (2) then becomes,

S Z f Hi, [Hkok (@—1)+inx ZHW Hyvg pk,ko'kako =0 .. (3
-
which gives
_ 7
TE VT
where
y = Z fHkokakopdek L@
kg
and
S=m Z f HypeHie Hiwop_p A Qxcd Qx. RT3t
Rk

One then easily gets the cross-section of scattering as

2\ —1
dQ=dQO(1+%) . .. . .. (6)
where d@ is the scattering cross-section without damping. Our discussion is there-
fore mainly focussed on the relative magnitudes of the quantities y and 3.

To facilitate our calculation we take a Lorentz system in which the total
momentum is zero so that the photon momenta k and k; are the same in magni-
tude but only differ in directions. Also the matrix element Hyy, in this high energy
region is given by Heitler, 1944

o2
Hkko=%Akko .. . . o (M
where
. oo (ako)+ (@ . k)] otou
A =T ugef (ko 0
ko = Voagou+kbo——7 =&
with

oo = (®-€), and « = (x.e)

e, and e being the unit polarization vectors in the k, and k states respectively.
The reason for writing B, in the denominator is given in Heitler, 1944. U’s are as
usual normalised Dirac wave functions. One also notes that

k2dQ
pk=&(2—‘n_—)3, . . e (8

we have all through used A =c¢ = 1.
2
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CALCULATION OF y

To obtain y from equation (4) one has got to sum over the spin states first.
The usual procedure is then to calculate the spur of,

koof (o . Ko)+ (. K) Jo(B+Bu—a . k)} ,
KB, 1k, K

{“o“(E+ﬁ#"“-k)+

{MGO(EO'HQF —o. ko) +

= 8p. (& 4 Bu—ak)aag(Be+ Bu—ako)
+ A2sp. afakyta . K]lag(B+Bu—a . K)o (a . K)+ (o . ko) Ja(Bo+Bu—a . k)
+ Asp. apo(E 4+ Bu—ak)aglak4a . Kyla(Hy+Bu—a . ko)
+ Asp. afak4akylog( B+ Bu—a.K)ooo( By Bu—aky)

koaof (a . k)4 (o . ko) Ja(Bg +Bu—a . ko)}
K Ji+k Kk

9

where
A= Ko (10)
~ koBot+ko Kk
On evaluation of the spurs and writing
(kok)
cosf = Tyl (11)

(9) reduces to
4X3(1 4 cos 6)+ 160k, [ — k3 cos 6—4(eeg)(eky)(e k) +2(e . ko)2(e, . k)2
+2(e . eg)2k5(1+-cos 6)]. .. .. .. .. (12)
In the above, and also in the following calculations we have cancelled (14 cos )
withéj\ , the justification for which is given in the appendix.

Since now we are to sum over all directions of polarization and to integrate
over df2, we here adopt the following artifice. Let us first take,

. [eO X k]
= [{eoxKJ] 13
and integrate (12) over df2; and secondly take,
e, x k]xk

"~ [[leox K] x K] |

and integrate equation (12) over d{2, the required result is then the sum of these
two integrals. Performing these integrations we get,
] .. . .o (18)

_ et E0+k0)
V= 8kt [4 log (Eo—ko -

To obtain 8 from equation (5) one has again to sum over the spin states. A
part of the calculation has already been done by Power which is stated below,

i

CALCULATION OF 8

et
kaHkk'Hk’kopk'ko’ =——~4k—oszko .. . - (16)
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where

b . .
By, =au; ageu+ - [(e - Ko)ugoou+(€ . k)uoozu}
0

d »
+C(eo . e)u(.)'u'*- ]—(:_0—2 (eo . k)(e B ko)uﬂu . N . (17)
and

= (14cos §)L—3,

1—cos 8

2 143 cos @
b—m {COS 0.L+ }

2
14cos @

{(l—eos 0)L+2E

2 8 cos 6
d=(1—4_c—%5)—2{(30080—1)14+ i‘“:éo—s—é} .o .o (18)

where
2 1—cosd

L=1+cos010g 5 - .. . .. (19

Hence in order to calculate 8 from equation (5), one uses equations (7) and (16) and
calculates the sum over the spin states of,

Axxy Brox

which is of the form,

8EE(Aa+Bb+Cc+Dd) 20

where 4, B, C, D are to be evaluated, they being,
4 = sp. {agu(E+Bu—a . Kaog(Eo+pr—a. ko) +Aog( B+ Bu—a . k) x

aolak+xKo)x(Ho+Bu—a . ko) } .. .. .. (2L
B = (ikkol) sp. {%(E‘He# —ak)aag(Ho+Bu—ako)+Aao(E + Bu— xk)
X ao k£ ako)o(Bo+Bu—ako) } +(e,g:" 5p {a(E+Bp—a  K)ouag( Eo 4B — xky)
+)\¢x(E’+ﬁp—¢k)aco(ak+ako)a(Eo+/3,u.—-atk0)} .. .. (22)
C _ D ) (BtBu—akinag(E ko) +A(E K
(eo.e)—(eok)(eko)—SP (B +Bp—ak)aag(Eq +Bu—aky)+ A(B+ Bu—xk)
o

X ao(ak+aky)a(E, +B.“-"‘°‘ko)} . (23)
Calculating the spurs we get,
44 = Eg+pt+(kko) —AEq {2(kko)+2k5 —4(ee,)?(kky)
+4(eeg)(eok)(eko) —4ki(eeo)2—2(eko)?—2(eck)2} .. .. (24)
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D8 2o ok (0ok) |+l ekt 31k {(eko)2+(eok)2}
— Meh(eeg)(eok)(ek,) — A(eeg)(kko)(eok)(eky) . .. (25)
40 4D ,
(e k e0)= (eok)(eko) - (e'eO)(Eg'*‘.“Z)'*‘(e 4 eO)(k . kO)"'" (eOk)(ekO)
K
+2)E [ (ee)(kko)+(eeq)kg— (ekp)(eok)]. .. (26)

Equation (20) is now therefore completely known. We now proceed to integrate
over the solid angle d 2 and sum over all directions of polarization which we do

just in the same way as in the case of evaluation of y. We therefore integrate
using once,

e = [eO X k]
" legx k|
and then
o _ [[eox K] x k]
 [leoxK]Ix K|
and sum the two results. Performing these integrations we finally get,
_ O [Ta2 206 (Bt
_32k§[12+7 olog(Eo_ko)]. R )

52
From equation (6) we see that the quantity — measures the effect of damping.

We are now in a position to evaluate this quantity with the help of equations (15)
and (27) for different values of the incident photon energy. The behaviour of this
quantity is shown in the following table for all large values of ky for which the
approximation is valid and in which case the effect of damping is not at all important.

TABLE
Foo/ e ' 137 1372 l 1378 | 0
52/y2 1 1.4.10°6 2.6.10~7 l 1.2.10°8 l 5.2.10"8

We therefore see that for all values of the incident photon energies the effect of
radiation damping is entirely negligible.

CONCLUSION

The power series treatment in the fine structure constant of the Heitler’s
integral equation does not allow one to conclude that the effect of radiation damp-

ing is really small at all energies owing to the appearance of the factors log (é)

i
in the terms which not only increase with ¥ but may make the series expansion

divergent, and it is not even possible to find an upper bound of k for which the
series remaing convergent. Though the situation was thought to be understandable
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from the lst order term, calculated by Power which fortunately did not contain

any such log (5) factor, the calculation does not enable one to understand the

nature of the higher order terms. In fact the convergency of the series cannot be
tested for any value of %, unless one gets an idea of its general term. The semi-
variational treatment of the integral equation, however, states that even for any
arbitrarfly large values of k the effect of damping is really small.

The author wishes to thank Prof. S. C. Kar, Prof. N. R. Sen and Prof. S. N.
Bose for their helpful criticisms.

APPENDIX

Let us consider an expression of the form
(14 cos8)
g4 12
14 cos 8+ 2 k%
we can write it ag
p2[2ky
T 13 cos O+ u2/2k2
now (from the very start) we have neglected quantities of the order of u2/E3 in the
numerator (Heitler) and hence we write,
14cos @ -~
14-cos ¢9+,u2/2k3 -
However, we can show that even when the part neglected above be taken into

account its integral will again go to zero as ,u2/k§ is made zero as it should be. This
is as follows : —

T e
B [(14cos 0+ u2/282) ¢ d (cos 0) = - | Tog
f {2]6% ( +cos +.u/ 0) (COS ) 27‘% 0gZ ,uz/Qk% v

2
and this >0 as £ 0.
23

REFERENCES

Foynman (1949). Space-time approach to quantum Electrodynamics. Phys. Rev., 76,
767-789,

Heitler (1944). Quantum Theory of Radiation, Chap. V, § 25.

Hsueh and Ma (1945). Approzimate solutions of the integral equations in scattering problems.
Phys. Rev., 67, 303-306. )

Power (1945). Radiation damping on Compton scattering. Proc. Roy. Irish Acad., Vol. 50,
Sec. A, 139-143.

Wilson (1941). The Quantum Theory of Radiation damping. Proc. Cam. Phil. Soc., 37,
301-316.

Lssued October 20, 1954,



