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A vector in n-space rotating about a point can undergo all types of 27-dimen-
sional rotations, where » admits of all integral values such that 2 < 2r < n. It was
shown in a previous paper {Ghosh, 1948) that the general rotation of a vector X
about the origin with co-ordinates (2, %, ... z,) referred to a rectangular system

of axes in a Euclidian n-space can be represented in symbolic form by means of the
orthogonal transformation X X', where

Q Q2
X' =e X=X+.QX+2——,X+.... .. .. .. (LY
£2 being the skew-symmetric matrix of rotation (w;;) of rank 2r and X denoting the

vector ¥ with components y; = z w;;z;. In the case of a four-dimensional rota-

i=1
tion £ is of rank 4 satisfying the characteristic equation {

Q5+p1293+_p249 = 0, .o .. .. . .. (12)
where
plz=zng T O )
1,4
Pot == z (wijwa — wirwji4 wgwjz)? e .. .. (L)
1,7, k1

On reducing the exponents of £ in (1.1) below 5 by means of the relation (1.2),
we obtain

X' = X +f1(p1, p2)RX +fo(p1, P2) 22X +f (11, P) B X +fu(p1, po)2*X, .. (L.5)
where
\
4 p2pot ipot—pod
fl(p1,pz)=1"£5% plﬁ2 -5 ot
_ 1 p24 p12p24 pl4p_24_.p28
flpL P ==t + g~ o1 T ) (1)
1 p? prt—pat_ pi®—2pipot
Js(pupo) =gy =57 +—77 9!
1 2 4_p,t P 6_.2p 2P 4
f4(p1,Pz)=4-!—'ng+pl 8!1?2 _h 10!1 2 J

* Read at the 41st Session of the Indian Science Congress, 1954.
t If w,; is of the form o8, —a.8,+y;3; ~y;3;, where a’s, B’s, ¥’s, 8’8, are the components of

four arbitrary vectors 4, B, C, D, the matrix 2 is of rank 4 and the rotation takes place in the
four-space spanned hy 4, B, C, D. '
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The object of the present paper is generally to deal with a four-dimensional
rotation in n-space, showing that it can always be performed by two suitable plane
rotations, and to study some of the properties of the four functions f of two argu-
ments p,, P, involved in (1.5).

2. By a straight-forward calculation it is easy to obtain successive terms in
(1.6). We notice that corresponding terms in f; and f, have the same numerator,
a8 also those in fg and f,. Denoting the numerator of the (k<4 1)th term in either
f1 or f2 by ax and that corresponding to either f3 or f4 by ¢, it can be verified that
they satisfy the following recurrence relations :

Ay = ~~Ap-y} plz-—ak_z p24 (k = 3,4, 5, . .),

€= —Ch] P12—cCh-2 Pt (k=2,8,4....), . .. (2.1)
r = —Cp-1 Pt k=1,2,3,...)

with *
Gp=c =1 ¢ =—p?

We make now some further observations on the transformation (1.5) :
(i) If the vector X remains invariant, that is, if X’ = X, then X must satisfy
the linear equation

QX =0 .. .. .. . .29

and since 2 is of rank 4, all these invariant vectors lie on a (n—4)-flat.
(i) If pot =0, the matrix 2 is of rank 2 and satisfies the characteristic
equation *

P4p2Q = 0. .. . .. o (2.3)
The reduced expression for X’ in (1.5) then becomes (Schwerdtfeger, 1945)
X=X Pox 1oy L 24
P D

which corresponds to a plane rotation.
3. To examine more fully the structure of the functions f let us start with the
roots of the algebraic equation

o4 p2dtpte =0 .. . .. .. (3.1)
which we denote by
0, +1Bs, x1fy (1= \/:‘_1),
80 that
B2?+B4% = pi, Ba2B4® = put. .. . - (3.2)
Since now the relation

¢ = 14afy(p1, P2) +2%o(D1, )+ 2% 3(p1, Do)+ 24 (D1, P2) .o (3.3)

holds good only when x satisfies the equation (3.1), we get the following set of
identities

o o (LB o B )L B =), oo (B
et P4 = (18,2 o+ Bytf o) £ i(Buf1—Badfs), 3 . (35

*Ifwyis of the form “iﬁj”“jﬂi’ where o’s and B’s are the components of two arbitrary

vectors A and B, the rank of the matrix Q is 2 and the corresponding rotation takes place in
the plane of 4, B.
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whence -
sin By = Bof1~—Bs%fs, 08 By = 1—Bo2fo+Botfs, \} .. (3.6)
sin By = Byf1—B4f3, 08 By = 1—B2fo+Btf4.

Solving these equations, we get

B8 sin By — B8 sin By

F1(pr, po) = B2B4(Bs2—B?%)
_ Bs*(1—cos By) —Bo*(1 —cos By) ,
falpn Po) = = e e B — )
. }34 Sin ﬂz—Bg Sin 34 ,
Falpy, pa) = B2Ba(Bs?~—B2?)

" Ba2(1—cos fz)—By2(1—cos B)
Fulpr. P2) = BB (B

b

(3.7)

The equations (3.6) and (3.7) show the connection of f-functions with the
circular functions. It should be noticed that the exponents of B, or 8, greater than
4 are reducible by means of the relations

B = (—1)"(caBP—aiB)
B = (= 1)H(ciBt—asB?)

where B stands for either B, or 8,. An explicit expression for the coefficient c; is
given by .

} k=1,2,3..) .. (3.8)

ﬂ42k+2'—ﬂ22k+2
Bs:—Bs?

4. The four functions f satisfy among themselves two identical relations
which may be derived as follows :
Squaring (3.6) and adding, we have

sin2By4c082By = 1 = (Byf1—B23f3)24 (1 —Ba2f2+B24f4)2, .. {41)
sin?fy+cos2By = 1 = (Byf1—B43f3)2 4+ (1—B2fa+Batf4)%. .o (4.2)

Simplifying (4.1) and making use of (3.8) to reduce the exponents of 8, below 5,
we get finally

0= {fL2—2fs+a:(fs2—2fofs) —aafs®} +Bo2{ fo2+2f s—2f1fs—C1(fs2—2fofs)F cof 2},
Similarly, from (4.2), we get the same equation with 8,2 replaced by 8,2. Hence,
the required identities are
F12=2fo+a,(fs?—2fofg) —aaf 2 = 0, }
Jo2+2fs—2f \fa—ci(fs—2fofa)+cof 2 = 0.
5. We now proceed to show how the general four-dimensional rotation is
obtained by two suitable plane rotations, the rotation in either plane being indepen-

dent of the rotation in the other.
From (1.5) we see that the four-dimensional rotation operator A is of the form

A = E+fQ+f-Q0 /03424 .. .. .. (5]

(—=1)e, = (3.9)

4.3)
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where E denotes the unit matrix. Utilizing the explicit expressions (3.7) for the
functions f, the operator A takes the form

sin B, {54294-93} + 1—cos B, {ﬁ4292+g4§

A=E+

Bz ( BZ—B2? Ba? Ba2—B2?
_8inB, §B,2Q+03) 1—cosBy | 8,202 4+04
By {542—322§ B { B } - 32)

Let I'; and I'y denote the matrices (8,224 23)/(B42—B:2) and (B:20Q24123)/(B22—B42)
respectively ; then I'y+ Iy = £,

6 2 2 28.202
264 (8, (-;2324_)?:2';;32 B2 =T,.Ty=0. .. (6.3)

1-'22 =QP2, 1-'42 = QI‘4, P22+P42 = 92.

P2.I‘4=—

Consequently,

Written in terms of I'; and P4 the operator (5.2) therefore becomes

sin 8, —cos By sin B, —cos B, -
=K r I'y2 Iy L .. 4
A + 52 2+ ﬁ ) + B + B (D )

Since I'y. I’y = 0, the above admits of being written in the product form
(. sin By —cos 8, ) ( sin By —cos By )
=\E r Ir'g2)\E Iy Ip2) .. .
A ( + B, 4+ B2 + B, + BE 2* (5.5)

where the order of rotations due to I'; and I'y is immaterial. It may be seen that
I'; aid I'y are of rank 2, satisfying the characteristic equations

I'y834-B2I'y =0, IB34B2y =0 respectively. .. .. (b.6)

Let us represent the rotation of X due to I'; by X' and that due to I'y by X,’ as
n (2.4). Then X,'—X will represent all vectors lying in the plane of rotation of
Iy, while X,'—X will represent those correspondinﬂr to I'y. Now from (2.4)

Xy —X = S“/;f?r x4+t ;028321" 2X. BT
Therefore
I(Xy—X)=0.

Thus all vectors lying in the plane of rotation of Iy belong to the invariant
(n—2)-flat of I'y. Similarly we prove that all vectors lying in the plane of rotation
of I'y belong to the invariant (n—2)-flat of I';. It must be noted the (n—4)-flat
defined in (2.2) remains invariant for both I'y and I'y.

Let A denote the transposed of A, then from (5.4) we have
A—p _sin sin
~snps Iy Be ry,

2 B, B, (5.8)
A+A _ 1—cos B, 1—cos B,
7 = E+ B2 Iy24 % rge. .. .. (5.9)

Representing (A —A) } by ¢, it may be proved that ¢ satisfies the characteristic
equation

54123 Fgetd =0 .., - e .. (5.10)
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where
¢,% = sin?B;+sin%,, gq* = sin?B, sin?f,.

Thus corresponding to a pair of characteristic roots 4- ¢ sin By, of ¢ there is a
pair + ¢ Bar of 2. To express Q in terms of $ we may, however, use the determi-
nantal equation

Q Be Bs
¢ sinBy sinpBy | =0. . . .. {(8.11)
—¢% sin®, sin%,
The symmetric operators ¢2, ¢4, .. . . are all expressible in terms of I'y? and
A+ A

I';2,  We observe that in (5.9) the operator —E, which we denote by i, is

2
symmetric and involves I'y2 and I',2. To express ¢ in terms of ¢2 and ¢%, we
make use of the following determinantal equation

l ¢ 1 1 .
P2 1+cos B, l4cosBy |=0. .. (5.12)
—¢?* sin?B,(14-cos By) sin2B,(1-+cos By)

The above yields a notable property of the orthogonal matrix A of order n
and rank 4.

6. Let us next consider the case of a four-dimensional rotation in 4-space.
2 is now a matrix of order 4 and rank 4. The structure of the functions f remain-
ing unchanged, the values of the arguments are given by

P12 = wip?Fwig?t w2t wog?twpg Pt wyy?, .. .. (6.1)
P2t = (wipwyy—w13ws s+ w1 4wag)2 .. . .. (6.2)

Introducing the conjugate matrix Q*, we have the following well-known
relations

QO* = _p22E:
Q24 Q*2 = —p,2F,
(28 = —p, 224 p20%,
Q%3 = —p 2% 1 5,20,
The four-dimensional rotation operator (5.1) now reduces to the form

(L=pof ) E+ (1 — 1% 3) 2+ 0o 2% +(f2—p1%4) 22, .. (6.4)
which, on substitution from (3.7) becomes 1/(82~B,2) times
{(B4? cos Ba—Ba? cos B) B+ (B, sin By—Bs sin Bp)R
+ (B4 sin Ba— By sin By) 2%+ (cos Ba—cos By)22}. .. (6.5)

The matrices I'; and I'y are now expressible as

(6.3)

P2=}§2%?(549*—ﬁ,.@), . (68

r,= E%ﬂ? Be*—B), .. .. .. (87

and being of rank 2, they determine the component plane rotations (Cole, 1890)
as in (5.5).
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7. We conclude this paper by proving that f-functions with multiple argu-
ments (mp,, mps) are in general expressible in terms of f-functions with arguments
(p1, P2)-

Consider the equation

x5+ (mp;) 223+ (mpg)ix = 0, .. .. .. (1.

where m is a positive integer. The roots of this equation are related to those of

(8.1) and are 0, +imf,, +imB,. Reducing ¢* by means of (7 1) it follows that the
relation

4
o = 1+Z &5f (mpy, mps) L &)

holds good if # satisfies the equation (7.1). Substituting a root ¢mf, for x in the
above and referring to the relation (3.4), the left-hand side af (7.2) can be written
in the form

{(1 =B o+ Botfs)+i(Baf1—Boa) } ™ - . .. (1.3)

Reducing the above to the form which does not involve powers of 8, greater
than 4, by means of the relations (3.8) and computing similar coefficients together
n (7. 2) we obtain the required formulae.
Thus, for m = 2, we have

2f1(2p1, 2pa) = 2f1+2a4(f1fs+fof3) +2a2f2f 4,

225 (2py, 2ps) = 2fs+f12+a(fs2+2fof o)+ aaf4?, ? (1.4)

23f3(2py, 2ps) = 2fs+2f1fo+2¢1(fifatfafs)+ 2023 4 5 ’
(

24f4(2p1, 2p2) = 2fs+f22+2f 15+ ci(fs2+2fof ) +caf 2.
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