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by Hansrag Guera, F.N.I., Panjab University College, Hoshiarpur
(Received June 7 ; read August G, 1954)

1. In this note, we shall be concerned with the partial fractions of
flz, ) =r!/(Q1—2)(1—22)(1—28)...(1—2"); |z| < 1.

This function is of importance in the Theory of Partitions. In fact, it is well known
that

]

rl!f(x, r) = Zp(n, r)an, .. .. .. o (D)

n=0

where p(n, r) denotes for » > 0, the number of partitions of = into at the most r
summands and p(0, r) = 1.

2. Let
fla, n) = Aj(r) . (L=2)i-7;
80 that yf(l—y, r) = ZA,-(r)yf, 0<y<2 .. .. .. @
i=0
Then, since

we must have

or

%{2” () }-EAJ'(T)-?/’ﬁiAj(r—l)-yf. e ®)

Comparing the coefficients of the powers of y on the two sides of (3), we readily obtain

(I) A5 — (2) A,-_1<r>+(§) Aiealr)= o+ (=1 ( it 1) Ao(r) = rdir=1). (&)

(A RS A T A

Hence

a‘“—l

=2,

with  Ay(r) = L.
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In particular,

‘ k— ke k—1
= > {ao (5 rae ()o@ (T1) ] s
k=2

To evaluate the ¢’s, we put in turn for k, the values 2, 3, 4.. in the two expressions
on the right; thus

2

Wl b

01(2) = 4:3)— 5 40(3)—240 2) =

Wl w

72(2) = § 41(4)— A0(8) —30,(2) ~350(2) =

=336

One can now easily show that

T T AW
440 = 05l0) () + 000 (55 )+ F @G )5 - ®
where the ¢’s are functions of j alone.
In view of (5), we must have

o [ h—1 W k=1 . (k=1

=§( ] )Aj—l(k)—‘g( 9 )Aj_z(k)+...+ [N P Aolk)

= 1,(j), say. .. .. oo .. . .. . .. e (7)

Hence

Hence

b . i+ 1 . i+1 . ,
() a4 () acatint o+ (4 aoti) = et
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Eliminating ¢;— (§), ¢i-2(5), - . - » o (§) from these relations, we get

0:(j) = t.-+2(j)—(“1”) s+ (*’;1) b= - (1) (“.”) bG). .. ®)

?

Also comparing the coefficients of k2/-1 on the two sides of (7), we get

. 2j— . 2'—1/2'—3 (1
92 -2(J) =—J-2—192j-4(9—1) = &= ]21' b )
_ (25)!
vt 9)
since q0(l) = %

3. The following tables give A;(r) for values of j < 5. These give also
values of 4;(r) for 2 < r < 12,

TaBLE T

J Aj(r)

15(r 10 (r\ 9(r) 2 r) l(r)
3 | 15 10 9 2 1
56/ T3 (5)+4(4 +3(3 +ale/-
105 (» 35 (r 2665 [ r 49 (r 45 (r 4 (r 1 {r
4 | 105 35 2665 49 45 4
16 (8)+ 3 (7)+ i (6)+ 55/ T1 (4)+9(3)+16 (2)
945 [ 7 r\ . 11095 602 (r\ 7805 (r\ 1289 (r
5 g jlabubd et ittt i
32 (10)"‘105(9)"' 5] ( 5 7)"‘1 6) 90 (5)
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TaBrE I1
J> 0 1 2 3 4 5
’
¥
2 1 1/2 1/4 1/8 1/16 1/32
3 1 3/2 17/12 25/24 91/144 91/288
4 1 3 59/12 17/3 715/144 479/144
5 1 5 155/12 45/2 20831/720 20237/720
6 1 152 85/3 425/6 31037/240 85823/480
7 1 21/2 329/6 1127/6 112357/240 85225/96
8 1 14 581/6 875/2 344897/240 18039/5
9 1 18 319/2 1843/2 929877/240 149845/12
10 1 45/2 995/4 14335/8 1127777/120 | 9108953/240
11 1 55/2 1485/4 26125/8 1256431/60 | 24887203/240
12 1 33 6413/12 33847/6 3911809/90 9333863/36

4. Some asymptotic Results.
From (9) it readily follows that for any fixed j and a sufficiently large r,

7(2)
Aj(ry ~ 4;. > where 78 = r(r—1)(r—2) .. (r—k+1). .. (10)
gt
Expanding (2) by the binomial theorem, we have for any fixed r and a sufficiently
large =,
y—-1 .
. ~ ) ntr—j—1
1 p(n, r) ZAJ(r)< ) . ..oay
i=0
oy ntr—j—1
Writing C,_ia for ( r—j 1 ) ,
d —_ (rz) for 1 Pt 7@ 7(6)
an g/t rantesiate st

where the symbol ~ indicates that the indices of the powers of r in the expansion

of exp g_ are to be enclosed within brackets, we can say that r! p(n, r) is asympto-

tically equal to the term independent of z in

— 2
(C, +C,_yo+C, ja*+...} oxp (22) a2

These results compare favourably with those given by me earlier.
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