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1. INTRODUCTION

The problem of using composite charges in a gun has been discussed in the
‘ Theory of Internal Ballistics of Guns’ by Corner (1950) and in the ‘ Internal
Ballistics * (1951) by reducing the problem to one of an equivalent single charge.
In ‘Internal Ballisties’ (1951) only a particular case of two charges with different
shapes and web sizes of the same propellant is considered and an approximate
solution is given by making use of a modified form factor. Corner (1950) considers
the more general problem of two charges of different shapes, sizes and compositions.
The problem is reduced to that of a single equivalent charge with adjusted
parameters.

Venkatesan and myself (1953) have, however, given a direct treatment of the
general problem based on the Hunt-Hinds system under the assumptions that the
co-volume correction is negligible for each propellant and that ¥ is the same for
both the charges.

But in all these works, the linear law of burning has been assumed. In the
present, paper, I have discussed the problem of two composite charges (of different
shapes, sizes and compositions) under the non-linear law of burning and for any
values of the form-coefficients #; and f,. The treatment comes out similar to the
Clemmow’s system (1928 ; 1951) for a single charge.

2. ASSUMPTIONS

The following agsumptions have been made in the discussion of this paper :—

(i) That the co-volume of the gases equals the specific volume for each
propellant, i.e., the _co-volume gorre-ctipn is negligible. ]
(i) That ¥, = Yo = 7. This assumption is justified by the fact that v is
practically the same for most of the propellants.
(iii) That the pressure-index law is the same for both the propellants, i.e.,
Xy = Ag = 0.

Under the above assumptions, the theory is also applicable to a very large
number of cases in which composite charges of different shapes and sizes and of the
game propellant are used.

3. Basic EqQuaTions

The classical basic equations of Internal Ballistics with a single charge have
been derived in ¢ Internal Ballistics > (1951) and in our case they become,

F1C12+ Folozg ( -’f) Y—=1
..__—Al__.__..p l+l+2Alwlv .. . (1)
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where wy = 108w+ @ + g"
3 3
_w _(C1,Cs
and 1= Ko (43
d
w1£=Ap

2= (1=f)(1+46,f) ..
zg = (L=f2)(1402fs) ..

dfl__ (04
Dldt - Blp
Yo _p o
D”dt = —Bsp

105

(14)

(1B)

(2)

(34)
(3B)

(44)

(4B)

where Cy, Fy, B1, Dy, 0y, f1, 21 refer to the first charge, and C,, Fg, Bg, Dy, 0, fo, 22

to the second charge, the letters having the usual meanings.

4. SoruTioN oF THE Basic EqQuaTioxs

In order to make the quantities dimensionless, we make the following

substitutions :—

(1+§)=£

AD, (F,Cl)l'“ =
1

F048:\ Al
FoCaB\ Al 2
Al
m =4
Al
F202 P = ;2
2 -
Ay (FICI)Z 2a= M,
Fi0185w, \ Al
2 -
A2D2 (FgCg)z 2(1:: M
FngB:wl Al 2
Then the equations (1), (2), (3) and (4) become
2
F,Cy ) Ty
3 Y1) = ..
(22+ cmz 2 C2§+§( )-Mz
dn

"71d_§1‘=M1§1

(5)

(6A)

(6B)

(6C)

(6D)

(6E)

(6F)

(7)

(84)
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z; = (1=f1)(1+6,11)
zg = (L—=f,)(14-62f5)

d o -
™ dfg -4

d o
N2 ({gz —&s

Differentiating (7) and using (8B), we get
F0
d(z2+ o ) = §dlp+ 70l

= £ 748"
Equations (8A) and (10A) give

d"71 1-a

A
and equations (8B) and (10B) give

d")z 1-o

A

*, from (12A) and (10A), we get
d {,a d€ _ 1-a
(8 i) =0
Similarly
d (ndf) _ o e
A GAREES
Initially when the shot starts, we have
x=0;v=0;p=p¢; = 1;f1=/10;f2=fe0; }
21=210; % = 2g9; M =72 = 0.

Bl -— _BE - Al
Let D= B’ and D, = B
Dividing (4A) by (4B) we get
dafy _ B
af:~ B”

which, on integrating and using initial conditions, give
Bf:—B"f1=Bf0—B" 10
Using (9A) and (9B), equation (17) becomes

p (1"'02) [VI=Em—vI= Fazao) = B"(H-g)[\/l RS e

(8B)

(9A)
(9B)

(10A)

(10B)

(11)

(12A)

(12B)

(134)

(13B)

(14)

(15)

(17

(18)
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where
46, 402
1= ey B = gy
Equations (9A) and (9B) give
1 dzl
df] = — —— , —————
fl 1+01 '\/1"—.1(5121
and
1 dz
dfy = — 2

1+02- '\/1—15222
From (18), we get

V1-kz = 1—kz+p

where
/\_ﬁ' 146, 6,
B’ 1+01 A
and p=1=lz10—2V T—kszz

Clearly when ignition takes place,
) = 2o = 0.

*. equation (21) gives =1-X ..
Hence ’\/I—rklzlo—A‘\/l—kgzgo =1-2A
an expression giving the relation between z;4 and z,.

We can easily get with the help of (21)

F,Cq
2+F G, =p'4vzg— '——‘\/1 kozo
where
/\: FlOl k2
Fols by
s 1=p2—A2 F1Cy ky
e R NG )
_ L—p2-2z,
= A
FiC1 kg
‘= 2 i
and 14 1+A .cmz ]31
=1422.X
Now let
FyC L, 2w —
22+F;0;21 = p'+vzg— “];2*“ NV T=kgzy
= Zy , say
and
5 =Y,
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(19)

(20A)

(20B)

(21)

(22A)

(22B)

(23)

(24)

(25)

(26)
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Then equation (11) becomes
d(Zg) = £-7dY, .. . .. - .27
From (13B), (20B) and (25), eliminating fy we get

(1+6,)2 [A'A#+v'\/ l—kzzz] - [i;‘ Mty Ty (%5]
4

From (25), we have
M+’ 1—kyzy = a¥/1-bZy .. . .. .. (29)
where
@ = NN 4 v 2 o'y’ .. .. .. (304A)
and
b=k,
=_v .. .. .. .. .. .. {30B)
Let
bZo=Z7Z .. . .. .. . .. (314)
and
bY,=bL"=Y .. .. .. . .. (31B)
Then equation (27) gives
dZ = &-vdy .. .. - .. .o (32)
and equations (28), (29) and (31) give
1 ' c 2 -M2 1-200
(1~2) l:f +ag'. ] -3¢ = = RO & (33)
where the dashes * and " denote first and second derivatives with respect to Z.
From (32), we have
f’ YII
(r—1 < iT7 (34A)
and
f'l Y/II 2_), YII
f' = YII + ,;;?_-1 . ?-; (34B)
From equation (31), we have
C' Y’ ’ ’ ’e
2 Y W . r_ v I (0

Eliminating ¢, ¢', £, {; and {| from equation (33) with the help of (31), (32),
(34A), (34B) and (34C), we get

V& Y” Y’ 1 _ (YI)2—2"
(1— Z)[yu +(n—2) 3 to ] Q—Q-W (35)
where
_Yl—a) _ My(y—1)
=5 and Q = (——~——-——-————1+02)2abs_2a (36)
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—an equation similar to that obtained by Clemmow (1951 ; p. 123) for a single
charge.

The equation (35) can be integrated numerically to give a series of values of
Y, Y',and Y" in terms of Z for any specific given propellant (i.e. ¥ and a given)
and a given value of @, representing the loading conditions.

The initial conditions are :—

(i) when a finite shot-start pressure is assumed :

then F,Cy )
Zo = bZgo = b(z20+ 7,0, 10
Al .. .. .. (i)
Yy =0Y9g="0{3=0b.
0 20 Lao F202Po

(Y)=1and (Y")=0
and (ii) when the shot-start pressure is taken to be zero :—

then Zy=0; Yo=0 }
(y,)o =1 and (Y”)o =0

The shot-travel is obtained from (32) as

-1 dY
¢ 1=ZZ N £ (7Y
L
ie., x=z[(y')"‘-1] .. .. .. .. @3B
and the pressure from (31B) as
Y
{y = ; (38A)
b(Y/)'Y—l
. _F0, Y
ie., =y > (38B)
(Yl))'—l
Then equation (7) gives
2M Y
2 2 _
n2~(y_l)b[ y,] Ce .. .. (39A)
or 2F3C, [ Y]
2 = _ . LY L)
v (¥—=1)bw, Z Y’ (39B)

. The equations (37A), (38A) and (39A), (or (37B), (38B) and (39B) repectively)
giving the shot-travel, pressure and velocity in terms of Z, Y and the derivative
Y’ are valid so long as both the propellants are burning.

5. DIFFERENT CASES OF ALL-BURNT

Following Venkatesan and Patni (1953), we see from (17) that if

(i) B'feo < B’f10, then f, cannot become zero before f;. Hence charge C,
must be burnt out first.
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(ii) B'fa0 << B''f10, then f; cannot become zero before f;. Hence charge O,
must be burnt out first.

(iii) B’fe0 = B"’f10, then both the charges will have to be burnt out
simultaneously.

Hence we see that two different cases arise, viz.—

I. The two propellants burn out at different times.
II. Both the propellants burn out simultaneously.

For the sake of definiteness, let us call that propellant which will burn first
as (.

Case I :—We have to consider this in two parts :—

(1) When only (5 is burning (and ('; has been burnt out).
(i) When (y is also burnt out.

Cuase I(i) -—In this case, equation (7) becomes

2
F101) _ 1 Ty
(22+ Foly) = C2§+§(7—1)E .. - - (40)
which on differentiation and using (8B) gives
F,Cy A=Yy
d(F202 +z2) =& "d({.£") .. .. .. 41)

Let the suffix (2, 1) denote the position when the charge (; is just burnt out.
Then the initial conditions for this case are :—

T=1291; V=0g1; 21=1; 29=123;21
(42)

Z2=Z2;2,1; §=§2,1; 772=772;2’18’nd€2=C2;2’1

The equation (21) gives the value of 2z, at this position (2, 1) as

LYY

702 /\
Also from (31) and (25), we get
FyC
Zo 1= b(F;(J +z2;2,1) . .. L (44)

Then £g,1, £2; 2,1 and Ty, 9,1 BT€ given by (37A) (38A), and (39A).
Let

F,Cy _
F202+z2 =2y .. .. .. . (45)
and L.tY = Yo, as before .. .. .. .. (46)
Then (42) gives
d(eg) = 7Y, .. .. .. .. (47

Proceeding, as for equations (32) and (33), we shall get here

dZ = &4y .. .. .. .. (48)
and

17 ’ §'2 ’ M 1-20%
(I—Z)[f +at Z;]—%f =m° 2 .. .. (49)
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where

o = FoCo+FCiks

FyCy
b = Iiz,
a
. ¥ X FICI )

Z=bzg =b (F202+22

and

Y =b'Y, =50

Hence the corresponding equation (35) becomes in this case

Y Y Y’ 1 o (Y/)Z_z,,
(1-2) [—Y"ﬁ‘l'(n—2) “IT‘I'OC?] —5= Q Y yea-1
where
Y(1—e) , M,yy—1)
n=— " d = —_—
= e E TR

with initial conditions

A F,C
Z=Zy=h (F;C;+Z2;2,1)

Y=Y2,1=b'§2;2,1§;,1
Y=(Yha=§7
and Y"=(Y’,)2’1 .

111

(50A)

(50B)

(50C)

(50D)

(81)

(53A)

(53B)

(53C)
(54D)

—the quantities Yo 1, (¥')s,1, (¥')s, 1 being obtained from the numerical integration

of equation (35) when Z = Z, ;.

Then the shot-travel, pressure and velocity at any point between the position
when (; is just burnt out and the position when (' is also burnt out, are given in

terms of Z, Y and Y’ by the equations

é-.-'}’—l — Yr
A1
ie. =Y '—1]
1 Y
{y = i 2
[(y'y-t
. _F0 Y
le. p= Al .
[y
e_ 2My |, _Ii]
and "= -1 [Z Y
. 2F,C, [ Y]
2 T 2Y2 —_
1.6, v (7—1)10117’ YI

(54A)

(54B)

(55A)

(55B)

(56A)

(56B)
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The quantities x5, py and v, corresponding to the all-burnt position are obtained
by putting

_ Y FICI )
Z=(Z)g=0 (F—202+1

and the corresponding values (Y), and (Y’), of ¥ and Y’ as obtained from the
numerical integration of equation (51) in equations (54B), (55B) and (56B).

Case I (ii) :—In this case, the equation (7) becomes

F,0y
FyoC,

2
= LEFRy—=1) 2= .. .. .. 61

14 i,

Differentiating (57) and using (8B), we get
§77(LE") =0

o Lo = constant = {5, 5 §:

Y
ie. L, = gi;ﬁ (584)
4
or p=}-0—;f~z .. .. .. .. .. (58B)

where £, {3, 5 and My, 5 BT0 the values of £, {5 and 7, at all-burnt position, obtained
from equations (54A), (55A) and (56A) as

g7 = (Y, ce e (394)
Y
€2;2=(—)27 .. .. .. (59B)
AN i
and
z _  2M, (Y)s ]
172; 2= (y_l)bl I:(Z)Z— (Y¢)2- (590)
From equations (57) and (584), we get
oM, [FoCot FiCy  0y08)]
2 _ 2 | Folo+ 210y S5
172 - Y1 [ FZCZ f"—l | (60A)
y
OFCs | FoCot+Fi0y €305,
= — .. .. (60B
or v (‘)’—l)wl [ F2C2 EY—]. ( )

The equations (58B) and (60B) give the values of pressure and velocity at any
point after all-burnt position in terms of £ and the various elements at the com-
plete all-burnt position.

Case II :—Both the propellants are burnt out simultaneously,

ie. Bfz0=8"T o
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At complete ‘all-burnt’, we shall have from equations (31) and (25)

(Z)z = bZ2;2 = b (F202+F101)
FyCe ’

Then from equation (35), (¥); and (Y’);, the corresponding values of ¥ and ¥~ are
calculated. Then equations (37), (38) and (39) give £;, {2,2 and 73,9, the values
of £, {3 and %, at the complete  all-burnt’ as

5;-1 = (Y')e . .. .. .. .. (61)
1 Y
CZ;Z:B‘-—L—_)E_Z .. .. .. .. (62)
(Y
oM, Y)e
and ’72; g = b(y_zl) [(Z)z'— E—Y%J .. . .. (63)

After all-burnt, the values of {, (giving pressure) and 7, (giving velocity) at
any point are given by equations (58A) and (60A).

6. MuvuzzLe VELOCITY

Case I.—(When the charges burn out separately) :—
The muzzle velocity is given from equation (60B) as

o 24l {F202+F,01_112_§§] 60

3 (Y—Lw, Al g7
3
where p, and ¢, are obtained from equations (59B) and (594).

Case II.—(When the charges burn out simultaneously) :—

In this case the muzzle velocity vy is given by the same equation (64) but
P, and £, are obtained from equations (61) and (62).

7. MaxmMuoM PRESSURE

The following cases may arise, viz., that the maximum pressure oecurs when—

(a) both the charges are burning ;
(b) €, is burnt out and C, is still burning ; or
(¢) at the position of simultaneous ‘all-burnt’ of both the propellants.

Case (a) :— From equation (384),

b
{= — (38A)
B Y1
FeCy ¥
O e (38B)

[y
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The pressure is maximum when

Yl y yll

¥ S1 7 (65) .

The equation (65) can be solved numerically for Z from the tabulated values
of Z, Y, ¥Y' and Y” as obtained from (35) and then the value and the position of
maximum pressure (i.e. p, and §,) and the velocity v, at that instant can be deter-

mined from equations (38B), (37A) and (39B).
Conditions :—The conditions for the occurrence of maximum pressure in this

position are
fi;1>0andfz;1,>0 }

ie. z5;1<<landz; ;<1 (66)

where 21,1 and zg,; are the values of z; and 2z, at the position of maximum
pressure.

With the help of equations (29), (31) and (21), the conditions (66) reduce to

g
[a*—VT=(2] [p*+v1=2)] <* ak2 c .. (674)
/2 k
[c* v1=(Z) ] [d*+\/1 Z)I] ”Aga‘ .. .. (67B)
where (Z), = the value of Z obtained as the solution of equation (65), and
ar = LEE (684)
Va
b¥ = V’_/\'_\ L (68B)
Va
” —H
c* .. .. .. .. (680)
) Va (
"+
a* = - .o .. .. .. (68D)
AVa
Case (b) :—Here
Bfa0 > B f10-
Equation (55B) gives
FoCo Y 55B
P=Aw 3 (55B)
[y r-t
*. pressure is maximum, if
rY_» ¥ (69)
Y y-1Y

This equation can be solved numerically for Z from the tabulated values of Z,
Y, Y’ and Y” obtained from equation (51). Then the value of maximum pressure
can be found out from equation (55B),
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_ Conditions :—The conditions for the occurrence of maximum pressure in
this position are

fi;1=0and fo;, >0

i.e., 21;,1= 1 and 22;1< 1 (70)

But in view of the condition B'fsp > 8"f1o and equation (17), fo, | cannot be
equal to zero.

Then with the help of (21) and (50C), the conditions reduce to
B'f20 > B"f1p . .. .. .. {71A)
pAV 1=k < A/ 1=k, . . .. (11B)

and

FoCo{Z),— Fy (4
b’ FoC,

where (Z); is the value of Z obtained as the solution of equation (69).

<l .. .. .. .. 10

Case (¢) :(—Here
B'fa0 = B"f1o-
In this case the maximum pressure p, is given by the equations (65) and (38B).
Conditions :—The conditions for the occurrence of maximum pressure in
this position are
B'fz0 = B"f10
and fiii=fo;1=0 % .. . .. o (12)

or 21;1=22;1=1

These conditions are reduced to

[a*—\/l—(zh] [b“‘+\/1—(Z)1]="12ak2 .. .. (134)
and [(*~VTI=@ | [tV TR = S @B

where a*, b*, ¢* and d* are given by (68A), (68B), (68C) and (68D) and (Z), has
the same value as in (67A) and (67B).

8. A SpecIAL Case. (0, =0, =0)

When both of 8, and 8, or any one of them be zero, some of the equations
derived above present some difficulty as they may take the undetermined form.
Accordingly those equations are to be modified. For a long tubular propellant, we

Ry—r .
0__0. 50 even if

generally take 6§ = 0 ; but as is theoretically determined, this § =

0
H, (i.e. the length of the grain) be 200-500 times the annulus (By—ro), 6 is
greater than ‘002 and we may not neglect it. With this device, the theory
developed in the previous sections is equally applicable to tubular propellants also.
However, we give here principal equations which differ from those given above
when 6, and 6 both are taken exactly zero.
Since
O=0;=0, ky=1ky=0.
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The equations (18), (21), (25), (32) and (33) become here

ﬁ"z]--ﬁ'zz == ﬁ”zlo—ﬁlZZO . . .. (74)
B’ B 'z10—B'220
= ”ﬁz + —rr .. e (75)
ATETET TR
F.C :
zg+ 11.'—,;?1221 =Nzgtp*r=2 .. .. .. (76)
dZz=¢""y .. .. .. .. (@7
. O M oa-a
§+agzz=7§§2 .. .. .. .. (18)
where
FCy B
* = — 79
C !
p.* = ﬁc'; [Zlo— BB‘,", 220] .. . (80)
and
Y =8 .. .. .. .. (8D
Accordingly the fundamental equation (35) becomes here
y Y Y (¥Eee )
v +(n—2) 7 tey = Q*. Yoy (82)
where
_Yd—a) . Ms(v—1)
n= oy end €= (%) (83)

and the independent variable is Z = A%z p*.
The equation (82) does not contain the independent variable Z explicitly ; it
can, therefore, be solved numerically by treating ¥’ as a function of Y.

With zero shot-gtart pressure, the series solution of (82) takes the form as
given by Clemmow (1951, p. 124)

1

3 z* | {3—2a—n2—o)}(Z*¥2, ]
Y = Z[l +i 5 + (5—~3a)(4—2a) + o (&4
where
@
¥ = BmsP—a) .. .. .. (85)

The quantities §, {; and x, giving the shot-travel (z), pressure (p) and
velocity (v) when both the charges are burning, are given by

y-1__dY )
£ =7 .. .. .. .. .. (86)

Le= O 174

38
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and

773—2M2 [ ] e (88)

where Z, ¥ and Y’ have the values obtained from (82). Clearly the equations (86),
(87) and (88) correspond to equations (37A), (38A) and (39A) of the general case.

9. DrrrERENT CASES OF ALL BURNT

Case I (i).—(When C; is burnt out and C, is still burning.)
The initial conditions for this case are

B (1—=2y9)+B 290

22;2’1————-—3_—— .. .. .. (89}
Z2,1=A*22;¢_)Y1+[\L* .. .. . .. (90)
and &, 1, {5, 1 and Mg, g, 1 BTE given by (86), (87) and (88) for the value
Z = Zz’ 1- L
Now let
Z2+§1(f:1 =7
2C’2 e
and lzfy =%Y
Then here we shall have
dZ = ¢y .. .. .. S (92)
L B
£ ot ZZ = M (93

and the equation corresponding to (51) is

Y/lr Y/I YI (Y’)Z—zn .

'W‘i‘(n ) +fl - = Q% Y yza-1 (94)

where
Y1l —a)
y—1

n= and Q* = M,(y—1) ce . (9D)

The equation (94) is similar to (82) with Q'* for Q* and with initial conditions

Z= Z2,1
}’=£2;2,1§;1 \
Yr__ Y-1 (96'
and ool
YI! = (YI/)Q, 1

= the value of ¥’ corresponding to Z = Z, ;.

The quantities £, {o and %, are given by (86), (87) and (88) but now the
quantities Z, ¥ and Y’ are given by (91) and (94).
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Case I (it).—(When (; and Cy both are burnt out.)

In this case I and 7, (giving pressure p and velocity v respectively) at any

point after all-burnt are given in terms of £ by equations (58A) and (60A) where
€9, L9, o and Mg 2 (the values of £, £ and 7, Tespectively at the complete all-burnt
position) are given by equations (86), (87) and (88) for

P01+ FoC
2= @)= PO,

and for Y and Y’ obtained from equation (94) with the above value of Z.

Case I1.—Both the propellants are burnt out simultaneously, i.e.

B'fzo = B”flo,

or B'210—B'220 = B''—8".
At ‘“all-burnt’, we have from equations (86), (87) and (88)
&7 = (¥,
_ (),
(77 T
2M (Y)
'3 _— 2 . 2
and Moo = Y1 [“’2 (Y')J \
J
where
(Z)e = F—IOI+—F2QZ and (Y), and (Y'), are

Fgog -

obtained from equation (82) for this value of Z = (Z), .

After ‘all-burnt’ position, £, and 7, (giving pressure p and velocity v) at any
point are given in terms of ¢ by (68A) and (60A) with &, {,., and 7, , as given
by (97).

10. Maxmmum PRESSURE

Case (a) :—When both the charges are burning, the maximum pressure p; is
given from equation (87) as

FyC Y
=" (98)
(¥nr-1
subject to the condition
YI ,YII
Y 711 'Y (99)

which should be solved numerically from the tabulated values of Z, Y, ¥' and Y”
as obtained from equation (82).

Conditions :—The conditions of equation (66) for the occurrence of maximum
pressure in this position are simplified with the help of equations (75) and (76)
ag follows :—

(Z); < X4 p*
gk . (100)
[ |

(Z2)n <
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i.e. (Z);, the value of Z obtained as the solution of equation (99), should be less
than the smaller of

/\*+,u*

(B"A* o
B M1/
Case (h) :—Here the maximum pressure p, is given by the same equations (98)

and (99) but the latter equation should be solved from the tabulated values of Z,
Y, Y’ and Y as obtained from equation (94).

Conditions :—The conditions of equation (70) for the occurrence of maximum
pressure in this position are simplified to
8720 > B'fr0
POy ¢ o0 e .. ..o (101)
FoCe

Case (c) :—Here both the charges are burnt out simultaneously, i.e. 8'fsg = B''f10
and the maximum pressure occurs at ‘ all-burnt ’ position.

In this case the maximum pressure is given by the same equations (98)
and (99).

Conditions :—The conditions of equation (72) for the occurrence of maximum
pressure in this position are simplified in this case to

B'fzo = /9”flo
and (Z); = A¥4-p*
B

and

and (Z), < 1+

(102)

BT ax1

where A* and p* are given by equations (79) and (80) and (Z); has the same value
as found from equation (99).

11. SoumMMARY

In this paper the problem of using composite charges in conventional guns has been dis-
cussed. A solution of the basic equations of Internal Ballistics when non-linear power law
for rate of burning is assumed, is derived for any values of the form-coefficients under certain
conditions, viz., the value of Y —the ratio of specific heats—is the same for both the charges
and the power-index law also is the same for both the propellants.
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