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INTRODUCTION

The theory of w-meson production has been worked out by various authors
under different assumptions in order to explain the various results of observations.
Heisenberg, and later on, Lewis, Oppenheimer and Wouthysen (1948) put forward
the theory of ‘multiple production’ of mesons. Heitler and Janossy (1949, 1950),
on the other hand, proposed the ‘plural theory’ of meson production on some plaus-
ible assumptions. The results of cloud chamber observations as well as the nature
of stars recorded in photographic plates are in many cases in qualitative agreement
with the plural theory. Recent experiments of Schultz (1954), however, lend more
support to the theory of multiple production of meson showers. A quantitative
comparison between the theoretical and observed results, however, is not feasible
without making considerable improvements in the theoretical as well as obser-
vational results.

It is now evident from various results of observation that the development of
the nucleons and mesons should follow a cascade process. The most uncertain
factor in the theoretical development is the form of the cross-section for the energy
loss of the nucleon and that for the production of mesons in the nucleon-nucleon
collisions, which are usually deduced from the theory of meson production.
Hamilton, Heitler and Peng (1943) calculated the cross-sections, which were, how-
ever, modified later by Heitler and Walsh (1945). Peng (1944) used the results of
Hamilton, Heitler and Peng and estimated the number of nucleons and mesons
through the cascade process, but ignored the effect of B-decay. Chakravarty
(1947) calculated the average number of nucleons and mesons generated by a
primary nucleon of given energy passing through a given depth of material. The
development of the showers followed a cascade process and the form of the cross-
section given by Heitler and Walsh was used. The effect of B-decay in the scheme
of the cascade process was also taken into account. The results obtained by
Chakravarty differ considerably from those of Peng and is due to the difference in
the form of the cross-sections assumed and also partly due to the neglect of decay
of mesons by Peng. To avoid the uncertainties that are inherent in the theory of
meson production, Heitler and Janossy (1949) have derived the cross-sections for
the energy loss in a nucleon-nucleon collision in a phenomenological way, which
compares well, except in details, with those deduced previously. Heitler and
Janossy have used this cross-section in estimating the absorption of nucleons in
matter. Messel (1951) has used a different cross-section also suggested by Heitler
and Janosgy and has taken into account the production of recoil nucleons. This
cross-section, however, gives an average energy loss of the order of 5/24ths of the
primary into the meson component. As such, the results obtained by Messel in the
estimation of the size of the nucleon cascade is much larger than that obtained by
Heitler and Janossy. In a later paper, Messel has, however, used a different cross.
section for the production of mesons and recoil nucleons.
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Detailed theoretical results on the various theories of meson production are
essential for a proper comparison with the observed results and thus one should
also know by how much these results vary with the choice of the form of cross-
‘section. In the present paper an attempt has been made to estimate the number
of nucleons as well as mesons produced by a primary nucleon of given energy Ej
in passing through nuclear matter. We have also taken into consideration, follow-
ing Heitler and Walsh and Chakravarty, the effect of the decay of mesons. In a
later section, we have compared our results with those of Heitler and Janossy and
also of Messel, which will show, on the one hand, the effect of the form of cross-section
on the size of a nucleon and meson shower and, on the other hand, will indicate the
possible nature of meson production when compared with the different results of
observation. .

Following Heitler and Janossy (1949) we have assumed that a nucleon of energy
E may lose an energy between e and e4-de in a single collision with another nucleon
and the probability for such an energy loss,

HE, ) de = a(l—e/BY de/E .. .. .. ()

We have also assumed that the average cross-section for the production of a
recoil nucleon of energy between €' and e'4-de’ by a nucleon of energy E, losing an
amount of energy between e and ¢+de is given by (E, €, €') de d¢’ when the meson
produced takes the energy e—e’ where

Y(E, ¢, ¢) de de' = a(l—/BY (1—¢|B)
and a=15 F1=2, Bp=1

Consider a layer of the substance on the surface of which a primary nucleon
with energy E, impinges normally. We propose to find out the energy distribution
of the mesons and nucleons at any depth below the surface of thelayer. The mesons,
together with the recoil nucleons, are produced by the fast nucleons and they are
absorbed through ionisation and B-decay. The unit in which depth or thickness is
measured is the average distance between two consecutive collisions and has been
defined as collision units by Heitler and Janossy. Let P(E, t) dE be the total
number of nucleons at depth ¢ having energies between F and E4dE and M(E, t) dE
the total number of mesons having energies between E and E+dE. Then the
diffusion equations may be written as follows:—

8, de de’
B2

(2)

@0 E
2 P, 0—p 5 P, =j P(E', 1) (I, B'—E) dE'—P(E, J 4(B, B') dE'+
E 0
+ J P, t) ¥y(BJF) ”Zf N 3)
E
and
O ME, )—y & M(E, t) = SE, )~ > M(E, 1 4)
at » 'y aE N = , Et 5 . .
where
1 E
~E—7Y’1(E/E') = J’ Y(E', e, E) de .. . .. (B
E

S(E, t)=J P(E', t) x(E|E" dE'|E’' .. .. .. (6
E
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go that
1 F
E,—,X(E/E’)r_J. pB, e, e—B)de .. .. .. (D)
E

B and y are the rates of ionisation loss of the nucleons and mesons and b is a
quantity which depends on the proper lifetime of the mesons at rest and for the
atmosphere b & 9-5 in natural meson units.

In order to solve equation (3) we introduce a function defined by

©
ps, t) = J Es-1P(E, t) dE .. . .. (8)
0
By Mellin’s transform then we have
1 O+ io
PE. )= %J E-s p(s, t)ds .. .. )
G

where o is such that when R(s) > o, p(s, t) is analytic. Multiplying equation (3) by
Es-1 and integrating with respect to £ from 0 to c0 we have

2 (s, D+Bla—1) plo—1, )= (M+N) plo, +aple, ) =0 .. (10)
where
M(8)=3:ﬁl
_ o TeT(Bi+Ba+2)
VO =138, TG+ APt )

a

-
14-8

In the present paper we shall neglect the ionisation loss and estimate its effect
in a later paper. We then have

g—tp(s, H+Ksp(s, t) =0 .. .. . .. (12)

where
—K;=M()+N@S)—a .. o .. .. {(13)

so that
p(s, t) = Ce—K# .. . .. .. (14)

For an incident primary nucleon of energy E,, we have P(E, 0) = 8(E,—E)
and hence p(s, 0) = B, so that

0
p(s, ) =By e~k .. .. .. .. (15)
and
1 o+ 100 B s
= —— -0 -Kg
P(E, ) Zm'EoJ. (E,)e ds .. .. .. (18)

a—iom
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The energy spectrum of nucleons at a depth 6 gm./cm.2 of the absorber is then
given by P(Z, ) wher:
o0

P(E,@)=J PEYFO, HE .. .. .. (I7)
0

F(0, t) being the probability for ¢ to lie in the interval df when the nucleon
traverses 6 gm./cm.2 of material (Heitler and Janossy, 1949).

Also
1 A i
F(e, t)=§7—r;.J exp {M—Df(A)} dA .. .. .. (18)
X i
where
1—(14A)e-2
f(A)=1—2—(;;f—)f—-.. . . .. (19)

and P is the average number of collisions when passing through a thickness  and

is equal to Ond , .. e .. .. .. . .. .. (20)

¢4 being the geometrical cross-section and n the number of nuclei per gram.
Substituting in (17), we have

© 1 N i 1 O4in B\
— i —_T et 0} oKt g ¢
P(E, 0)_[ dtzm.J exp {M pf(A)}d,\Qm.EJ (F)e ds .. (21)
Jo A mio [

O4iw \s

_._1__ FLO -pf(K,) <

_%EJ (E)e ds .. .. .. .. L. L@
O —f0

We assume a power law spectrum for the primary nucleons so that

.),EY+1
P(Ey, 0) = ——, Ey > E.
Y41 2
E} (23)
=0, Ey< E,

where E. is the latitude cut-off energy.

Then the number of the nucleons in the energy range (E, E+dE) at any
depth 8 is Py (&, ) dE given by

0

Py(E, 0) = J P(E, ) dE, . P(Ey, 0)
EL‘

o AS d
=7 (—i) e-#ky) 2 e (29)
SmiE, Z Yy

. S
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If Q(E, 6) be the total number of nucleons above a certain energy E, at a depth
@, then

0

QE, 6) = f Py(E, 0)dE

E

O+i0 s=1
1 P Y =
— ok — L o~FKY
mj (b) D=t ¢ " ds - (29)

G =i

LERT ]
= —y—~ J eBls, D) dg

2m
F ~1im

where B(s, p) = (s—1) log, % —Pf(Ks)—log, (s~=1)—log, (Y—~s+1) .. (26)

Heitler and Janossy have taken « in the cross-section to be of the order 10-5
and so for the purpose of comparison we have also taken a = 10-5 for calculating
Q(Z, 6) and the results obtained are given in Table 1, together with those of 7(¥, 6)
obtained by Heitler and Janossy (1949).

TABLE 1

Total number of nucleons Q(E, 9) at a depth §. T(E, @) represenis
the same expression oblained by Heitler and Janossy.

log Q(E, 6) log T(E, 6)
]O
p c
10 ~04 | —115| —20 | —05 | —12 | —225
20 —~18 | —26 | —35 | —205| —31 | —445
30 —~31 | —42 { —59 [ —39 | —515 | —686

The table shows clearly, as is expected, the contribution of the recoil nucleons
at the different depths.

If now N(E, t) be the total number of nucleons at a depth ¢, with energy greater
than E, produced by a primary of energy E,, then

D

N(E, t) = J P(E.t) dE

E
0440 s=1
1 E, 1
-1 L) IS S ' S
2m’f (F) R (27)

0 —10

To compare the results of the present paper with those of Messel and of
Chakravarty, we have calculated. the values of N(Z, t) for three different values of
log, (Eo/E), viz. 2, 5, 8 and the results have been shown in Fig. 1. As expected,

Mesgel’s analysis gives a larger multiplication and a slow-rate of absorption. The
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values derived by Chakravarty are less than those of the present paper and this is
possibly due to the difference of the cross-section assumed.
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Fie. 1. Total number of nucleons at different depths ( Present Paper; — - — derived from
the analysis of Messel; — - — deduced by Chakravarty).

Substituting the value of P(E, t) in (4) it can be shown that
: 1
mE = (2 £ s(B+rt—yt ; )Y o
A ’ (E+7vt—vt'ys E+yi)
0
b

¢
E - ’ ’ t’ E
== (?)UJ‘ S(n—vt'; t") (m)’? .. .. Lo (28)
4]

where =K+t .. .. .. . (29
and 7 is the rate of ionisation loss of the mesons.
Using (6) and (16) and after making some simplifications we get

I ¢ PR 1 T s
= (= - - ’ __L _.K’t «
M(E, 1) (t>nJ (n_w,)ndt MEJ (-r)—)’t’)e Fds .. (30)
0 [
where
@© —‘)’t' s 1;—‘)’t' d.E,
_ n
F‘S’"J (%) (%)%
7Y
53 8 6 1
—ﬂ[’;—mﬁ-m—m] .. .. .. (3D

Equation (30) can be written in the form

b ¢ b
E\- v o\:
M(E’”"(?)”ELOJ (,,*_—w)”-Wmo,n,t')dt' L (62)
0
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where
T30
p 1 E, \* ,
W(Eqg, n, t') = %J (7)—(')%') e~Kd&' F,ds .. .o (33)
0 —im
1 T+i0
= 5 o~ Kst' 4108, Fs (s . . .. ..
2’”._’ €% ds (34)
LB 1)

9o being equal to log, (n—f%/?)
The integral in (34) is evaluated by the saddle point method for some integral
values of ¢, viz.,t = 0, 1, 2, 3, 4, 5, 6, 7, 8, and 10 and for different y,’s.
The equation (32) can be simplified without introducing much error and we
can take
b

t

N7

M(E,t)fnw;—,oj (‘;-) W(Eo, n, t)dt' .. .. .. (35)
1]

b

The error in putting [E/(y—7¢')]7 &~ 1 is only to the extent of 10%, even when 7 is
small. We have checked by calculating the values for two cases where Ey = 105
(E = 5 and B = 50). The values are found to be 52-5 and 10-2 according to for-
mula (32) as against 58 and 11, found by formula (35). The integral in (35) is then
solved by applying a process of numerical integration.

It M (&1, t) be the total number of mesons above a certain energy E;, at a

depth ¢, then
b
i d tl é:;i- 1 0+im Eo s
M " e ——9 |e-K¢ F .. (36
M(E,, t)mJ‘ dEJ (t) dt 277iE0J (E+7t-—7t’)e sds (36)
E] 0 O—im
_b
¢ T pim X NE4Y
1 ' sk (t_ ) dE .
EOJ dt’ - 2mJA E e .FsdsJ ; Fini—vey (37)
O i El
Again,

b

t/ E+vi d.E
(?) (B +7t—rt)

1
b

a0

v E

" t\"  dy .
= ) —— if n=E4W
(t) oy & 1T
'JEl-Py!
ke
e

Y E+yt

(38)

blog, t'/t+ yst’} dn
7 7’

' 1
(expanding in powers of :—) and neglecting higher powers of 5)
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The integrand in (38)

1 1

T s—1 (B 4ty
Substituting in (37) we have

t 1 [ By VT ks
M = L 0 I R
M(E,, 1) _J dt [%J (E1+W) — Fuds
0

O —{w

b, ) 1
+ e i

04 i s
1 Ey {‘Z_) ok
+2__—7T7"E0J | (__E1+Vt) - log t+7t (© Fds

O~z

127

(39)

We have evaluated (39) by the method indicated before and the results for

M(E, t) and M(E,, t) have been given in Tables 2 and 3.

TABLE 2
Values of M(E, t) x 103,

Eluc®
Eylpc? \ 5 10 1 20 1 30 | 30
! i

' 2 43 | 21 95! 0] 31
I 3 34 | 17 82 48] 2.8
102 4 2 | 13 | 67| #4271
Ld i 11 581 41 2.6
T 14 o 51| 39 25
P2 s L o2 | 17 |10
s e 51 2% 21 1106
103 4 93 | 51 | 26 | 20 |105
5 3] 43 | 23 | 17 | 98
6 50 | 36 | 20 15 ] o1

3 st | 45 | 26 | 19 |13

104 4 236 124 63 39 (22

3 233 127 61 41 |26

105 4 351 230 105 69 140

5 564 278 128 84 |46

G 459 274 135 58 | 44
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TaBLE 3

Values of M(E,, t).

Eofpct
By juc? 10° 108 104 105
t

2 -497 1-252 1-457 1-182
3 421 1-438 2-503 3-435
5 4 -369 1-368 3-145 5538

<

-311 1-175 2-973 6-952

6 -280 1-035 2-712 6-629

The results for M(E, t) show as is expected, that with higher energies the
maximum intensity occurs at greater depths. The values of M(E, t} obtained here
are larger than those given by Chakravarty (1947) but there is a general tendency
of agreement between the two sets of results. These results can be used for the
estimation of the meson intensity at different depths of the atmosphere for a proper
distribution of the primary nucleons incident on the top of the atmosphere. A
comparison with the results of observation on the size frequency distribution of
meson showers will then indicate how far the cascade production process can explain
the observed results and also whether any other generation process should be taken
into consideration.

ABSTRACT

Nucleon-nucleon collisions are responsible for the production of mesons and the energy loss
in the process is partly taken over by the recoil nucleons. The average cross-sections for the
energy losses through meson production and through production of recoil nucleons have been
obtained by Heitler and Janossy. In the present paper an attempt has been made to study the
effect of different cross-sections for the energy loss as well as meson production on the size of the
shower. The diffusion equations for the average number of nucleons and mesons have been
solved. The integral and differential meson spectra have been evaluated for an incident primary
nucleon.
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