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The present paper deals with a relativistic study of the Statistical Mechanics
of an ideal gaseous assembly in mags-motion. In order to determine the distribution
appropriate to the laboratory system S, we may proceed by introducing

—
the conservation of the mnet linear momentum P of the assembly as an
additional constraint besides the usual constraints of the total number N
of the particles and the total energy K. It is shown in the first section that the
distribution law so derived is formally the same as an observer in the rest system

—
S0 would obtain without introducing the momentum-conservation (since P =0
in S%: in fact, the one follows from the other by applying the Lorentz transforma-
tions for the energy of the particle, the components of its momentum and the tem-
perature of the asgsembly. The second section deals with the derivation of the
equations connecting the macroscopic quantities referring to the two systems of

s
co-ordinates. It is thereby shown that it is the quantities [P. :»;(E +p V)] , and not

- s
(P, EE), that transform like the components of a four-vector.

1. The restrictive conditions controlling the distribution with respect to the
laboratory system are
~ n. =N

L,

z .. .. .. o (D
Z

Then, the distribution law states that n;, the number of particles possessing an

-
energy ; =¢ (p?+m2c2)*, where p, has the components p,, p, and p, as measured in
8§, is given by
g,
n, = ! . .. O

1 €. > =
exp (—a+ﬁ —y-pj) +8

where g, is the number of wave functions or states of the particle with eigenvalue
5 of the energy. f depends upon the type of statistics obeyed by the particles.

'Y is the Lagrange’s undetermined multiplier that takes care of the conservation
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- -
of net momentum P just as « is for the conservation of N. Evidently ¥,
whose magnitude Y has the dimensions of (momentum)-1, is a vector parallel
to the only privileged direction, i.e. that of the mass-motion. We take the

z-axis of our co-ordinate system in this direction so that if k is the unit vector along
the z-axis, we have

s - > — - >
Y =%k, P =Pk and Y.p,="Vp,
We can, therefore, put the distribution law in the form

> 14 ds
n(p)dp = 7 , P N )

exp (_a-'-kffl—’ —-‘}’pz) +B8

In order to determine ¥ as a function of the macroscopic properties of the
assembly, we calculate the value of v, the velocity of mass-motion. This will
obviously be equal to i, the z-component of the particle velocity averaged over the
whole assembly in its equilibrium state.

Now
e  c2.p,
U, = —az; = ——E— . (4)
Hence
&p a2
€
—w €XP (—OH-ET —‘)’p,) +8
b= (5)
d3p

. €
—w 6XP —oc+ﬁ—7p, +8
To simplify the integrals involved in this equation, we malke the substitutions

o, YT

.pz+ 2 'EO I
0 0 R
Pe=Ds Py~ Py Ps (1 yzszz)&
c? (6)
O4+vET p(:
yegerz\?
1- 2
c
80 that
2 2 2 2
c2(pf,+1of+1of)—e2 = c2(p2 +p, +7, )“foh = —m?et. S

o(p,, 2, P,)

d3p = d3p°
Y, v, 17)
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€ 2y yepere\ b
and iT —Yp, = T (1— T) . (9}
The equation (5) thus becomes
po
d3p° . (c?p] [0+ YET) (1 yzszz)-*
0 222\t T e
J i exp [_a+kﬂ7( 'y_kz—T.) ]+
v=— © (10)
d3pO(14VET . p./€9) yegapez\ ~t
(17
J

€0 yerege\}
S
Remembering the equation (7) whereby ¢® is an even function of ]‘0 the
quotient on the right hand side of (10) immediately turns out to be Yk 7. Thls is,
therefore, the velocity of the rest system SO with respect to the laboia tory system S

Consequently the microscopic guantities with the superseript 0 occmiring in (6) and
(7) are appropriate to §0. We thus obtain the relation

> .
e v
Y= T (I1)
Now the distribution law as stated in (2) becomes
q.
n, = ! . .. o (12)

vp,
exp (-—-OL+ ]A"' )-HS

For an obgerver in the rest system, v = 0 and hence the distribution law
in 59 would be
0
g.
0
n. = 1 0 . e . .. (13)

J €
eX] (-——ao—{—];j—,o) +8

The same is the distribution law arrived at by conserving N and E; in the
rest system.

Further, in order that the laws of thermodynamics be form-invariant under a
Lorentz transformation, we have for the transformation cf temperature (Tolman,
1934)

b3
T= To(l_’iz-) (1)

This relation, coupled with the special Lorentz transformations (6), immediately
gives
e—wvp, €

KT kT,

(15)

Thus we see that the distribution function derived in § by introducing
momentum-congervation is formally the same as that derived in 8¢ without
conserving the momentum, except for the appropriate Lorentz transformations.
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2. Let us now define certain macroscopic quantities referring to 9. With
the help of the distribution function (13), we have

. 4 ? d3p0
A=k—§J ( 50) . .. .. (18)
—q0 —
-mexp a‘+kTo +B
R i d3p®
E0=—}£J peo) L o L )
exp | —a04+— )+
o p( O+ i) TR

Moreover if «0 and p° represent the velocity and the momentum of a particle
respectively, then by the usnal arguments of the kinetic theory, the pressure pg of
the assembly will be given by (Kothari and Singh, 1942)

" o . p0 . n(e9) de?

w1 —
Po=3 [ ; o

J e
® 02
Vo c2p, d3p0
PoVo =3 J % mn .o o (18)
—0 e -
o (e

Having set up the integrals for the ‘proper’ macroscopic quantities N, Eq and
po Vo, we now take up the evaluation of the macroscopic quantities referring to § in
terms of the ‘proper’ ones.

From the distribution function (12) and the restrictive conditions (1), cne gets

fro0

% d3
N =3 L___ 19)
xp [ —at T2 g
J w ext)[ ot i }
an g
P=y d P: L (20)
€—VD,
Voo exXp [—a+ LT ]+ﬁ
[ s
=7 ap e e e
h3 _ +e—vp{|+ﬁ
v o_o exp e . T

Rewriting the substitutions (6) and (8) with the help of (11), we have

0 0
_px=.px’ py=_py’ p3= ( vz)ﬁ
(6)

=]
S
|
!
—
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and d3p = d3p° l+vp2£e: .. 89
=
Also as a congequence of the Lorentz contraction
y = Vo(l—z—:)é. @

Using these relations in collaboration with (15), the equations (19), (20) and
(21) become

Ll

N=To P (L+op,/<) (23)
=73 ox ( at io_) +8
J - OXP kT,
fro0 0 v
v [* dusQuret/a) P
P= 7 i)+ . (l z_:f)‘} (24)
e A W™ Y AL
e Ve poo d3p0(1+vpg/e0) ‘ e0+vpg o5
T €0 2\
| afngos 12

The second part in the integral (23) vanishes and the remaining integral, when
compared with its equal (16), yields the result

o = a0,

This means that the Lagrange’s multiplier for the conservation of ¥ is an
invariant under a Lorentz transformation provided that we include the rest energy
of a particle into ;. Remembering (17) and (18) along with this result, it follows
from (24) and (25) that

P= Eo+poVo (26)
2 o2\
c (l— 6—2)
v
Eo+&§Po Vo
E=——2 27)
w2\
(-5
Further, the transformation equation for pressure, i.e.
P=1Po -0 ee e .. (28)
coupled with (22) and (27) gives
E+4pV = Botpo¥o (29)

2\ %
&
c2



336 R. K. PATHRIA: A NOTE ON THE (RELATIVISTIC) STATISTICAL

From the relations (26) and (27) it follows that the total momentum 1-; and the
total energy E of the assembly do not transform like the components of a four-vector,

rather the combination of (26) and (29) suggests that the quantities [F, E(E +p V)]

form a four-vector. This is due to the fact that the assembly under consideration
is not a closed system in that it consists of a thermodynamic fluid contained in a
vessel under the influence of the ‘external’ pressure from the walls of the vessel.

Y
In fact, the very result that (P, ZE) is not a four-vector may, in general, be taken

as a proof that the system considered is non-closed (Méller, 1952). The transforma-
tions obtained above from the statistical considerations of the microscopic
properties of the assembly are well-known transformations in relativistic thermo-
dynamics and can also be established macroscopically by treating a perfect fluid in
motion according to the principles of special relativity (Tolman, 1934, and Méller,
1952):

It may be mentioned in passing that the treatment of the text involves the
following limiting cases of general interest:

(i) &T¢ > mc?, so that the single-particle energy spectrum may be taken to be
€0 = p0 _¢.

Evidently a moving ‘ Hohlraum’, being an assembly of particles with zero rest-
mass, suggests itself as an example of this case.
(1) kT o <€ mc?, so that the energy-momentum relation becomes

1
€0 = m62+2_7,_,,p02'

An ideal gas for which the particle velocities in SO are non-relativistic is an
example of this case. Further, the velocity of mass-motion may also be either

relativistic or non-relativistic. ) ' )
The application of the general results to these limiting cases is quite straight-

forward. o ) )
The Statistical Mechanics of a gaseous assembly in rotation is being studied by

introducing the angular-momentum conservation and will be discussed in sub-
sequent papers.

3. Tt is, indeed, a pleasure to acknowledge my deep gratitude to Prof. D. S.
Kothari for his kind interest and constant encouragement and to Prof. F. C. Auluck
for his valuable guidance.

SUMMARY

Linear momentum-conservation is applied to an ideal re]a,t’iivisti_c gaseous sassembly in
mass-motion. It is shown that the distribution function thus obtained is formaslly the same as
one would obtain in the rest system without conserving the momentum, except for the appro-

> 4 .
priate Lorentz transformations. The four-vector character of the quantities [P, E(E +pV) is

thereby established.
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Note added in proof : Expressed in terms of inverse hyperbolic functions, the
equations of transformation, from one inertial system to another, of the macro-
scopic quantities pertaining to the assembly can be shown to take an interesting
form.* As is customary in the special relativity, we have two inertial systems S
and S’ such that the velocity of §” with respect to S is »; in the direction of one of
the common axes, say the z-axis. Let the rest system S0 of the gaseous assembly
have a parallel velocity vs in §'. Its velocity » in § is then given by

tanh~-1 Y= tanh-1 z—)1+tanh—1 Yz
¢ ¢ ¢

From (26) and (29), however, one readily obtains

) . Pe E+pV
tanh—-1 - = ginh~1 ————- = cosh~1 —++—-.
c Eo+p0V0 Ey+po¥y
We can, therefore, write
Pc Pie Poc
sinh-1-——" - —ginh-1——2%" 4 &inh-1 2
Eo+poVy Ey+p0Vo Eg+poV
and
E+pV Ey+piVa BotpaVs
cosh=1 ——— " == cogh~1 =~ 4 cosh-1 =2 =2
Eo+poVo Eo+poVy Eo+poVo

In these equations », P and (E+pV) are the macroscopic quantities of the
assembly, as observed in S; vy, Py and (Eo+peVs) are those observed in S’ while
vy, Py and (E{+p,V;) are those observed in § for an identical assembly at rest in
§’, i.e. they appear by virtue of the relative motion of the two systems.

* The corresponding treatment for a single particle will be appearing in an early issue of
the American Journal of Physics.
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