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I. InTRODUCTION

In a recent paper Ferraro and Memory (1952) have discussed the problem of
oscillation of a star in its own magnetic field. Following them, we discuss here a
cage of torsional and radial oscillations of a cylindrical mass of highly conducting
incompressible fluid in the presence of a permanent infinite axial magnetic line-pole
of strength m/unit length. In numerical illustration of the problem we have con-
sidered the same values for radius, density and surface magnetic field as used by them.
We have also compared the period of oscillations for the first two harmonics with
those obtained by Ferraro and Memory.

II. FuNDAMENTAL EQUATIONS

The motion of incompressible fluid with the density p, the electrical conductivity
o, and the permeability p (= 1), placed in a magnetic field H, is described by Max-
well’s equations in e.m. units

curl H=4nj .. .. .. - oo (1)
(neglecting displacement current)

cur1E=—-%I~g .. . .. @

divH=0 .. .. .. .. A )]

i=oE+VxH) . . @)

and the hydrodynamic equations

p%=iXH—jgradp . .. .. (5

divV=0 - .. .. . .. .. (8)

Here V denotes the material velocity, H and E the magnetic and electric field
strength respectively, j the current density and p the pressure. Foro = 00, it follows
from (4) that

E = -VxH. S ¢ )]

Outside the cylinder, j = 0 and the field equations are the same as (1) to (3)

with j = 0 in (1).
Using (1), (5) may be written

v 1
pat—=I’-T(cur1H)xH-—gTadp. .. . .. (8
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Substituting (7) in (2), this becomes

oH
—at~=curl(VxH) .. .. .. 9@

which expresses the fact that the magnetic lines of force move with the fluid.
To form the equations of small oscillations, we write

H=H,+h and p=P4p’ .. .. .. (10)

where Hj is the pcrmanent field, neglecting squares and products of quantities of
the first order V, h and 3’ (8) and (9) become approximately

ov. 1 /
p§=g(curl h) x Hy— grad p . .. .. 1y
%}:curl (Vx Hy). .. .. .. .. (12)

Operating (11) with a curl we get
4mp gz (curl V) = curl { (curl by xH,}. .. .. (13)

Further since div ¥, = 0 we find from (3)

divh = 0. O £

Then (6), (12), (13) and (14) are the fundamental equations to determine the
small oscillations.

III. SoLuTION OF PROBLEM

We solved these equations in eylindrical co-ordinate system and considered the
radial and tersional oscillations only. Since div V=0 and div h = 0, we may
express V and h in terms of appropriate Stokes © stream function’,  and u respec-
tively. At any time the family of curves ¢ = constant and u = constant will then
be the stream line of motion and the equations of the lines of farce of the field of the
currents induced by the motion of the fluid in permanent field respectively.

The resolutes of vectors V and h in the direction of » and @ increasing are
given by

_ L, %

n=la 0T
(15)

h=_la_u’ h0=?.1f,

i r o or

The permanent magnetic field due to an infinite axial line pole of strength
m/unit length will be radial and its value will be given by
2m

H=="
r

Let p = cos 8 and let A denote the operator

02 19  1—p? 3>

= .. 16
Br2+r or r2  ou2 (18)

A
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then (12) and (13) may be expressed in the form

ou __ 2m o
%= 7 5 .. .. .. .o (17
d 2m 0

477pa(Al/J)=—:{-l§;(Au). .. .. .. (18)

Assuming harmonic vibrations with the period time 2x/A, these equations become
respectively

o 2m 0P
1/\u_—;—-5; .. . .. .. (19)
47rpiAAz/:=—27£L—aa—r(Au). e

These equations show that the phases of the functions # and i, hence, of the
induced magnetic field h and velocity V, differ by a quarter period. Eliminating u,
between (19) and (20), we obtain finally differential equation for .

4m? 9 10y }
—_ 2 = g il 4
4mpAZ Ay > ar{A(r 37’) . .. 2D
To express this in non-dimensional form we put
r = nx
go that
4m?
4 =0
m= g (22)
This reduces (21) to a form
10 13y
A1¢'"55§{A1<53_m)} .. .. .23
where
2 19  1—p2 02
A]—-*a‘x—2+:;a—m+'x—2'a-p.—2. .o .. .. (24)
Solution of (23) gives
g= Z Po(z)(1—p2) PL(n) N 353

where Pi is the associated Legendre function of degree n and order 1 and F,(x) is a
function of z to be determined by the following fourth order differential equation

WS — 2225 4 [(3—Dx+ e8] —[3(1 =) —24|F, —laSF, = 0 .. (26)
where [ = n(n+1).
(a) Solution of the equation for F, in series—
Equation (26) has been solved in a power series. Substituting
e
F,,=Zakw°‘+k O ¢

0
3B
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in (26), the indicial equation is found to be

at—8ad+(20—la2—4(4—Na =0
the roots of which are

0,2—4/1, 244/1, and 4. .. .. .. (28)

The series is found to proceed by the powers of z4, so that (27) may be written

o]
F,= Z A g +ek
0

where A’s are determined from the recurrence relation

Av _ (a+4k—4—A/T)(@+4k—4+/1)
ET (a+4k) (e +4k—4) (a+4k— 24/ 1) (a+4k—2—1/1)

{(b) Discussion of the four solutions of F,—

Case (i) « = 0. Here the series (29) is finite at the axis (r = 0) and

Ay _ (4k—4—A/1)(4k—4+/1) 29)
Ap-t Ah(dk—4)(4k—2+/1)(4k—2—4/1) N

If | = (4k—4)2, the series terminates ; if I is not of the form (4% —2)2, the series
converges absolutely and uniformly for all values of x. If I = (4k—2)2, some of the
coefficients of the series become infinite. It is found that the velocity and magnetic
resolutes become infinite at the axis. Hence we neglect this solution.

Case (ii) « = 2—4/1. Here

Ae (4k—2—2v/1)(4k—2) .
Ar (4k+42— /1) (dk—2=~/1)(dk—2+/1)4k
If 1 = (2k—1)2, the series terminates, The series is absolutely and aniformly
convergent for all values of || > 0 provided some of the factors in the denominator
does not vanish. The solution is not finite at the axis for I > 4. When ! << 4 the

velocity and magnetic field is again infinite at the axis. Hence this solution must
also be neglected.

Case (iii) o =24 2/1. Here
4, (4k—2) (4k—2424/1)
A, k2 VD —2+ /) (dk 424/ D)4k

and the series is uniformly and absolutely convergent for all values of . Moreover,
all variables are finite or zero at the axis and so this gives a possible solution F,(x).

We shall denote this solution by F{(z).
Casge (iv) o =4, Here
4 _ (4k— /D) k+ VD) _
Ay () +4) (4F) &k + 24+ A/ D8k +2—1/1)

and the series is uniformly and absolutely convergent for all values of x except when
1= (4k+2)2 Ifl= (4k+2)% some of the coefficients become infinite and a second
golution must be sought. As we have restricted ourselves to the lower harmonics,

(30)

(31)
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hence this restriction over ! will not interfere. To this solution we shall denote
by F& ().

The required solution of (26) is thus of the form

F, @)= AF@)+BFP@), .. .. .. .. (@32

where A and B are arbitrary constants.

IV. TaE MAGNETIC FIELD ASSOCIATED WITH THE OSCILLATIONS

For points within the cylinder the stream function of the magnetic field is given
by (19) and (25)

u = —i(dmp)iz ZF pPL ), .. L. L. (33)

where F'ﬂ is the derivative of F, with respect to z.

To find the magnetic field outside the cylinder we have to find solutions of the
equations

curl H= 0, divH = 0. .. .. ..o (39

Since the field outside will only differ slightly from the field of the axial magnetic
line pole, we write ag before

H=H,+b". .. . .. .. {(35)
Using %’ for the stream function of the induced field 2’, we have from (34) that
curlh’ = Q or A% =0, - . .. (36)

where A is given by (24).
Boundary condition.—Let the value of x at the surface of the cylinder be
denoted by z,, so that by (22)

a = 7. .. .. .. .. .. (37)

To satisfy the continuity of the radial resolutes of the magnetic field at the
surface, the solution of (36) must involve the Legendre function P; and must
vanish at infinity. Such a solution is

u’=ZB,,x‘«/?(1—-y.2)iP;, R £ )

where Bn’s are constants to be determined. Continuity of magnetic resolutes at
the surface x = x, then gives two conditions :’

2V 1-1 F! () = B, (4mp)~} e e e (39)

VBTV = ildap) [@:F (a1) = F, (@1)],
Elimination of B, gives
(1=V/DF, @) = &, F (z)) N 1)
and

u'=—i(4ﬁp)*zx1¢z—1z—wﬁ’; (@) A=p P (). .. .. (1)
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V. Tuare ErectrRic FIELD ASSOCIATED WITH THE OSCILLATIONS

The electric field within the cylinder is given by (7) or since V is small, approxi-
mately by

E = '—'V X HQ.
Since E is wholly axial, its intensity E is given by
E= (4wp)*AZF;(x) 2 11— Pt (). .. .. (49)
Outside the cylinder the electric field satisfies the condition

cu1‘1E=—E-3I—i or cur1E=—g}—L-

ot ot

by (35). Using the stream function »’ for the field A" given by (41), and the fact
that ¥ is continuous at the surface of the cylinder, we find

E =i\, .. . .. .. (43)
where ' is given by (41).

VI. THE VARIATION OF PRESSURE IN THE CYLINDER

This is most readily derived from the equation of motion (11), viz.
ov ‘
4ap e (curl b) x Hy—4m grad p'.

Considering the azimuthal resolutes of this equation, we find that p’ is of the
form

P = —-(z'pA)ZG,,(x) Palw), . .. .. (44
where G,(x) is a function of z given by
G,lz) = |27} il —x‘22+m‘3 {(1—-l)+x4} 2]F (). (45)
Lo 08 0x2 or| " T

We shall denote by Gf}) and G'(‘Z) the G functions corresponding to FS) and F? res-
pectively. Let

oo 00
FY = g2 zAkx‘“ Y= z4ZA ot L. (48)
0 0

where 4, = 4, = 1 and 4, and 4, are given by (30) and (31).
Then we find that

= 1
) = —_—d 4k+2+4/7 . . .. 47
Gn @) Z4k+2+\/l # (47)
D l ,
@P) = 44—+ > prg At - o (49)
0

where | = n(n+1). The geries are absolutely and uniformly convergent for all
values of z.
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VII. THE PEriop oF NORMAL MODES OF VIBRATIONS

At the boundary of the ecylinder %ﬁ—) =0 and since p'ac’ and p = P4y,

therefore
p’ =0, .. .. . .. (49
From (32) and (44) we have

Gol2) = AGV (2) +BG (@),

where 4 and B are the same arbitrary constants as used in (34). The condition (49)
then requires by (44) that

Gu(21) =0

or A46%(z)) +B6P(zy) = 0. .. .. .. (50)

Again (40) gives
oFy  oF®
- ] (51)

. ¢ CEI L)
(1= 4 +B 5~

= ”‘I{A o T8 o

=z T =2

Eliminating the ratio B/4 between (50) and (51) gives the period equation for the
normal modes of vibrations

(1) 77(2) (2) (1)
GVHY =G HY, N (63!
where
ary ozF'Y
(1) 5 n ”n
H,' = (1_\/1)( 3z ) _xl(W)
T =2 \ =2
oF® o2FY
@ _ 3 " n
Hn - (1—'\/1)( ox ) —.’111( az“z‘) .. (53)
= T =z

Equation (52) determines the value of z; and hence by (22) and (37) the period
T ( = 2_") of the normal modes. We find

A
2 3
T=f:7(%§) O )

which may be expressed in terms of the surface value of permanent magnetic field
Hs( = %gf) in the form

2na (4mp\ t
"—H“(EF) e 5B

The roots of equation (52) have been calculated numerically for the funda-
mental mode of the first and second harmonics. They are approximately x; = 190
and z; = 2:02 for the two harmonics respectively. The periods of oscillation for the
fundamental mode of the first and second harmonics are 1,070 and 950 days respec-
tively. The values used for radius @ = 1:09 x 101! cm., density p = 0-93 and surface
magnetic field H = 7,000 gauss are same as were used by Ferraro and Memory
(1952). The periods of the oscillation of star in their case were 894 and 890 days for
the first two harmonies respectively. Thus there is a very little difference in time
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period for the two harmonics. In the present case the period of oscillations of the
cylinder is rapidly decreasing as we go from first harmonic to second harmonic.

VIII. THE VELOCITY AND VELOCITY STREAM FUNOTION

We have calculated the velocity and velocity stream function for the funda-
mental mode of the first two harmonics. The surface of the cylinder for two cases
corresponds to ¥ = x; = 1-90 and 2-02 respectively. The stream functions for the
first and second harmonies are given by (56) and (57). (Omitting time factor.)

b = ca3-414 (1 —120-586) gin20 e (58)
and
= 3ot (20449 —Lo) sin2d cos 8, .. .. .. (87
where
ky = 0-3096 .. .. .. .. (b8)
ky = 1-3646. N 711}

The stream lines of motion, given by i = constant, are drawn for the first
two harmonics in the first quadrant only (see Figs. 1(a) and 1(5)). The radial and
azimuthal resolutes of velocity are (omitting time factor)

v, == 2cnw? 414 (1 —kyx0-586) sin § cos

vy = cnz2 414 (3-414 —4k;20-586) sin20 } (60)
for the first harmonic, and

v, = 3enad (w0449 —ky) (3 cos?f—1) sin § } (©1)

vg = 3enas (444920440 — 4k,) sin?6 cos §

for the second harmonic. Here k;, k; and 5 are given by (58), (59) and (22)
respectively.

& 1 \\‘

Fia. l(a)
Fig. 1(a). Stream lines for the fundamental mode of the first harmonic vibration.
Fig. 1(b). Stream lines for the fundamental mode of the second harmonic vibration.

Fia. 1(b)
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IX. TuE MaeNETIC FIELD OF THE INDUCED CURRENT INSIDE TRE CYLINDER

The corresponding stream function for the magnetic field of the induced current

inside the cylinder is given by (62) and (63) for the case of the fundamental mode
of the first two barmonics (omitting time factor)

u = —1i(dnp)t (3-414) c(x1-414—Lq22) sin2f .. .. (62)
u= —i(4mp)t (13-347) ¢(x2 449 —k,x2) sin2f cos 6, .. (63)
where
kg = 0-3627 .. .. .. .. .. (64)
ky = 1-2102, .. .. .. .. (65)

The magnetic lines of forces are given by » = const. for the additional magnetic
field in the fundamental mode of the first two harmonics are drawn in the first
quadrant only (see Figs. 2(a) and 2(b)). The radial and azimuthal resolutes of the
magnetic field of the induced current inside the cylinder are (omitting time factor)

b, = —i(dmp)t 1(6-828) c(x0 414~ kqx) sin O cos §

hy = —i(dmp) n(4-827) c(a®414—1-41dkgz) 5in20 .. .. (66)
for the first harmonic and

hy = —i(dmp)t 7(4-449) 3¢(% 49— :,22) (3 cos20—1) sin §

hg = —i(dmp)t n(4-449) 3¢(2-44921449 2, x) sin20 cos § .. (67)

for the second harmonic. The values of k3, k4 and 7 are given by (64), (65) and (22)
respectively.

—

|
1\

Fia. 2(a) Fia. 2(b)

Fig. 2(a). Magnetic lines of force for the additional field in the fundamental mode of
the first harmonic vibration.,

Fig. 2(b). Magnetic lines of force for the additional field in the fundamental mode of the
second harmonic vibration.
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STMMARY

In tho present paper, the discussion of the oscillation of & cylindrical fluid in the presence
of permanent magnetic field has been considered. The magnetic field has been assumed due to
infinite axial line magnetic pole.
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