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1. INTRODUCTION

As is well known the equations of motion of particles can be deduced from the
field equations of general relativity by solving the latter so that the field is regular
everywhere except at the particles. The usual method of approximation in general
relativity utilizes the existence of the singularities of the field at the particles. The
method followed by Einstein and co-workers (1938, 1949) is based on expansions
in the powers of a parameter A for the field potentials, the field equations having
been split into terms according to the powers of A. The split field equations demand
integrability conditions. These integrability conditions are the equations of
motion of the singularities of the field. Thus the equations of motion of the
particles in general relativity turn out to be the integrability conditions of the field
equations.

Einstein (1953) has postulated a set of field equations to represent the com-
bined field of electromagnetism and gravitation. We find, on following the same
technique for deriving the equations of mption, that these field equations also
demand integrability conditions which are the required equations of motion. Our
problem is to find out whether the equations of motion of the singularities contain
terms representing Coulomb’s law of force between charge particles and Newton’s
law of attraction between inertial particles.

Infeld (1951) and Callaway (1953) have applied the method of approximation
to the sets of field equations postulated by Einstein in 1950 and 1953 respectively
and shown that the equations of motion of charge particles, up to the first order of
approximation, do not contain the term which accounts for Coulomb’s law of force.
We shall show here that a solution of the field equations (Einstein, 1953) can be
found out so that the equations of motion of the singularities of the field contain a
term accounting for Coulomb’s law of force. The singularities considered by us
here carry with them a charge cloud with density diminishing with distance and,
in this respect, are different from those considered by Callaway.

2. PRELIMINARIES

The field equations postulated by Einstein (1953) are
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Here and in what follows the dummy suffix summation convention will be used.
Greek indices refer to both space and time, running over the values 0, 1, 2, 3 and
Latin indices refer to space co-ordinates only, running over the values 1,2, 3. The
suffix 0 refers to the time co-ordinate. A bar below two indices indicates symmetry

and a hook in the same position indicates antisymmetry. I’Zv are the affine con-
nections to be determined by (2.1) in terms of the fundamental tensor g, which
consists of sixteen independent compenents. Equations (2.2a), (2.3) and (2.4)
which are sixteen independent equations are to be solved for T The condition
(2.2b) will be ensured by the equations (2.1) and (2.2a).

3. THE METHOD OF APPROXIMATION

The field equations will be solved for the case of quasi-stationary fields. For
any field quantity ¢, its derivatives with respect to the space co-ordinates ¢ is of the
order of ¢ while the derivative with respect to the time co-ordinate z0 is of the order
of A where X is of the order of smallness of v/c, v being a typical particle velocity
and ¢ the velocity of light. We define a new time 7( = A 29) so that the derivative
of ¢ with respect to 7 is of the order of ¢. A derivative of ¢ with respect to (r, z%)
is denoted by a comma:
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The expansion of the field variables g, in powers of A may be taken as given
in (3.2b) (Einstein, 1949):

Tv = G+

-(/p.v = ny.v+h[,w ;

— —a / .
yp.v - h,u.v 2npvnpahpo’ . .. .. (32(1)
M1 = Ty = Mgy = g = T
Ty = 0, v

By o SH -
7 Mo Sv’



PARTICLES IN THE UNIFIED FIELD THEORY OF EINSTEIN (1953) 411

2 4 2/,

Voo = Ao FAYpt o+t s )

Yom = '\33’0"""'\53,’0""" B R 7 S
2141

Yon = /\4Z’mn+/\6'();mn+ cen +/\2’+2')’mn+ R (3.20)
21+2

Tom = ALomF ALyt oo X 4

v 3y 5y 24+l v

Do = Nt X b o X+
v 2y 4y 2l

In the above formulac an index below an entity indicates its order of smallness.
Now the field equations (2.2a), (2.3) and (2.4) are expanded in powers of A by sub-
stituting (3.2) for g,,. The coefficients of N(=1,2,3....) in the field equa-
tions must vanish if the field equations are to be satisfied. The field equations will
be solved here up to the order of A3 to find out the equations of motion up to the
order of A4, The field equations (2.2a), (2.3) and (2.4) up to the order of A3 give
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where 8, is Kronecker’s delta symbol, e#*°P is antisymmetric in all the four indices
and 1230 js unity.

The solution of the equations (3.3) and (3.4) is given by
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where ¢y, ¢ are arbitrary functions of the co-ordinates z#, m are constants and
2 3

k

¢ are the space co-ordinates of the k th particle at time r. Here it may be noted
that an index above an entity stauds for the distinguishing number of the particle
and a dot above a function stands for a differentiation with respect to the time -,
By the relation (3.6), equaticns (3.5a) and (3.50) reduce to

_%g,o, o =0 .. . .. .. .. (3.8a)
-1 (gﬁr Ss—g:s’ sr-—gﬁo’ 0’)’ =00 . - .. (3.8D)

‘A solution of (3.84) may be taken as
Gw=liah . es
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where ¢ and q are functions of time only and r, usually called as the distance from

2
2’ to £, is defined as
k 3 AV H
r=[(—&)(-e)]
It may be seen from (3.6) that the addition of the gradient of any function to ¢_does

3
not alter fi,,. Such an addition is superfluous and may be considered as similar
3v
to the gauge transformation in the case of the classical electromagnetic thecry.
The integrability of (3.8h) demands
k
g=0, . . . .. (3.10)

With the condition (3.10), a solution of (3.8b) may be given as

kk kkks
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Now we are in a position to find out the equations of motion of the particles in the
combined field of gravitation and electromagnetism, the gravitational field being
given by (3.7) and the electromagnetic field being given by (3.6), (3.9), (3.10) and
(3.11). Up to this approximation, there is no interaction between electromagnetic
and gravitational fields. .

4, THE EQUATIONS OF MOTION

The field equations that determine the motion of the particles are

Rmn = 0, )

4 - 1
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We shall show now that the equations (4.1) demand integrability conditions.
Equations (4.1) imply

R, +4 Smn(fem—f”) = 0. R %)
The equation (4.2) when written out explicitly gives
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The equation (4.3) may be written as
?mn = ‘ilmn, .. . .. o (44

where @, stands for the expression on the left-hand side of the eguation (4.3) and
4
A, stands for the expression on the right side of (4.3}, It may be seen (Einstein,

1
1949) that
0,

mn,

4

(4.5)
® n dS=0,
4

mn
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E
where S stands for a closed two-dimensional surface enclosing the k th singularity
k
and n, is the unit outward normal to the surface 8. According to (4.4) and (4.5),

A, should satisfy the equations
4

=0, ce . L (46a)

A, m, dS=0... .. .. .. (460
4

k
S

contains only known functions of the co-ordinates. It may be seen that (4.6a)

mn

A
4
is satisfied everywhere in’ the regular region. The equation (4.6¢) ensures that the
left-hand side of (4.6D) is independent. of x*. The integral on the left side of (4.6b)
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can be evaluated since all those terms that are contained in A, are known func-
4

tions of the co-ordinates, On calculation one finds that
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14
and Z stands for the summation for p from 1 to N excepting k.
p=1
Equations (4.60) and (4.7) give

E o Su[hpok 1kpnk 1RphE (kP
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p=1
These are the equations of motion of the particles up to the order of A4,
By considering
B B
g=qe, .. .. .. .. (4.9
one gets the equations of motion as
Bk S ropr gk gokp
mf’-—z mm =~ Lee, =% ee (), |= 0. . (4.10)
p=1

5. Discussion

The equation (4.10) may be compared to the equations of motion of a charge
particle. The third term in (4.10) corresponds to Coulomb’s law of force. When

3
m, r and the distances between the particles are taken in the relativistic units ¢
will be given by the equation (Bonnor, 1954)

g = 2k[ct, N 8

where k is the constant of gravitation and ¢ the velocity of light. Now the equa-
tions of motion (4.10) may be written as

" N
B E [ 2ok L EPEHE L kP
mfs—j’zl [mmnﬁ, s— 6166 Y s— 2—0833 (rp, &), s] =0. .. (6.2)
The fourth term in (5.2) is of the order of k%/c8 and hence may be considered as
small when compared to Coulomb’s law of force. This additional term in the

equation (5.2) is a correction to Coulomb’s law of force which is to be tested by
observation.
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It was suggested by Einstein (1953) that the vector
1 ehvop (g#v’ oF o, vF v, #) .. .. .. (8.3)

may be identified with the electric current vector. There are several alternatives
in this connection. For instance, a vector

1 HVO
€€ P (“p.v, a+°‘ap, v+“va, p.)
v v v

may be identifiable with the current vector where o, may be any of the tensors
constructed from the fundamental tensor Dy - '

By taking (5.3) as the current vector we can find out the charge distribution in
this special cagse. The charge density op is given by the equation:

0o = 31‘ €m0 (gmn, l+glm, n+gnl, m). " . (5'4)
Up to the order of A2, ¢y is given by the expression

1 emnl0 .. .. .. 5.5
6 € (»ém‘:p, l+-£l:n,n+-);n‘ll, m). ( )

According to the solutions (3.6), (3.9) and (4.9) the charge distribution is

kR EfE

qe(,l;sqe/'r. .. .. .. .. {5.6)
Hence the equations (5.2) are the equations of motion of the apexes of charge dis-

)
tributions located at £°.

With the identification of the vector (5.3) with the current vector it was shown
by Schrédinger (1954) that the field equations of Einstein (1953) do not favour the
existence of discrete charge particles. The solution given in this paper is a parti-
cular case of a charge distribution, the motion of the apexes being given by the
equation (5.2).

ABSTRACT

It has been shown that mass particles carrying charges can be represented in the 1933
version of Einstein’s unified field theory provided each particle singularity is surrounded by a
continuous distribution of charge. The equations of motion worked out according to the
technique developed by Einstein and Infeld in 1949 for a pure gravitational field reveal the
gravitational interaction as well as the expected Coulomb force.
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