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1. INTRODUCTION

In the early stages of the development of general relativity, it was assumed
that a geodesic principle governs the motion of the particles. But later it was
recognized that the field equations of general relativity are strong enough to deter-
mine the co-ordinates of the particles which are sources of the field. The problem of
motion consists in solving the field equations so that the field is regular everywhere
except at the particles, To do this, one has to take recourse to an approximation
method. The problem of deriving the equations of motion from the field equations
of empty space alone was tackled by Einstein, Infeld and Hoffmann in 1938, and
Einstein and Infeld in 1940 and 1949. But from the earlier methods it does not follow
that the field equations can be solved to any arbitrary high approximation. The
method given in 1949 was considered to be satisfactory from the logical standpoint.
We shall see in § 2 that this method also is not satisfactory from the mathematical

point of view. A new version of the approximation method will be given in § 3
and § 4.

2. A MATHEMATICAL DISCREPANCY IN THE METHOD OF APPROXIMATION
GIVEN IN 1949

The method of approximation starts with the expansion of the field variables

¥, Which are defined by

g'uv = 77,uv+k,,w >

1 po
yp,v = kp,v—é'rlp,vn kpoa
M1 = Teg = N33 = —Noo = —1,
N =0, BFEV,

where g, is the symmetric metric tensor of space-time. Here and in what follows
the dummy suffix summation convention is generally adopted, exceptions being
explicitly stated. Latin indices refer to space-co-ordinates running over the values
1, 2, 3 and the Greek indices refer to both space and time, running over the values
0,1, 2, 3. The suffix 0 refer to the time co-ordinate. The power-series development
for ¥,, to represent the field of a non-radiating system of particles is known to be
given by

Yoo = A2 %’00+/\41’00+ o +/\2l;00+ T

Yoa = A8 y0m+A5 y0m+ e +A2l+1 y0n+ T .. > (2'2)
3 5 21+1

VYo = /\4ymn+/\6ymn+ e +/\2[+2ymn+ T
4 6 2142
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where the parameter X is of the order of smallness of v/c, » being a typical velocity
of the particles and ¢ the velocity of light. 'The indices at the bottom indicate the
order of smallness. 'The derivative of a field quantity ¢ with respect to z* is of the
same order as ¢ while the derivative of ¢ with respect to z° is of the orderof A¢. To
treat the derivatives with respect to the time-co-ordinate on the same footing as the
derivatives with respect to space-co-ordinates a*, a new time = ( = Az°) is introduced
so that d¢/dr is of the same order of ¢. The derivatives of any entity with respect
to (=, %) are denoted by a comma. Thus

0407 = 5 09/020 = 4.0 )

(2.3)
0pl0x = s . )
Instead of the usual field equations
ore, are
- w B P PO O P .
By=— e T A I, ~To,To, =0, .. .. (24)
a set of linear combinations of the ficld equations defined by
1 o~
(15#‘,—5—2/1“':——.Q(R#v-—é'r;”vnpoffpu) =0, - .. (25)
where
Doo = — Y00, 55,
(pOm = - (')/Om’ S-yos) m)> s, .. .. (26)
(pmn = - (ymn, s _yms, n), s+ (er yns, S—an Y s, S): Y]
and
2A()() = ¥Ysr, st 2/1,00,
2‘/10/71 = )\(7,,,3, 30—7100”"0) +2A/0m7 (27)
2‘41mz = —/\(y()m: 0n +y0)z', Om—28mn‘y05: 03)+A2},mm 00
—)\28"‘"')/00, 00+2A1m71'

is to e solved by the method of approximation. Then the field equations (2.5) are
split according to the powers of X and are given as

@00""2/100 = 0, .. .. . . (28(1)

2 2

(p0m+2/‘[0m = 0, .« . .. . (ZSb)
2041 2l+1

&, +24,, =0, e (280
21+2 2142

1=1,2,3

These equations are to be solved step by step without introducing singularities in
empty space. A solution of the field equations (2.8a) for I = 1, viz.,

—Y00,ss =0 .. .. .. .. (2.9)
2

is given by .
-3

b= = [(zs—és)(xs—é?)] LYoo= b . @10

w3

k=1
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k

so that it may represent the field of N particles. £ in the above formula are the
space-co-ordinates of the kth particle at time 7. Starting with the solution (2.10)
the field equations (2.8) for all [ are to be solved consistently. In the process of
solving the field equanons (2.8b) and (‘? 8¢) it becomes 1nev1table to have to add

single poles —4 m ¢ and dipoles -—-b z/:, . to 700 Here m and S are functions of

time which will be determined by the 1ntegrab111ty condltlons of the field equations
(2.85) and (2.8¢). The integrability conditions of the equations (2.8¢) that determine
&

S, are
21

§ 24,,n,.ds =0, - .. . L2110

k 20+2

k
where § is a two-dimensional surface enclosing the kth particle and =, is the unit
k

normal vector to the surface S. Equations (2.11) after the integration give

k k k
Cp=S8,+A4s =0, .. .. Lo (2.12)
2042 2 2042
where

3 N, Pk Ep \ Pk . bk

A, = Z (mS,—ms) by ot (StS -8 St)lp, s
Pz \22 29 2

Pk (p) ko Dk (p ) R

b=\ =), .=\, @ =§),

N
’

z stands for the summation of p from 1 to N excepting ¥ and a dot above an entity

p=1
stands for differentiation with respect to time thus:

E 3
S, = dz(S,,)/d‘rZ.
2i 27

k

C,. in the equation (2.12) are certain known functions of the co-ordinates of the
2l

particles and their derivatives with respect to time 7.

By the device of adding single poles and dipoles to ¥y at each stage of the
approximation the field equations can be solved to any desired degree of accuracy.
Finally dipoles are removed by the use of the condition

Z)@’S—O e e (213)
I=1

which are the equations of motion of the particles.
The equation (2.13) implies that either

k
S,=0,1=1,2,3,..., e e e (219)
21

k

or that at least one of S,(I=1,2,...) is a function of A. The equations
2l

(2.14) imply

k
Co=0,1=1,2,3,..., e e (218
2I42
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Bk
which are to be satisfied by £€. ¢ are 3N functions of time. The infinite number
)
of equations (2.15) will not in general be satisfied by any system of functions £°.

)
Thus we are left with no alternative but to regard S, as a function of A. This

E oA
implies that ')'00 is a function of A since we have added dlpoles-—-S P, . to '}’00 But

the expanswn (2.2) for v,, implies that 7, are independent of A whwh will be
1

)
vitiated if S, is a function of A. Actually the device of adding dipoles was to avoid
26

the infinite number of equations (2.15) and get the equations

. 3
Xre,=0. . . . @16

i=1 2142

This will be possible only by the violation of the assumption implied in the
expansion (2.2), viz. that ¥, are independent of A. Thus the method of adding and
!

annihilating the dipole field also do not satisfactorily solve the problem of motion.
The fact that Vg is required to be independent of A was overleoked from the
2l

beginning. In the equations of motion, one expects Newtonian terms in the first
approximation; and in the second approximation, those terms that account for the
perihelion motion of Mercury. The expected equations of motion are of the type

r K N'kppk
4 5. ; 6 2
,\(?g Zgzrg ¥, )+A Csg - =0 A L)

K
The equation (2.17) implies that £ are functions of the parameter A. But a

k
solution of the equation (2.9) was given by (2.10) which is a function of Asince £ is a
function of A. To avoid this inconsistency in the procedure one may assume at the

R k

outset that £, the co-ordinates of the kth particle and M, the mass of the kth particle,

are functions of A; and seek solutions of the field equations (2.8) for which 7, are
!

independent of A. In §3 and §4 we shall see how the field equations can be solved
consistently to any arbitrary order of approximation.

k 3
3. THE DEVELOPMEXT OF £ AnD M

With the power-series development (2.2) for Yuw the fleld equations (2.5) are

expanded in powers of A and split according to powers of A. In the ! tk stage of the
approximation the equations to be solved are

¢00+2A00 = O, .o . . . (3.1@)
2l 2l
Bon+24n =0, .. .. .. .. (3.1b)
2l41 2041
G, 4240 =0, .. .. .. .. (31

21+2 21+2



420 V. V. NARLIKAR & B. R. RAO: THE PROBLEM OF

where
(DOO = ——700, $53 . .. PN .. . .. . (3.2a)
21 2
D, = -(yo,,,,s—yos, ,,,) .. .. .. .. .. (3.2p)
20+1 21+1 20+1
¢mn = —( Ymns s—Vmss n)s S+(8m5 Yors r_smn Vors r)y S5 . (326)
2042 2042 20+2 2042 2042
and

2/100 = Vs, rs+2/1,00’
2l 21 21

20, = (“700: om Tt Yms SO)+2A,0m:
241 21 21 2l+1 (g 3)
2/1"“1 = '_YOnn O/z_’yO)za 0m+28mn Y0ss 0s
21+2 2l+1 20+1 2i+1
r
+’ym‘n 00_877”1 Y00, 00+2/1 mn*
27 2042

27

In the above formulae A’ , contains all the non-linear terms of order b in the field
b

equations (2.5). The field equations are to be solved so that Yy are regular every-
where except at the positions of the particles, tending to zero as »—o0.

If a solution of the field equations in a specially chosen co-ordinate system is
given, one can find out the solution of the field equations in any co-ordinate system
connected with the chosen one by a given co-ordinate transformation. Hence,
without any loss of generality, the field equations will now be solved in a co-ordinate
system distinguished from others by the co-ordinate conditions:

my m 0 = 05
Yo, Y00:0 } (3.4)
ymn’n = O'
We consider that the presence of the function
Bk
—4My .. .- .. .. . (3.5

in ¥y is crucial for the representation of the field of N particles which are at the
k

positions £ at time r. The character of the entire solution will depend on the
harmonic function (3.5).

Schwarzschild’s solution in isotropic co-ordinates to represent the field of a
particle of mass m is given by

dm  2m?2
Yoo=———-5 T,
’yOm=0: /

me
Ve = S g+ j

or as

Yoo = —4m/[r—2in2[re4 - - ,l

Yom = 0, .. (3.6)
Vown = S Mm% -+ v . j

In considering (3.4) and (3.5) we are seeking a solution for the field of N
particles analogous to the solution (3.6).
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Since M is at the most of the order of A2, the expansions for M and fs may be
taken as

k o K .k 4 E
M=XMF+XM+X M+,
2 3 4

When (3.7) is substituted in—4 M one gets, on expansion,

13 I3 k al ’ < E\E
— 4 MH+PM+ - Y4 'y 3 NI . (3.8
( M AN M + )¢+ (;AZ)<;A§)%+ , . (38)
where
ki & s ks 5 kc -3
b= B = [ =F) ')
0 Q0
kEE

Since —4M is to be present in ¥y, according to the expansions (2.2) and
(3.7), one finds that
3 b
M=¢=0, .. .. .. .. 3.9
241 241
for all positive integral values of I. Thus in accordance with the power-series

k x
development (2.2) for ¥, the power-series development for & and 3 is

}LDS
ks ks b4 k< + k&’ 2l ks
E=EHNERNEr N e .. (8.0a)
0 2 1 2
k o F k 9
M=XxM+ JII+ )\“JLI-]» .. .. .. (3.108)

(-]

4. TaE GENERAL OUTLINE OF THE METHOD

EE
By the use of (3.10) the function —4 My may be expanded in powers of A as

P h ks B
- M VAR D
222 2(1—a-—b)‘.§:§b oot ]+ (4.1a)

3
where M fora =0, 1, 2, . . ., is considered to be zero. The expansion (4.1a) is
-2

valid in the region given by

k k k k‘ ks ks
(zs—fs) (zs—-fs) > (fg—f‘)(f —¢ ) .. .. (4.1b)
0 0 0 N ]
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The potential ¥y may be divided into two parts as

- E ok
Yoo = Yoo—4M i, .. .. .. .. 4.2)

where Yo stands for the function which does not contain any harmonic function.
The expansion (2.2) for 7,, now takes the form

of - ik of - r k 3 ks_’f
Yoo = /\'(0700—41‘21’ t,l') +A (1’00—4{1{ 1/;+4JLI€ .7[,,3)-{- .
Yom =X Yout 2 Yout - X V0t o1, .. @43)
3 5 20+1

Vor = AV A Vb - AT By
4 6 20+2

where

2l 2! al = 2(l1—a) 2a
: L N
2(j-a—b) 2a 26

a=1b=1

- k P
The variables ¥p0, Yom> Ymn» M and £ appear for the first time in the field equa.-
2! 2l+1 21+2 21 20—-2

tions at the I th stage of the approximation. Hence these variables are to be

determined by the equations (3.1). For the integrability of (3.18) and (3.1¢) certain

integrals over closed surfaces, each enclosing one and only one of the particles, should

vanish. The equations provided by the vanishing of these integrals are expected to
k k

determine M and §£°, while the equations (3.1) determine the field variables
2 91-2

yOO: .yOm’ .ymn'
2! 2141 2142

For the uniqueness of the solution, it was assumed that no new harmonic
function is to be added to a field variable at any stage of the approximation. The
equation (3.1a) for I = 1 is

Y00, ss = 0, . ... (45a)
2

which gives the unique solution

;70():0 .. .. ce .. (4.5b)

according to the assumption about the addition of harmonic functions. It is to be
shown that the field equations can be solved to any desired degree of accuracy.
We shall prove this by the method of induction. Let us assume that the field
equations are solved up to the (I—1)th stage of the approximation. It is to be
shown that the equations (3.1) can be solved. Since the field equations in the
lower approximations are assumed to be solved, the variables

- k k
Y005 Yom> Y mns M: fs’ ) .- .. (46)
2a 2a+1 2242 22 2a-2

a = ]-s 2: ey (l'—']-)’

may be considered as known functions of the co-ordinates (z*, 7).
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By the use of (4.4), the equations (3.1) are written out thus:

'—;00, ss+2A00 = O, .. . . (47@)
2 21
Do+ 240+ Com = 0, . .. .. (4.7D)
20+1 U+l 2+l
D+ 2400+ Cry = 0, . . .. (4.70)
202 242 2042
where
k
Com = 4(M 5!:), 0,,,—4( l//) .. .. (4.7d)
20+1 2 21 2 > Oms
and
o 4[;{ ( 3 ﬁ £7 k PR
ard” T | e 2§: 2 e l'b 21—2¢’ 5)], 00
k£ r k
—'}’00, “(_LM fs l/’: 5,")—700, -(M §S l/’: Su)
2 22-2 29

R
+38m71 ZOO: s( 5') l//: rS)

22—

(4]

k
—2'}’00, mn(-M é:s

Sl

21-2

2 3
s 5)—2;,00 (‘W gso l/’! Smn)' .- (479)

The function A, is split intc two parts, viz. /10,,,, containing all those terms that

2i+1
k

are not dependent on M and ¢° and Cy,, containing all those terms that are depend-
o 20-2  2l+1l

ent on M and f‘. But the function A,,n is split into two parts, viz. /T,,m, contain-
21-2

ing those and only those terms that are not dependent on 55 and C,,,,, containing
2l-2

all those terms that are dependent on 55
2l-2
The Age containg only known functions (4.6) of the co-ordinates. The equation
21

(4.7a), which is Poisson’s equation in ;00, determines ¥, uniquely. Now the
2l 2l

equation (4.78) is to be solved for ¥y,. Since
20+1

¢Om, m = O,
2l+1

D, 1, dS =0,
2041

S

the conditions _
2*/‘IOm: m"‘ COms m = O, . .- . (48&)
20+1 2041
(2ontCon)radS =0, .. (48

X 2l1+1 20+1
S
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k

are to be satisfied for the integrability of (4.7b). Since we have to take § in the

regular region for the ¥’s and since our procedure implies the expansion (4:1a), the
k

surface S is to be taken in the region given by (4.15). This will be understood
throughout the work. The four identities between the field equations, together
with the field equations in the lower approximations, ensure the condition (4.8a),
which in turn ensures that the left-hand side of (4.86) is independent of the space-

co-ordinates 5. Since Ay, contain only known functions of the co-ordinates, the

2141
left-hand side of (4.8%) can be evaluated and the contribution from Ay, and C,,, is
2r+1 2141
given by
)
1 i
— @ Copn,dS=—4M, .. .. .o (4.9)
dn ]z 2
s
f‘
1 — k
—® 24y, n,dS = C, .. .. .. (410)
dm | a1 2141
J &
s
k k
where () is a known function of ¢, ¢ =0, 1, 2 ... (I—2). Thus the integra-
2141 2a
bility condition (4-85) gives
ik
AM—Cy = 0. .. .. .. .. (411)

20 2l+1

:
The equation (4.11) can always be solved for M. Hence the integrability
2l

k
condition (4.85) can be satisfied by choosing M according to the equation (4.11). Now
2l
the equation (4.75), together with the condition (3.4), can be solved uniquely for ¥,
2i+1

_ R

So far we have seen that Yy9, M and 7, become known from the equations (4.7a),
!

21 20+1
(4.11) and (4.76). The equation (4.7¢) remains to be solved, the unknowns being
k

ymn a‘nd 55-
242 2l-g
Since @, satisfies the equations
2042
¢m71: n = O’
204z
?,,n,dS =0,
2042
k
5
the conditions,
2 piny n - Cousy # = 0, .. .. (4120)
2042 21+2
3/ -C ), A8 = L .. (412
4 ('—A"’"+C”"")n" as 0, ( )

2142 2142
&
S
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are to be fulfilled for the integrability of (4.7¢). The four identities, together with

the field equations in the lower approximations, ensure the equdtmn (4. l’a) The

equation (4.12a) ensures that the left-hand side of (4.126) is at most a funection of

time. Since zAM is a known function of the co-ordinates the contribution to the
2042

integral coming from A, can be evaluated. Therefore, we write
242

1 — k
—@ 2 = ( :
o szr_;"" N, dS 2;(42"” .. .. .o ({.13a0)
k
s

and assume that we have calculated C''s.  Irom the equation (4.7¢) it may be seen
that

k

1 ) k N, [ ¢t E k
i (,,,ln,ldS-—él(M gm) +4MZJ;21(W§ ;:)¢,,,,, (4.135)

2 20-2/,00 2 \2l-2

where

EIRE T S W

0
Hence the integrability condition (4.120) gives
ok k\IA E
421 ¢m +4M z M( - )zp, ,m+0 = .o (414)
221-2/, 00 z 2 21
k
& can be chosen such that the condition (+.14) is satisfied and hence the equations
922
(+.7¢), together with the co-ordinate conditions (3.4), can be solved for v,,,. Thus
9142
- k
from the equations (4.7), (4.11) and (+.14) the variables Y40, Yop VYmns M and fs
ol 21+l 248 2 2=

become known. Since the field equations are satisfied by the Minkowskian metric
w the field equations can be solved to any order of approximation. In solving

P
the field equations we get the equations of the type (4.14) which determine £°.

21-2
Thus the equations (4.14) for I =1, 2, 3 . . ., give the equations of motion of
the particles. The co-ordinates of the particles given by
Eook k k
E=EFNEF N2 .. .. (4.15)
0 2 2-2

k
become known functions of time up to the term & when the field equations are

o2
solved up to the order (2{+41). The equations (4.15) are the integrated equations
of motion.

E kR k
—4M & serves the same purpose as S, given in the method of approximation
2 21-2 2

& k

followed by Einstein and Infeld in 1949. £ is a part of £, the co-ordinates of the
21=2

kth particle. Thus this method is based on a purely mathematical deduction and

no physical concept was used to get the equations of motion,
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5. EQUATIONS oF MoTION UP TO THE SIXTH ORDER

By direct calculations the integrability conditions (4.14) for I =1 and [ = 2
can be found out and are given by

kE Ok k I\L,ppk
4M§’”—MZM'— =0, R (8 )
20 2P=12 ’m

and

N .. N
'k bk pob, Bibk bk p g P
+ D M| —3 R, & CHE Rty > MY,
s BRI 00 0 fonnc SR
P—k kS km 'ES ’Eﬂl kS pﬂl pS km
+ i, AEETFA4E =43¢
00 00 00 00
p_k ksks psps ksps N,‘&_q_,_l_e
+oda —EE—1EEHaEE 4 > Uy
00 00 00 =1
N
» 9 ‘Q
+Z My ]:0. N € X))
=1 2
The equations (5.1) and (5.2) together with (4.15) give the equations of motion
i . p Db Mok op AR bk
X‘M(f’"—zM ¢,m)=—A6 MM[-—ER,S,,,.E&’+%§SRM
2 et 9 ey 2 3 00 0
p=1 p=1
kg et pk(hh b b
—4‘# M :m+ ,5{4§ §m+4§3§ﬂ
= e 00 00

The equations (5.3) are correct up to the sixth order of approximation. This is
the equation which was solved by H. P. Robertson (1938) to find the perihelion motion

of the planet Mercury. The §5 which are appearing on the right-hand side of the
equation (5.3) are the solutlons of the Newtonian equations (5 1)

Qur calculations show that M is a constant, whereas M M ete. are functions
of tlme. This result taken along with (3.9) shows how the ass001ated mass para-

meter M varies with time when the gravitational interaction is taken account of,
This effect for a slowly varying field is in agreement with Mach’s conjecture regard-
ing the inertia of a particle.
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ABSTRACT

A migtake has been noticed in the current theory of approximations giving the equations of
motion of N particles in a relativistic gravitational field. The genesis of the mistake has been
shown and the method of approximation is modified so as to give correct results. The new
equations have the same form as the old ones considered by Robertson but in substance there is
a difference. In the procedure given here the splitting up of terms of the field equations is the
same as of the 1949 theory and the co-ordinate conditions are used in a form free from singular-

ities. The calculations also show in what manner Mach’s conjecture regarding the inertia of a
particle is verified,
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