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1. INTRODUCTION

All the present theories of internal ballistics of guns assume a linear law of
burning of the propellants as it renders the mathematical treatment of the ballistic
problem comparatively easy. Since the experiments showed that many propellants
burn according to the power law ‘of burning, Clemmow in 1928 gave numerical
solution of the equations of internal ballistics for power law of burning, assuming
simple quadratic form function.

Now in the present-day advancement of the ballistic theories the need of a
better form function has arisen. The simple quadratic form function is not applicable
when we are considering a more digressive burning surface or when the propellant
is a chopped one, e.g. chopped cord. Even for the most simple case of a cord we have
a cubic form function although we generally take a quadratic one. The most
general form function can be of the form Z = ¢(f) = (1—f)[1+X(f)], where x(0) = 0
which satisfies the two conditions that when Z = 0, f = 1 and when Z = 1, f = 0.

In the present communication the author has extended the results of Clemmow
to the case of general form function Z = ¢(f) and has deduced the results for other
form functions, such as general cubic form function, for spherical propellants and for
quadratic form function.

2., FUNDAMENTAL EQUATIONS

The four fundamental equations of internal ballistics for power law of burning,
and having general form function, are:
Energy equation is

FCZ=p {A(x+l)——0z (b— %) } +iy=lwpz .. .. (1)
where w; = 1-06w+4C.
Dynamical equation is
d
wld—’t’=Ap. O

Form function is
Z = §(f), where ¢(f) issuch that when Z = 0, f = land whenZ = 1,f =0
= (1—=f)[1+x(f)], where X(f) is zero for f = 0. .. .. .. (3

Also there is a condition on equation (3) that it should give one positive root
less than unity.
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Rate of burning equation is
df
,D(‘it*‘—-"—-ﬂpa'. .o .- .. .. (4)

Making the following dimensionless transformation

E=1+7
_vdD Fc)l“‘
T=TFop Al
- pdl
t= FU
A2D2 (FO\**
the above equations reduce to
Z = [é—BZ)+1(v—1m2/M .. .. .. {9
dn
- = . .. .. .. .. .. 6
"3 M . (6)
Z = ¢(f) .. .. .. .. .. .. (7
, Y _p 8
and ndf = —{%, (8)

3. SoLUTION OF THE EQUATIONS ¥OR Z = {f) wWiTH B =10

Now the variable n can be easily eliminated, by differentiating (5) and using
(6) we have

dZ = £dl+yldé

= £1-Y d(L€Y). .. .. .. . 9
From (6) and (8) we get
d”] —_ 1o 10
7= ML .. .. .. .. (10)
and equation (8) can be written as
3
= —[*-= .. .. .. ..M
7 ¢ e (1)
Substituting the value of 5 from (11) in (10) we get
d s 4 dé-) —— 1-o 12
¢Tf(£¢7f =M. .. . . - (12)
Now make the following substitutions :
Y=0& .. .. .. . .o (13)

go that equation (9) reduces to
dZ = §-YdY .. . . o (14)
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Mathematically, the function ¢(f) being known, we can express f as a function

of Z, f = ¢1(2) (say).
Therefore differentiating this function we get

df = ¢,(Z) dZ. B, .. (15)
From (9), (12) and (15) we get

4 48[ d dZ) _
az df [C dz df] =ML
1 d 1 df] 1-
Y & = =M§ a. . “ . (16)
. $(2) 12 [; $2)%Z
Performing this differentiation we get
1 1 1 d 1
. fﬂla : +O(Za_1 l/f/ _ +gtx /____{ _ }] =M§1otx. . (17)
$,(Z) [ $,(2) $,(2) a2 14,(2)
This can be written as
1 }2[ ,c'] , 1 d{ 1 } 120
AU lerag | 4y b= g .. (8
{¢I<Z> bl 4(2)d2 4, (2)
Differentiating (14) we get
RETE I 9
r=1% =% o (19)
Differentiating this equation (19) again we get
S SANNP S . (20
§1_ YI/ +(2 y) (.y__l)yl .t o * ( )
and from (13)
AN SR N SN2 1)
{ Y ¢ Y (=LY
Substituting these values in (18) we get
I [Y Y Y’] 1 d ; 1)
— |5 t=2mtesl 7 V70
{¢1<Z)% R A d Rt APt
. Q(Y')Z-zn
_W .. .. .. .. (22)
where n= Z%};—l“) andQ = (y—1)M.

For the particular function ¢(f) we can find out ¢.1(Z) and hence the flzquatlorz
(22) can always be integrated numerically to give a series of values of ¥, Y'and ¥
in terms of Z, for a given propellant,i.e. givennand a anda glvgn.v?,lue of Qrepresent-
ing the loading conditions. = For finite shot-start pressure the initial conditions are

Yo=100,Z=20=10

and also from (14) we have Y' =1and Y" = 0.
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For zero shot-start pressure the initial conditions are
Yy=0,27Z,=0, Y =1and Y" =0.

We can develop a series solution of the equation (22) if the particular form of
#(f) is assumed and the initial calculations can be checked up.
Here the shot-travel is given by equation (14) as

&-1=Y". .. .. . (23
The pressure is given by equation (13) as
Y Y
{= 5 = 5 (24)
(Y7)r-1

‘ dé
For maximum pressure 7= 0 and therefore differentiating equation (23) and

putting % = 0 we have

}7/ v Y” o
and this equation can be solved numerically from the tabulated values of Y, Y’
and Y.

At all-burnt position, Z = 1.

Therefore the velocity can be obtained from the energy equation in the following
form:

ot = 2M(Z—L8)/(v~1)

=M (Z—- Ii) /(y—l).

Hence
'v2=2FO(Z—- TY,—,) /()’—-l)w,. . .. .. (26)
After all-burnt there is simple adiabatic expansion and
[& =Y, .. .. . .. .. (27
and therefore muzzle velocity is given by
2FC  f Y
v32=~£——(1——~2 . (28
(Y-—l)wl \ §3Y—1

Now in further analysis we will assume different forms of the function ¢(f)
and show how these equations are modified.

4. SOLUTION FOR CUBIC FORM FUNCTION
Z = (1=f)(1+6f+6'f2).
This form function can be written as
Z = 14(6— 1)f+(0’—0)f2—-0'f3

or f3+(9;,0/)f2+(1;9)f+(zf)__;1_) =0. .. .. S (29)
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This further reduces to the form

f+pf+a=0 .. .. .. .. (30)
where p _1=0_1(6=b ’
= T3\

(Z—1) _ (1—0)(6—0), 2 (6—0)°

and = 3072 773

The solutions of the equation (30) are

fi= (@)} +®?
[y = o(4)*+o(B)

’

fi = o?(4) 4 o(B)}
3
where 4= —%+\/gl +~—.

3

s £y
B=-3 1 +27'
Hence fi=l*+B)*- (6—%_6_,0":)
T and (09
f'l - [w(‘j) +Cl)2(B) ] 30/
= [w(A) +oB)]— -0—6-@

Now the values of the roots depend on the values of § and &', so that let us
consider the most general root given by

K ¥ K R | R
I= ;~1‘[—{Z+k}+x/<2+k>2+k,] +§f[-fz+k}—\/(2+k>2+kl] —Ky

2 (0-0)%  (1—6)(0—0)

'ne f = —_— —_ = 2 At
where . £k 57 20 1, 6, = (2¢)
46’2 p, 0—0'
.1.,1 —-—2—,7— &Ild k3—'—3‘é,—.

Also Ky and K, can have values 1, 1; w, w? and w2, o respectively. Let us make
the substitution (Z4k) = Z, (say)

S f= [ 1+\/Z+lﬂ] 1{2[ zl—\/EfTIE]}—Ka.

¥

Here  ¢(Z 1)_‘[ 7+ /ZZ-{-k]] ];2[-21_sz+7¢1] ~Ks (32)
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D1 36,/ 2241y
piZ) [__K,{-Zl+«/z—’5f—+71§%+1fz{—Zl—«/ﬁ;)’%l
N { 1) | AR L (33)
$.(Zy) § [-—Kl{—-Z1+\/Zf+k1}*+1(2{—Zl—JZT—'W}*]Z 3)

Also
932, { —Ks( =Tt/ 21+ 1) + Ko ~Za— \ /241 ) ]~

IR N LA R S ANy
b (Z0) 0  pzn) § [ -2+ /0 U+ - 20— 740 )
(34)

Hence our equation {22) reduces to:

k) LTI I
[—-le{—Z1+\/d +k1} AR +715] 7 7oy

[96:2,] —Es(= 214 \ /B0 ) 4 Ko = 23— ) 234 10) 1=

=36, /Bt hs (= 2ok /B ) + Ko = 20— S B4 T] g -

2 - e T S — 5 118 = Tr p2x-1
00— Ki{ —Zok /2 B { = 2= [ 23+ 2R R
(35)
Coy(l—a) (Y=1)M
wher = and —_ .
e 7 7=1) @ 90?

In this case this is the equation which gives ¥, ¥’ and ¥” in terms of Z,.

Further analysis is the same as hag alr eudy been discussed in seetion 3.

As an example let us consider the case of a cord, In this case Z is a cubic in f
given by

f2
2= 0-p1474L)
A is generally of the order of 200.
S Z o= (1=Y{14+f+4-005f2).
This can be written as
‘00584 -995f2+ (Z—1) = ©
or f3+4199f24+200(Z—1) = 0.

Here there is one change of sign, because (Z—1) is negative ; hence there is only
one positiveroot. Also the diseriminant of the transformed cubic is positive, therefore
K, = Ky=1. Now we can set up our equation (35) in this case and can integrate
this numerically.
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5. SOLUTION FOR THE CUBIC FORM FUNCTION

Z = (1=N(A+f+f2).

This form function can be written as

Z = (1—f3). .. .. .. .. (37)
From this equation we get
f=(01—2)? R )]
Therefore our
$1(2) = (1—2)".
Hence our equation (22) reduces to
e 14 Y/ 3 Q(Yl)z_zn
— 1 —92) oo | —6(1— -
9(1 Z) [ Y” +( "') I7r+ay] 6(1 Z} Y,,Yza__l' (39)
This can be further written as
Jy Y'Y _2 y_ G
Yl —a) r—nHu
where n = v=1) and @, = g

In this case, this is the equation which gives ¥, ¥” and Y” in terms of Z.
Further analysis we have to do exactly in the same way as done in section 3.

6. SOLUTION FOR THE GENERAL QUADRATIC FORM FUNCTION

Z = (1~f)1+8))
This form funetion can be written as

Z = 14+(6-1)f—-0f2 .. .. .. .. (4l)
From this equation we get

e [—(0—1)+\/(0+1)2-—49Z]

26 26
(Since we have to consider positive root, we take the positive sign.)
Therefore
—(0—=1)++/(641)2—40Z
$1(Z) = [ =1 \gé +1) ] (42)
Hence our equation (22) reduces to
V&l V&l y/ Q(y )2 2n
- L4 (n—2) | —20= T, .. @
[(0+1)2 40Z] [ 77 +(n—2) Y'+aY] 20 7 pIai (43)

This can be further modified as has been done in Clemmow’s paper.
Let us have

qY = ql¢” = Y, (say)
40

and Z, =qZ where gq= aTog
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Therefore the equation (43) modifies to

Y”' Ir” }r’ 1 Q(}r’)Z—Qn
1 1 1 1
1 1 1

This is the equation which gives on numerical integration the values of Y, ¥’
and Y” in terms of Z;.
The rest of the treatment is the same as done by Clemmow.

7. SOLUTION FOR THE FORM FUNCTION Z = (I —f).
Here our ¢,(Z) = (1-2).
Hence our equation (22) reduces to

vy Y Y’ Ju(,y_]) (Y,)2—2n
P —_2) = S S A
Y,,+(n )Y,+aY .. .. .. (45)

Y ]'27:— 1

and we have to proceed exactly in the same way as in section 3. The series solution
for this equation has been given by Clemmow.
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SUMMARY

In this communication the author deals with the problem of internal ballistics of guns for
power law of burning and using propellants which have the most general form function, Z = 4{ f};
where function ¢{ f) is such that when Z = 0, f = 1 and when Z = 1, f = 0. Further from this
solution the author has deduced the results for a general cubic form function giver. by Z =
(1—f) (148 f4 0’ f2), and from this for a cubic Z = (1— f3) which represents the form function for
spherical propellants. Also the results for a general quadratic form function given by Z =
(I-F) (1+8f) have been deduced.
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