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INTRODUCTION

An Appell set of polynomials {P,(x)} where P,(x) is of degree = in z is defined
by the relation

ey A(t) et = Z P, ()
n=90

where A(t) can be expanded as an infinite series in ascending powers of ¢,

The particular cases of the polynomials belonging to this class are Hermite,
Euler and Bernoulli polynomials and the corresponding function A(¢) in each case
is respectively
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Various authors [Hahn (1935), Krall (1936), Meixner (1934), Sohat (1936),
Webster (1937)] have attacked the problem of finding the orthogonal sub-set of
Appell set of polynomials. In the present paper we use the integral representation
for Appell polynomials and their generating function recently given by the author
(Singh, 1954) in the form

xt ® —n101, .., B —f
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respectively, where B(f) is such that
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exist and pg 70, to prove the above property and to sum a few infinite series in-
volving Appell polynomials when the generating function A(¢) is an even function
of t.

§1. TarE ORTHOGONAL SUB-SET

We use, here, the well-known property that the necessary and sufficient condi-

tion for polynomials {P,(z)} to be orthogonal is that they satisfy a difference
equation of the type

(5) P,'(.’l:) = (a’nx'i'bn) Pu—l(x)'*'cn Pn—Z(x):
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where a,, b, and ¢, are constants independent of x and a, £ 0, ¢, 0. We note here
that the limits of integration in (2), (3) and (4) can without any difficulty be made
from a to b such that 0 » b >a >— .

. at 5 U PRIRIRIPL S 4 . .
Expanding ,4.F, b e (2) and integrating term by term
1y e v o> Up
we can rewrite (2) as
a1 @109 ...0Q,

xn
Pofa) = Skt 55, b M

n-l-2
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and similarly we can write

» L n-1 b, ey,
() Pacs) = (2o b g Lo e e
n—2
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+a,

(a;+141) ... (@, +14+1) l‘1+2} )
(brti+1) .. (b 41+1) 142
If {P,(x)} is an orthogonal set we will get from (5), on comparing the coefficients
of various powers of z, on both the sides, a set of (n41) equations from which
(n+1) unknown quantities u, can be found out.

Comparing the coefficients of z* and 2"-1 in (6) and (7) we get

8) a, =2,
n
and
©) b,=1H G 0

n py bl b2 “e b,.
A comparison of the coefficients of remaining powers of z in (5) gives
o (D) (@t T+1) Hps T au(@atl) 1
10 1 L a e Cal9nT? 2 1 =
U LG Gt Tr ) WL 5aatd 7 g e = Sl D
l=1, 2, “ey n—2,

which, as expected, is a difference equation of second order in g,. On substituting
for p, from (4) in (10) we get for I=1, 2, .., n—2,

b b
S Ot (@t I+ [ e " an(aatl)
11 H — T + — - [i]: I
(1 m=1 (by+1) (bm+l+l)J\ £7dB() mIZI b—‘—“m(bm_{_l) o t+1dﬁ(t)

b

b
= nc,,(l+l)j £dp(t) = —nc, J g g{j%ﬁ) &t
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where we have taken §(f) to be absolutely continuous and such that at the limits

(12) t’“i‘%’l.—so, r=01,2...,0=2
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Transposing all the terms in (11) to one side it becomes

m=1 (bm+l)(bm+l+l) m=1 bm(bm+l) Ho dt

d2B(t)
+nCnt "'d—t2—:' dt = 0.

b N
(13) J- t’[t% I'Zl (apt+d(@ntitl), 13 am(a,+l)ﬂ%dp(t)

The solution of (13) can be written as

¥

7 @at@ntlt]), 5 au(ut) pml dBE) 4280 _
1 (b D bu b ) 2 s bt I‘o§ @ T g =10

where 7'(t) is such that

(14) {

b
(15) J Ty dt =0 n=0,1,23...

It is well known that 7'(¢) = 0 if @ and b both are finite, otherwise it is not
unique. Since B(¢) is to be independent of » and I, we must have

nc, = 6 (a constant)

p =b, m=1,2,3,...,r.
(14) thus reduces to

), (,_ 1) dBE) _
a—c—l—t2—+(t_ ,::,) =T

which on integration gives
14

ap(t) _ _ 1, ) T(w) du .

(16) @ = e"P{ 26 (‘ ,,0) §[°+J % ; (u_ ’”)2}]

The limits of integration ¢ and b are now to be found such that they satisfy
the equation (12) and the equations

b

po = j dp(t)
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and
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Equation (17) serves to determine the value of ¢. Using (17) we can write (18) as

b i t
I Y P _ () 7'(w) du
"1‘_[ (‘ no)‘”‘f’{ 20(‘ Fo) 9[°+J -] ]‘”‘“"1'
exp
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The last term vanishes by virtue of (15) and from (12) and (15) we can see that the
limits of integration will be — oo and co. This ensures that the remaining terms in

the above expression vanish. Thus, without loss of generality, we can take u, to be
zero. This entails that all moments yg,+y of odd order will vanish and accordingly

Thus we have

or

b

+0J T(u) du = 0.

the polynomials will be symmetric. Since %ﬁﬂ will now be symmetric in £, if we put
(19) 7y = B g o =120,
then 7'4(t) would be symmetyic in ¢ and
(20) f 7@t dt =0, 7 an odd integer.
We now choose ¢, such that
(1) f T1() dt = 0.
Integrating by parts, when ¢ is an integer
T A ey
(22) J e e 120} da
-0

by virtue of (12) and (15). But the left hand side of (22) can be written as

J Tl(:v){i:c"+1—-%x"+1}dx=0 1=1,2,3,....
-0
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Putting 1 =1, 3, 5, ... and using (20) and (21) we see that all moments of even
order of 7'y(x) vanish. Thus we have shown that except for a function whose

moments vanish the determining function reduces to 620. Substituting this
value in (3) we get

A(t) = 2/ 2x8 cexp (g)

which is the same as the generating function for Hermite polynomials.

§2. INFINITE Sums.
If the generating function is an even function then it is easy to see that

Z " Py(x) = A(1/t) cosh (x/t)

n=0
and

Z) U Pyyyy(@) = ﬁA(vi) sinh (= /2).

The particular cases of the above sums when P,(x) is Hermite polynomial are well
known. We will sum two infinite series when the generating function involved is an
even function of its argument.

Result 1. Whenever the integral below exists

2, =" Poe) = = | e eos (22 v/5) 4 (262 5) .

Substituting the expression for Py, () from (2), when pg, 3 =0,r=0,1,2,...,
in the left hand side and changing the order of summation we get

i(al, 2l) ... (a, 2l) < 2" F(—~y)"@n)! & 8l
2o, ) (5,2 2 nl@—21 @Y

_ i(al, 20) ... (@, 2) P(=4y) xz”(—y)”zz"r<n+z+%> 3800
S (01,20 . (b, 2) (211 y S (2m) !

LY

wherein we have used the duplication formula for Gamma function. The change of
the order of summation and integration in the above process is justified because the
geries involved are absolutely and uniformly convergent. Now, putting

0

ri+4n+d) = f e~fnti-tdz

0
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and again changing the order of summation and integration, which can be easily
justified, we get

& |
> (=9 Pastey 2
n=0
b @©
S S @y, 2) . (a,, 20) (20 Y/ 32)] i (2w Vi) ez | 4o
Vel |} GGm e T Ll

)

= %J‘ e~ cos (222 V/y) A(2z4/y) dz

0

whenever the final integral exists.
As a particular case we see that if P,,(x) is Hermite polynomial

© n © -
Z Hy, (x) (—y) 2 J e~ 1= cog (202 1/ y)dz
n=0

n! n! =W o

e_yx’/(l_y)

Vi-y
By a similar procedure we can also prove the following result :
Result 2.

3, (o BN i [ (ai /)i 20 Vi)

!
n=0 n: 0
whenever the integral on the right hand side exists.
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SUMMARY

With the help of integral representation for Appell polynomials, another proof of the fact
that the only orthogonal sub-set of Appell set of polynomials is Hermite polynomial has been
given. Some infinite series involving these polynomials when the generating function is an
even function have also been summed.
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