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1. Let Fyu be a tensor in a Riemannian space V,, satisfying the identities
FyutFip =0, Fyyy—Fp; =0 . . .o (LY
Then
Fuurt Fow=0 .. .. .. .. (12
Now, for a Vg and V3 the indices 1, j, k, [ are not distinct. Hence, in these cases
FoutFo+Fyp=0 .. .. . .. (13
As in a V, and Vs, Fyy satisfies all the identities of the Riemann tensor Ry, it
can be shown (Hlavaty’, 1953) that in these cases F; can be expressed in the form
F i = 9+ 9,00 —90%— 9% . . o (14
where a;; is a symmetric tensor.

Let F =g™F. and F= g'JF Then for a V, and Vg the values of a are
given by

a. =

F 1 .
i vy g,‘j and a’,’j = —F ,'j'i'ZF lmglmgij respectlvely.

Evidently, a tensor Fy satisfying (1.1) can be built out of an arbitrary affine
connection of & V,. For, let F:j be an arbitrary affine connection and Kyju be the
corresponding covariant curvature tensor. That is

or a[‘
K= 94 [5‘# + I, T~ Fill‘;k] .. .. (L5)
Put ljkl = *(ngkl-'- 11k+'Kkhj+'Klk]1) .- .o .o (1.6)

Then the tensor Fyy, as defined by (1.6), satisﬁes the identities (1.1) and therefore
also (1.2).

2. In this section we consider Fyy for a V,.

From (1.4) we have

F
Fijkl = Z(g¢k9j1+9j19¢k_9agjk—9jkga)
- F
= = 5 (9adu—9u9)
F :
""2"9:‘4'&1’ say .o .o .. .. .. (23
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Since R, = R it follows from (2.1) that

— 3w
F
F . =oR,, where o = B (2.2)
Therefore F,=0B,=o¢ g g, = gg (2.3)

Taking covariant derivatives of both sides of (2.2) with respect to the Christoffel

connection, we have
do

Foin,p = oz, R+oRy, , 24)

where a comma (,) followed by indices denotes covariant differentiation.
Now, a space V, is defined to be Cartan-symmetric if and only if

R =0.

Yk, p
Hence from (2.4) and (2.3) we have the following theorems:

Theorem 1.—If a V, of non-zero scalar curvature B admits a tensor
Fin satisfying (1.1) and for which the invariant F = g% F,; is not zero, then the
necessary and sufficient condition that the V5 may be Cartan-symmetric is that

F. =95

h F
it p = B, i where 0 = 5.

Theorem 2.—If a V, admits a tensor Fyy satisfying (1.1) then the ¥V, is
homogeneous with respect to the tensor Fj;.
Let now the co-ordinate system be so chosen that the line element of ¥y is given

by
ds2 = 2\dw dy.

We shall call this system of co-ordinates the ‘S’ system. Let R be the scalar cur-
vature of V,. Then

R=g'R; = 912R12+921321 =29""Ryy = me . . (2.5)

” 1
Again, Rig=g""Ripz = §" Rig1s = Xle .- . .. (2.6)
But in the ‘S’ system

1/ 92x., 92\ 1 ox 10X 922 10)x0A
Rime = §(aTay+““axay) ‘B Adydwdy Admay - 27
Hence from (2.5), (2.6) and (2.7) we have
g_21[ 18)\8)\] 2[1ﬂ_lgg]_gaﬂogx (2.8)
T X2 |0zoy ~ A0z oy Adzdy ANoxdyl A ozdy T

Now, if Asf be a differential parameter of the second order (Eisenhart, 1926)

22 0
then Axf=4¢ (az,ng axfk{ })
In this case .
12 af 2 8"f

Bef =2 Fxoy A dxdy (29)
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Therefore

7 2 92logo
Aglogc—xw .. .- .o . . (210)

Let V’y be the space whose fundamental tensor is Fi;. Then by (2.3) V'5 is
conformal to V. Denote the scalar curvature of V' by R.

Then " oR = R+2A3log /o = R+ Aylogo (Eisenhart, 1926) .. (2.11)
Therefore by (2.8) and (2.10) we have
20%log)  20%logs _ 2 0%logle

R =3 zoy T2 20y — A ooy (2.12)

If R =0, we have from (2.12)
Ptlogha _
0z oy
whence Ao=AB .. .. .. .. (2.13)
where A is a function of x only and B is a function of ¥ only. Hence by (2.13)
F,,=o0g,=24s = AB e (219

Conversely, if Fiy = AB where 4 is a function of z only and Bis a funcﬂion ofy
only, then azala?%;a = 0 and therefore R = 0 if o £ 0.

Next, we suppose that B = a positive constant = 2, say.

2 82log Ao
2 = _
Then ol2 = A ooy
o2logdo I2
or ——az-a-?;— - '2— (/\0) =0
4 A'B'
whence Ao = — l—z [m] .. . - (215)

where A’, B’ denote derivatives of 4 and B with respect to x and y respectively.

4 A'B’
Hence F12 = )\g = ~— l—z I:m] .. . .. (216)

Conversely, if F, has the value given by (2.16), then
oR = 126 and therefore B = I2 if o 3£ 0.

Hence we have the following theorem:

Theorem 3.—If a ¥V, of non-zero scalar curvature admits a tensor Fy satisfying
(1.1) where the invariant F is not zero and V’5 be the space whose fundamental tensor
is Fy;, then the necessary and sufficient condition, that the scalar curvature of ¥’y
may be zero, or a positive quantity /2 is that the only non-zero component of Fj; is
given by (2.14) and (2.16) respectively in the ‘S’ system.
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It can be verified that in the ‘S’ system the only non-zero components of the

Christoffel connection {:7} are {111} and 3222} and in that co-ordinate system

adi1 2§2
R1212=9125,!; 11 =9125;: 29 ("

We now enquire as to what form the tensor Fi;, as defined by (1.6), will assume
in a co-ordinate system if the only non-zero components of an arbitrary affine

connection Fv’ out of which Fiy is built, are I} and I}, in that system.

2
As the only non-zero components of I’ij are I’11 and Iy, so

ort

_~1u

K 2121 = Y12 G2

22
1212 = Y12 G
Hence from (1.6)

ors, BFL] @17

Frop =195 [*a“ﬁ'i'"é;z_

We have therefore the following theorem:

Theorem 4.—If there exists a co-ordinate system in a ¥ in which the only non-
zero components of an arbitrary affine connection Ff.j are I' ! and 1"29, then in that
co-ordinate system the only non-zero components of F,gk;, as defined by (1.6), is

given by (2.17).
Further, if the tensor §; = K:” be a zero tensor, then
1
LTI

Frop =023 =925
t
ry= g
i
2
Bioie = 01253 8:102{ } 9123151{22}

Now, we find the components 1"11 and F 50 i0 the ‘S’ system when the scalar

curvature of the space ¥’y is a non-negative constant.
From (2.17) we have

If, in particular,

then

ors, ori
P2F e = 3979, | 551 st axz
or:, ory, ]
= A 3 1))
or % [ ay
But by (2.14) Fi3 = AB when R =0.
Hence (2.18) can be written as
ory arj
__l‘_.zAB e e e (229

oz
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2
or,, _ 61“111

If the tensor = e U,
© vons 8y =0, oz oy
Therefore (2.19) reduces to
ary ar:
} =22 AR.
oy ox
Hence
I}y =4[ Biy+4, 220,
and I%=B[Ad+B;| '
where A, is a function of z and B, is a function of y.
. . 2 4 IB'
Again, if =0, Fpp=- D [(1+AB)
Hence from (2.18) we have
a[‘z arl Y
0T __=_§[AB ] 2.21)
dr © o BldA+A4B)?
Now, if §; be a zero tensor, (2.21) reduces to
ort BI’:z 4 4B
9y ~ oz B (1+4B2’
Hence
1 4 A'B 4 A'B
Mhi=-p AFapEYt4=—ggapt4
(2.22)
2 4 A4'B 4 AR
and Fzz——l—z mdx-l-Bl——ﬁim'l'Bl

where 4, is a function of # and B; is a function of y.

Thus we have the following theorem:
Theorem 5.—If in the co-ordinate system ‘S’ the only non-zero components

of an arbitrary affine connection I',;. be I'* and I'Z, ¥’y be the space whose

1 22
fundamental tensor is F; and S; be a zero tensor, then the components I 111 and
1"’222 are given by (2.20) or (2.22) according as the scalar curvature of V', is zero or
a positive constant /2 respectively.

If, in particular,

ri={;}, Si=R;=

{1 2
Hence {11} and { 22} must be of the form (2.20) and (2.22) when the scalar

curvature of ¥’y is zero or a positive constant 2.
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3. In this section we consider Fyu for a V.
From (1.4) we have

Fow=g,[—F jl+iF pmgpmgjl]+gjl[_F atif P P Lt P jk'*'iF mI?™ 9ir)
~9ul —FytiF,,9"9,)
or Fijkl+(Fjlgik+Fikgjl_ijgil—Fagjk) = %F(gikgjl_gjkgil) .. (8.1)

If the V3 is homogeneous with respect to Fy, i.e. Fj; = ogy;, then from (3.1) we have

F F
Fijk! == 6 (gﬂ 9in — gjkgil) == 3 Fijna +

Conversely, if Fp=— lggijkl
. F .
then 9" F = =5 9" I
F
or Fil=—_6(gil_3g£)
whence F, = 3%

Hence we have the following theorem:
Theorem 6.—A necessary and sufficient condition that a V3 may be
homogeneous with respect to the tensor Fi; is that

F
Fow=—5 %iu-

Let Ky be the covariant curvature tensor corresponding to an arbitrary
affine connection F:j in a V3. Now, let there exist a co-ordinate system in which
the only non-zero components of I’:j are Pﬁ I 113 and F;?l . Then it can be verified
that in that co-ordinate system the components of Ku will have the following
values:

ary, - ary
Ko = =93 Bun =% 3 Kiss=0

ar) or\
Kan =93\ 5z — 721/’ Kosos =10, Ko =0

Kigos =0, Kpgp =0, Kgppp =0

ary, ary, ory
Kios==95753" Ean=%:\53 — 71 ) Ko =0
ary, ary,
Eyn =955 Kuu=0 Knp=—0p3535
ory, ory

Ksi9e= — 913572 ° Kong =0, Kyop = g3 55 -
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If Fiu be now defined, as in (1.6), then

” 1 ( ; ar! ar;l)

1212 = 3\ "2 552 T I Gz

_.lg il_-’_lll 31’113
s = 595 | 305 — Fat
0

ry

"y

2323
3 1

Fm:z(gu oy _ aj_)
3\9n 32 12 Pz

ot o), (e
28 =4 19\ 33 "5t ) T\ 52— Fa8

» 1 ( T} ar;) 7

1323 = g \Y3 59 " Y13 G2

Let us further suppose that the only non-zero components of g; are g,» and ggs. '

It can be verified from above that g;5, ¢13, gss cannot vanish simultaneously.
Then

ory,
Frop= %guzw’ Fryg =0, Foppg=0

ors, or, fory,_ar, ors,
From=MN00 g2 ~2gp ) Fos=1%:\ 53 — ”371“) s Fryss =195 55

Therefore by theorem 6 the Vs is homogeneous with respect to Fy; if and only if

oy, __F,
3903 = — g%
ar; or;, ori, ar,
*(%sa‘xf“gmm =0, #0o| 58 — a1 ) =0
or: P

21
195555 = = § %1298
i.e. if and only if
ary, or;,
I3 g2 ~Fr2 g2 =

ory, or -
DS U 5: .. v .. o (3.2
028  dal 0 > ©-2)
or,, Ty,
gz * 2%

Hence we have the following theorem:
7
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Theorem 7.—1If there exists a co-ordinate system in a Vg in which the only non-

. . 3 . .
zero components of an arbitrary affine connection I‘:.j are 1’111 , 1"113 , I'y; and in which

the only non-zero components of g;; are ;5 and gsg , then the V3 is homogeneous with
respect to F; , where Fyy, is defined by (1.6), if and only if the non-zero components
of I‘fj and g; satisfy the equations (3.2).

As an example, if there exists a co-ordinate system in which the non-zero
components of an arbitrary affine connection I’f.j in a V3 are given by

FL = —2, 1’;1 = 23, 1’13 = f(x3)

and if in that co-ordinate system the non-zero componeni;s gi; of the Vg are given by
12 = €712, ggg = P(1, @3, Z3)

then the V3 is homogeneous with respect to F; where Fyy is defined by (1.6).
4. In this section we shall consider Fyy for a V,.

Lot °Fy =1, €00 T
where, as usual, F™"?7 = g g™ g?* g% F .,
and the alternating tensor e;u (4 indices) is of components
+ 4/g. 0, g being = | g, -
Since
CimmChipg = | Jir Tie Ime I

9, 9 9w gnl

9 o Imp  Inp

9; Gigo. Ime  Ins |>
it is seen by actual calculation that

oFs‘jkl = ijkz+(9¢ijz+gszik—9¢szk"gijﬂ)"%F.%jkz .. (4D

Now, if °F = F,
then g, 40, F =0, F =9 Fy = 1 Fg .
Therefore multiplying by ¢/* and summing for j, k£ we find

F
F,=79 O C %)

Again, if F,=o0g,
then
9 Tyt 9, Fo=9,F =93 ¥y = 0(20,,9,—29;,,9,) = 209, = %’gijkl'
Hence from.{4.1) we have
°F,.jkl =F., . .. .. .. (43)

From (4.2) and (4.3) we have the following theorem:
78
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Theorem 8.—A necessary and sufficient condition that a V; may be
homogeneous with respect to F;; is that

°Fy=Fyy
Let us now put
Ag=3F+Fy) . . .. .. @49
Then
A, =", =4F 44" F, .. .. .. (45)
But from (4.1)
o F
0" Fpy==Ft50, - - . .. (48
Therefore
A F 4.7
a=zg,.,.. .. . .. .. ()
Hence
] F ;
4 =g’lAa= Zg’ga=1".
Therefore
4
4;=7%

Hence we have the following theorem:

Theorem 9.—If a ¥, admits a tensor Fy, which satisfies (1.1) and the tensor
Aij = g Aimnj , Where Aun is defined by (4.4), then the V4 is homogeneous with
respect to 4.

In conclusion, T acknowledge my grateful thanks to Prof. R. N. Sen for his
helpful guidance in the preparation of this paper.

ABSTRACT

In this paper it has been assumed that there exists in a Riemannian space V,, with metric
tensor .gi]- , . & tensor Fijkl satisfying the identities Fijkl+Fijlk =0, Fijkl_Fklij =0 and the
properties of such a tensor have been studied in a V,, Vgand V, . Defining a space Va to be
homogeneous with respect to & symmetric tensor a; if the metric tensor satisfies a; = oy,
where o is a function of the co-ordinates, it has been shown that every V, is homogeneous with

respect to the tensor F,; where F; = g™ F,,,; snd conditions both necessary and sufficient for

& Vg and V, to be homogeneous with respect to F; have been obtained. Further, building
& tensor of the type F’ijk, out of an arbitrary affine connection I’fj , some theorems involving
Fyy and T'; have been established for a V, and V.
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