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INTRODUCTION

In the study of ship-waves and resistance due to waves the mechanism of the
production of waves is often idealized as a pressure system moving on the surface
of water. Lord Kelvin (1908) (Mathematical and Physical Papers, Vol. IV) conceived
the idea of the initiation and development of canal ship-waves by a sudden commence-
ment and continued motion of a system of surface pressures. Sir T. H. Havelock
(1917) advanced a theory of wave resistance of ships in which the ship was replaced
by a pressure zone suddenly brought into existence and moving uniformly on the
surface of water. In the manner of Poisson’s theory of generation of waves by a
sudden concentrated pressure distribution on a fixed part of the surface of the liquid,
the theory of waves produced by the moving pressure distribution was worked out.
The wave system produced was analysed and by specialization of the nature of the
moving source a resistance formula, quite in good agreement with some observational
results, was obtained.

Sir T. H. Havelock’s results apply after a steady state has been attained
represented by the uniform motion of the ship. In the present paper we have
confined our attention to the nonsteady state when the ship is gathering speed
through acceleration or is slowing down. The case is of practical importance as
variation of speed is often a necessity, though it may not be of long duration.

1. Wave system for an accelerated pressure zone
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Fig.1.

Let 0 be a fixed point on the undisturbed free surface. 0z, Oy are taken horizontally,
and vertically upwards through 0. Let the surface be disturbed by a pressure
distribution pe(r,) extending from zy = a to ¢ = b, delivered at time f, and main-
tained for a period 84;. This is equivalent to an impulse distribution pyd%, extending
from ‘@’ to ‘b’ at time ¢,.

The Fourier double integral representation of such a distribution is

Jlz) = %_f dk JbPOSto exp {ik(z—xo)} duo.
0 a

The velocity potential and surface elevation at any point  at any time ¢ due to the
impulse distribution f(z) are given by

@® b
mpp = fo cos {kV (t—tg)} exp (ky)dk f Dodlo exp {sk(z—zo)} dzg -+ (11)
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and

© b
—mgpy =f kV sin {kV(t—to)}dkf Podto exp {ik(x—m) } dxg
0 a

where
Ve = g/k.

* This satisfies all the equations of the surface wave motion (of small amplitude) in

deep water, viz.
Vip=0,fory<o0,

¢=O,f2>ry=—oo,

‘l’y:l—ay/at } =0
gy = 08/3t ony=0.

The equations in (1.1) also satisfy the initial conditions, viz.
pp =f(x) on y =0 at t =1,

If we agsume the pressure system to have a centre at the point x = £ and the
applied surface pressure at any point to depend only on its horizontal distance
o from this centre, then xy = é+«, dzy = da and py(xe) = H(ax) say, and the limits
of integration for x,, i.e. @, are —¥ and ¥ where ¥ = b—¢ = ¢—a = 1 (b—a).

If the pressure system moves without disintegration it is ¢ that changes
with time f,. The surface elevation due to such an initial pressure system, when
it has been in motion from time ¢, = 0 to f, = ¢, is given by

) y i
—ngpy = f kVdk f H (&) exp (—ika)do X f sin kV(t—ty) exp {ik(x—&) }dity
[1] -7 0

0 t
= f :/;(k)kaIcf sin kV(i—t,) exp {ik(z—&)} dty .. . .. (1.2
where ’ °

sty = | Ha) exp (—ika)do
4

= f H(a) exp (—iko)do assuming H(a) = 0 for [a| >

=2f H{a) cos ko do .. . - - .. . .. (L3)
- 0

assuming H(x) to be symmetrical about the centre.

The equations (1.2) and (1.3) represent the wave system for the most general
type of motion of the pressure region. We shall study the special case of uniform
acceleration of the centre of the pressure system.

If the pressure system be supposed to have started initially with its centre at
the origin of co-ordinates and moved with uniform velocity ¢, then

£=oly = — ¢ (t—tg)+ct.
Substituting in (1.2) and making the transformation {—t, = + we get

L ' :
—mgpy = f - kViik)dk J' sin kVr exp{ik(d’)-l-cf)}dr . (14)
0 0
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where @& = x—ct = horizontal distance of P from the centre of the moving pressure
system at time ¢, ~ This¢ is not subject to the time integration in the above. Assum-
ing a damping factor e—pr where ultimately we shall make p—0, we get

—ngpy =f a[x(k)kakI sin kVr exp [—pr+ik(@+er)]dr .. (1.5)
0 0

This result is identical with Sir Havelock’s result given in his paper referred
to above.

If the pressure system starts from the origin with a velocity ¢ and moves with
& uniform acceleration f, then

€ = clo+3fl?
= ¢t 4-1f2—cr—3fr(2t—1). .. .. (L8)

Substituting in (1.1), making the transformation {—f; = 7 and introducing the
damping factor e—u7, we have in the same way as before

—mgpYy =f kVi(k) exp (tho)dk
0

s
Xf sin kVr exp [—prdik {er41fr(2r—7)}dr .. .. (LD
0

where

& = x—ct—}fi2
= horizontal distance of P from the centre of the moving system at any time ¢.

The integral on the right hand side of (1.7) gives the surface elevation of the waves
produced by the uniformly accelerated motion of the surface pressure system.

2. Integration of (1.7)

The integral in (1.7) contains the time-integral
1
J sin kVr exp [—pr+ik {cr+ifr(2t—m)} ldr
0

1
=51 .. . @)

obtained after replacing sin ¥V~ by its exponential value where

I =f exp [—p+ik(v+ V)] 7 exp (—4ikfr2)dr .. .. (22

with © = ¢+ ft = the instantaneous velocity of the moving pressure system at a.ny
time ¢; and I_ is obtained from I, by changing the sign of V.
Integratmg (2.1) by parts we have

1= — 1 4 oxP [—pt ik {(v+ V)t ~3f12}]
+ —p+ik(v+ V) —ptik(+ V)

12
T '
La——s P n+:k{v+ 7 L re~wr exp {ik[(v+ ff)f—gffz]} dr. .. (2.3){’



158 R. N. BHATTACHARYYA : WAVES PRODUCED BY A PRESSURE SYSTEM

The integral in {2.3) is of the form

f d{u)e™ du .. .. . o (24)
0
where

¢ (u) = u exp (—pw), f(u) = k{(w+V)u—~}fuz}

By using Kelvin’s method of group approzimation (Lamb, 1932, Art. 241) ¢
evaluate the integral we obtain

ths( )etf(ﬂ)du_:/:/‘—gfié—-l exp [i{f(a):!; 2}] Co .. (25)
0

where « is a root of f'(u) = 0 and where the upper or the lower sign is to be taken in
the integral according as f” («) is 4 Ve or —Ve. The integral (2.4) will contribute
nothing to I, for solving f'(a) = o, « is found to be equal to (v+ V)/f = ¢+ (c+V)/f,
which being >t lies outside the range of integration. For the integral correspond-
ing to (2.4) in I_

$(w) = u exp (—pu)
and
flu) = k[ (v—V)u—}fuz] .. .. . (26)
In this case &« = (v—V)/f =t+(c—~V)[f < t, if k < g/c2.
The integral in J_ will be = 0, if k> g/c2, and will be given by Kelvin’s formula
(2.5) for k< g/c2.
The usual restrictions on the use of Kelvin's formula are satisfied in the present

case with ¢ (u) and f(u) given by (2.6) and (k) of the form 4" exp (—ak), » > 0.
For instance, from (2.5) and (2 6) the following results are easily obtained

a= (v—V)/f, f(oc) = k(o—V)2/2f
f'lo) = ~Hf, ¢la) =+ (v— V)yexp { —p(v—"V)/f}

Then we have
i

L¢<u)e‘f‘“’ au= ()1 0=7) exp {—nto=ir} x exp |i{ro- 127~ 3}

" Substituting for I and I_ (omitting the contribution of the integral to 1,) we
get the following results for the three parts. The lst part of

ﬁ (I4—1-) = kV/{(~p-+ike)2+ 5272}
The 2nd part of

~1—. (I4~1I_)

exp (ikVt) _exp (—ikVt)}

exp {ik (vt — %ftz)}{ oFV v—V

in which we have put p=0.
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The 3rd part of
1
5 L+—1-)

=3 ( 27727)* exp H k(v24-V2)/2f — g }]exp (—ikoV[f)
with p=0, for k < g/c? and =0,
for k> gfc2.
Now from (1.7) and (2.1) we have
¥ =+Yy2+Ys

where (subject to the conditions of approximation)

_ k2Vap(k) exp (ika) .
—7gpY = J\(] (—ptikv) 2 k272 dk,

0

2ngpys = j Vi(k) exp (ikX) {

exp (ikVt) _exp (—ilth)} "

0 vV v—V
where X = o+vt—4 fi2 = o+ct+4 fi2
is the distance of P from the starting point 0,
and
% WO
—agpys =i (;L?) exp (—in/4) [ (k) exp [zk { &+ Q%YE} exp (—ikvV/f)] dk.

0
(2.7)

In g4, p can be put = 0, only after the integration has been performed for otherwise
the integral does not converge. As there is no such difficulty in case of y, or
¥s in these cases p has been put = 0, even before integration.

With acceleration f =0, y;, y, will be the same as in Sir Havelock’s paper.
There seems to be some difficulty with the third integral which is expected to vanish
with f, which however is not evident from the form of (2.7). This is due to the
fact that Kelvin’s group approximation method cannot be applied for very small
values of f. With a very small f

$(c) =}(v—V) exp {—p(v—T)/f}

becomes very large. Further for the validity of Kelvin’s formula f''(a)/|f"(2t)|32
should be small, In the present case, f"''(a)=0, f"(x) = —kf. Obviously the above
method fails when f—>0 except when k is very large, in which again we are not
interested as with (k) = k"e~**, (x > 0) the contribution of large values of & to
the surface elevation in (1.7) is negligible.

But one sees that the third term of the equation (2.3) —>0, as f—>0. Hence y3—0,
a8 f->0 expected.
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3. Analysis of y,

_ 7 e yE) exp (k)
"‘”’yl“j (—ptikoE+iepe %
0

After some reduction we get

-~ * k(&) exp (ika)dk
wgpyl = koJ\ (k-—a) (k—ﬁ) e .. .. (3.1)
0
where o, B = ko—2ip kovfg, —p2/g
and v2 = g/k,, k, depending on ¢ through v = ¢4-f¢
and V2= g/k.
The poles of the integrand are on the negative real axis and in the fourth

quadrant.
For & > 0, integrating over the contour of the first quadrant of an infinite
circle we get

" k() exp (ika) ) o
j mdk—éj’o IC+1:IC0 exp (——wk)dk-Il, Bay, a8 w —» 0. (3.2)

For & < 0, integrating along the contour of the fourth quadrant of an infinite
circle we get :

“ kg (k) exp (ke : :
J %C(:)“i;?%f-—ﬁ)')dk > —2mip(ko) exp (ikod)+Ipaspu—0 .. (3.3)
where : 12=J k¢(ii’;c) exp (ok)dk.
Ry
0

Then from (3.1)
wgpyy = koly, for &>0
and
= —2mih(ko) exp (iho@)+kol2, for & < 0.

For the actual surface elevation of the waves we are to take the real parts of
the above results (since y the sum of y;, 2 and yg is entirely real). We should
note that our integrated value of ¥ has been obtained after an approximation.
Since yi(ik) is an even function it appears from (3.2) and (3.3) that if the real part
of koly = f(&) then the real part of kgly = f(—@). Further f(&) is small for large
values of @. So taking the real parts we have

agpyy = f(®), ford >0 .. e (34)
and ‘ - '

= 2‘”7001/](’00) gin ko(;} +f(—(?1), for o < 0.

This represents an infinite train of harmonic waves following in the rear of the trav-
elling pressure system together with a disturbance symmetrical fore and aft which

becomes negligible at large distance from the travelling system. The wave velocity
is the same as the instanlaneous velocity of the travelling disturbance, We shall
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henceforth consider the wave part of y;. These results are similar to the well-known
results for the uniform motion of the pressure system, given by Sir Havelock before.

2
In the present case, however, it may be noted that the wave length 2n/k; = 2—?—’-

increases with time, i.e. with »(= c4-ff).

4. Analysis of ys
From (2.7) we have

- . § exp (ikVt —ikVt
O -

= A—B
where

A= f [Vi(k)/(v+ V)] exp [ik(X+ V)] dk.
0

B= f [V(k)/(v—~ V)] exp [ik(X — V)] dk
Y]

Replacing v and V by (g/k,)* and (g/k)} respectively and making the transfor-
mation k£ = u? we have

A=2(Ic0)*f s e™dgu .. .. L. . L. @&
with ’
$(w) = wip(u?)/[u+ (ko)t]
f) = Xu2+pu
and p=(g)§t.

By Kelvin’s formula (2.5) the contribution to (4.1) comes from « (provided it
lies within the range of integration) where « is a root of

f(u) =2Xu4+p=0
ie. & = —p/2X, which is positive, if X < 0.
Thus 4 =0, for X >0, and for X < 0, by Kelvin’s formula

=2, ",’f}’”‘ﬁ“ exp [i(f@xmd)] .. .. .. 42

where the upper or the lower sign is to be taken according as f”(a) is -+ Ve or — Ve.
The following results are easily obtained

J(w) = 2X (in the present case)
flo) = ~p2/4X
(@) = [otg(p2/4X2)]/ (v —2X)
Then from (4.2), we have
A = 2 (mg)t/{| X P(t—2X)} J(p2/4X2) x exp [ —i(n/4+p2/4X)], for X <0
and =0, for X >0 .. . . (4.3)
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Proceeding similarly with B we get

B =2 (mg)t/ { X (0t —2X)} ] (p2/4X2) . exp[i(m/4—p?/4X)] for X >0
and =0, for X <0 .. .. .. (4.4)
Hence
ngpys = A = [(mg)'tp(p2/4 X2)[{ | X |¥(2| X | +vt) }] cos (m/4—p2[4| X |) for X <O

and

= —B = [(mg)ityh(p2/4X2)]{ X}(2X —vt)}] cos (n/4—p2/4X) for X >0 (4.5)

5. Analysis of ys
From (2.7) we have

—ngpys = i(ng/2f)} exp (—iw/4)J (k) exp {ik(&_'_vz;—sz) } exp (—ikvV/[f) dk

0

= i(%’,)*exp [z (2%* - ’i)] J: (k) exp [i(£ X —p, k)] dk

using V2 = g/k, where X; = &+v2/2f, and p; = g*v/f.

Making the transformation ¥ = u2, we have

* 0
—mgpys = 20 (;—?) exp [z (22 - E)] J $(w)e”™ du .. (51

writing ¢(u) = wih(u2) and f(u) = X u2—p,u.
In this case the contribution comes from a (if it lies within the range of integra-
tion) where o is a root of

f') = 2Xju—p; =0,
so that

o = p1/2X,, which is + Ve if X; > 0.
Thus ys =0, if X; < 0.
Further, f”(a) = 2X; (4 Ve in the present case),
Flo) = —p:2/4Xy, and ¢ () = (p1/2X 1) h(p12/4X?)
Applying Kelvin’s formula to (5.1) and taking the real part only we get
pys = [4p(p:2/4X:2)/2)'" X ¥] sin (g/2f —ps?/4Xy), for X, >0
and =0, for X; <0. .. .. .. .. (8.2)

This component of the wave does not exist to the left of the starting point,
for a motion of the pressure system starting from rest (¢ = 0) for

X; = X = distance from the starting point.

It may also be noted that p; = p, for ¢ = 0. For ¢ 0, X, will still be the distance
measured from a point in the rear of the starting point from which a motion from
rest with acceleration f will give the velocity ¢ at the starting point.

3B
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6. Interpretation of the three components

We thus.see that the surface elevation of the wave generated by a symmetrical
pressure system starting with an initial velocity ¢ and moving in a straight line
with a uniform acceleration f is given by

Yy =t1+y2tYs
where ¥;, ¥ and y; are given by (2.7), (3.4), (4.5) and (5.2).

The general interpretation of y; is well known from Havelock’s work. It represents
a train of waves (mostly simple harmonic) following in the wake of the pressure
system. For uniform velocity of the pressure system, as in Sir Havelock s treatment,
%, is not dependent on the time and represents a pattern fixed relatively to the
system. In our case y;, directly dependent on the instantaneous velocity, involves
time implicitly. The dependence of the amplitude on time has been shown in an
example worked out in the next section. ¥, represents a disturbance extending
on either side of the starting point and becomes small at large distance from that
point. In the neighbourhood of the starting point the fluctuations of ys become
more and more rapid. ¥z represents a disturbance extending only to the right
(direction of motion) of the starting point and diminishing at large distance from
that point. This component also will have some rapidly fluctuating part near the
starting point.

The above shows, however, only a general behaviour of the three components.
Their character in detail will depend on the choice of the function ¢(k). The success
of the theory will depend on the possibility of choice of (k) in such a plausible
manner ag to yield conclusion in agreement with observational results. With
(k) == Ae~"* and A = Const. (6.1), the amplitude of y; will attain a maximum
at v = (2gr)* and then fall off. Similar maximum might be attained by the
amplitudes of y; and y; also. This undesirable characteristic, however, can be
avoided by taking A proportional to v2, as has been considered more probable by
Sir T. H. Havelock. In this case the amplitudes will show no maximum at any
definite velocity but will go on increasing with time as the velocity increases.

We shall now work out numerically a particular case and compare the contri-
butions of y;, ¥», ¥s at a point 500 feet behind and fixed relative to the centre of
the moving pressure system for

r=1,¢=0,f=4}ft/sec?, & = —500ft
and Pk) = v2%e™* ko = g/
In this case the regular part of ¥, is given by
ngpy1 = 2mg exp (—g/v?) sin (Gg/v?)
= —2ug exp (—512/t2) sin (256000/t2)
or py1 = —2 exp (—512/t2) sin (256000/t2) .. .. (6.2)
The graph of this ¥, lies between the amplitude curves represented by

Y1 = ¢
where

Q1= 2 exp (—512/62)
@, is tabulated against time from 0 to 120 seconds.
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Showing Q, between 0 and 120 seconds

TABLE 1

B. N. BHATTACEARYYA : WAVES PRODUCED BY A PRESSURE SYSTEM

0 b 10 15 20 25 30 35 i 40 45 50 55 60
0-:02] 002 056 | 0-88 | 1-14 | 1-36 | 1-46 | 155 | 1-66} 1-69  1.72
65 70 75 80 85 90 95 100 105 110 115 120
177 1-81 | 1-83; 1-85) 1.87| 1.88| 1-80 | 190} 191 1-92{ 1-93 | 1-93

The graph of @, is shown in Fig. 2. The fluctuations of y; given by the argument
of the sine function are however abnormally large for the earlier seconds and grow
less and less rapid with time and ultimately y; will cease to fluctuate. For instance,
there are 20 complete periods between 30 and 40 seconds, 9 between 40 and 50 seconds
and this dwindles to 1 between 80 and 90 seconds. A table for the values of y,
between 90 and 120 seconds is given below. The graph of @, up to 90 seconds (Table
1) and ; in full beyond that (Table 2) is shown in Fig. 2.

=S
Fia. 2
TaBLE 2
Showing yy between 90 and 120 seconds
90 95 100 105 110 115 120
+0-32 +0-19 —0-89 +1-81 —1-40 —0-97 +1-68

At 500 feet behind and fixed relative to the centre, we note, as above, that Whpn
the system starts, that point is behind the starting point. For ¢ = O that point
crosses the starting point at time given by

}f2 = 500
that is, ¢ = 62 seconds nearly.
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y2 is given by the st of the two relations in (4.5) before 62 seconds and by the 2nd

after that.
If Q5 be the amplitude of pyy we have, for X < 0

Qo = [ (p?/4X2)}/[(mg | X )} @ X [+01)]
= [#8 exp (~g#2/4X%]/[16000(my | X ']
obtained by substituting for ¢ and the constants,

TaBLE 3

Showing Qp between 0 and 60 seconds

50 55 60

15 I 20 25 30 35 40 45

0-018 | 0-001

0 0-000 | 0-000 | 0-001 {0-002 {0-005 | 0-008 | 0-013 |0-020 | 0-028 | 0-032

For t > 62, y, will be given by the 2nd formula in (4.5), i.e.
pYz = —Qp cos (n/4—gt?/4X)

where
Q2 = [1% exp (—gt2/4X2)]/[16000(my X)*]
TaBLE 4
Showing Qg between 70 and 120 seconds
70 75 80 85 90 95 100 105 110 115 120
0-009 | 006 | 0-10 | 0-13 | 0-16 | 0-18 | 0-20 | 0-22 0-24 0-26 0-31

The graph of (), is shown in Fig. 2. From the values of @, it is evident that
the y,— waves behind the starting point are of smaller amplitude than those in
front. But, at any rate, @,, though rising towards the front, is very much smaller
than @, at corresponding times. g, may be regarded as a sort of deviation from
the more regular wave pattern represented by ;. The y;— component, however,
might be more significant at a point much nearer the centre of the moving system.

As regards the y3— wave (which does not exist for X; < 0) it may be considered
to represent the exclusive effect (at least the direct effect) of the acceleration on the
surface elevation. It comes into existence only after the point to which we are
fixing our attention (e.g. a point 500 ft. behind the centre) has crossed the starting
point (with ¢ = 0), i.e. after about 62 seconds. If Q3 be the amplitude of pys then

@s/Qs = 8000(m)*/X = 14180/ X, nearly

where
X =a+4ie

This shows that at a point close to the centre of the moving system the acceleration
effect ¢g will be much more pronounced than Q.
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TABLE §

Showing Q4 between 70 and 120 seconds

70 75 80 85 90 95 100 105 110 115

1-13 | 4-19 | 473 | 457 | 2:20 | 406 | 3-00 | 3-55 | 3-36 | 3-20

The graph is shown in Fig. 2. The amplitude curve in this case (for ¢ = 0) is
reached by y3 as frequently as in the case of y;. It may further be noticed that y,
and y3 maintain a constant phase difference between them. 7The curve for Qg heaves
up several times unlike those for @, and Q.

Termination of the accelerated phase of the motion

The accelerated phase of the motion cannot be continued long. In a moving
system like the ship, as the resistance gradually approaches the engine thrust a
uniform velocity will be reached. At this stage the acceleration can no longer be
maintained, the y3— component will cease to exist, for this term exists only as long
as the acceleration f exists. From then on the pressure system moves with constant
velocity v and y;, given by

mgpyy = fl@), & >0
- = 21]‘]00 !ﬁ(ko) sin ’Co(‘5+f(—(f)), &<0
then represents a regular wave train of constant length 2xn/kq or 27v2/g and moving
with constant wave velocity ». This agrees evidently with Havelock’s result where
v is the limiting velocity.
Now X becomes equal to @+t and y, is given by

agpys = — { [(»g)th(p2/4X2)]/[ | X }2e+0t)]} cos (2 - j} ,) , for X <0

and

2
= {[(mg)'t(p2/4X2))/[X}(20+0)]} cos (g - fz) , for X >0
In cither case as ¢t —» 00, ¥y — 0 as l/t*. It is thus reasonable to consider y.
as a deviation from the steady state which vanishes with time. Hence only ¥ is
ultimately established. We thus get to Sir Havelock’s result for f— 0.

Sir Havelock’s hypothesis was that a pressure system is suddenly formed and
instantaneously set into motion by a jerk with uniform velocity. This hypothesis
gives only the components y; and y,. If, however, the velocity v is gradually
acquired through uniform acceleration f, then there is an additional component yg

which represents the major part of the surface elevation and lasts as long as the
acceleration lasts.

Wave pattern left behind by the moving pressure system

We have so long studied the wave pattern at a fixed point behind the moving
pressure system. This is the wave pattern as will appear to an observer stationed
at the centre of the pressure system. We shall now study the wave pattern left
behind by the moving pressure system at a distance, say 32 feet, ahead of the starting
point. This point is crossed by the centre moving with acceleration }f/sec? in
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16 seconds. Before 16 seconds ; is 0 at this point and after 16 seconds, ; is given
by
py1 = —2exp (—512/£2) sin 64(1 —256/t2)

with the same numerical data as before, for in this case
& = 32— ft2 = 32—¢2/8.

This represents a vibration of which the maximum amplitudes are limited by 42 exp
(—512/t2) after 16 seconds. It may be shown that after 75 seconds y; goes through
less than half a complete period, changing sign for the last time between 120 and 125
seconds and then gradually tends to the constant value —2 sin 64 = —1-82. After
about 175 seconds the vibration practically ceases. By this time the centre of the
pressure system has travelled through 3,828 feet nearly and is thus about 3,786 feet
ahead of the point under consideration. This result shows that even the more or
less regular part of the vibration dies out at a certain stage behind the moving
pressure system. At a fixed point there will be a definite time, depending on its
position, after which no further y; — wave will arrive there. This represents an
important deviation produced by acceleration from Sir Havelock’s result for
constant velocity. In the case of constant velocity

py1 = 2 exp (—g/c?) sin (g&/c?).
If now we put & = —(ct—32) corresponding to a point 32 feet ahead of the start-
ing point we get
py1 = —2 exp (—g/c?) sin [g(ct—32)/c?]

which represents a vibration with no decaying factor in time. In our case the
vibration practically stops after 75 seconds.

In Fig. 3 the amplitude curve of pyy, viz. £2 exp (—512/t2), is graphed between
20 and 75 seconds and the actual curve of py; after 75 seconds.
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For X =32, y, and y3 are given by

pyz = {13/[16(2m)}(256 —12)]} exp (—12/128) cos [(w—12)/4]
and

pys = (13/2048) exp (—12/128) sin (64— t2/4).

The graphs of the amplitudes of these wave-components are shown along with
@, and py; in Fig, 3. The graph shows py; and pys are only small disturbances,
before the pressure system passes the fixed point, rising to & maximum just about
the time when the centre of the moving system reaches that point. These deviation
(pyz) and acceleration (pys) effects die out rather quickly after the pressure system
has crossed the fixed point, whereafter there develops a regular sinusoidal wave of
1g)l'i;:duan-lly diminishing frequency which also dies out in the long run as described

efore.
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Wave profile ot a fixed time t = 100 seconds
With =100, p = p; = ¢i2% = 32-10¢
X = X, = &-+fi2/2 = 6+ (100)2/8 = 41250
we have for @ < 0 and X =X, > 0 from the formulae of § 6,
py; = 1-9sin (-06®)
pys = @, cos [/4—8-10%/(&-+1250)]
oYz = @' sin [64—8-104/(+1250)]

where
, i 3 i 32-10¢
Q; = [15625/26{ n(2+2500) }*] exp { ~ @a+2500)2
and
, ) . 32104
Q= [108/(264-2500)%] exp {" (2<,~,+2500)2}

py, represents a regular sinusoidal wave of length 27/-05 = 407 limited by tl.xe
maximum amplitudes +1-9. The graphs for the three components are shown in
Fig. 4.

Fig. 4

In conclusion, the author has much pleasure to acknowledge his indebtedness
to Prof. N. R. Sen, F.N .1, for many helpful suggestions and encouragement during
the preparation of this work.

ABSTRACT

The accelerated motion of the pressure system generates three kinds of disturbances of

the free surface:

(1) A more or less regular wave pattern y, propagating backwards, the wave number
ko = g/v? depending on the instantaneous velocity of the centre of the pressure
system. This wave dies out at & certain distance behind the moving pressure
system. This represents an important deviation produced by acceleration from
Havelock’s result for constant velocity which gives a sinusoidal vibration behind
the moving system with no decaying factor in time.

(2) A emall deviation effect y, extending to a small distance on either gide of the moving
system but very weak behind the starting point.

(3) A direct acceleration effect propagating forwards depending on the wave number

&k =p[2X =g%t/(2zﬁ+ft3) which attains a maximum value g'}/z%(,;,j)ﬁ, This
represents the dominant effect when and where it exists, This component
disappears along with the acceleration.
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