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1. INTRODUCTION

In a recent paper (Bhagat and Katti, 1955) (henceforth referred to as I) we
have developed the thermodynamic properties of a model mixture of a Bose-
Einstein and a Fermi-Dirac ‘ liquid’. The basic assumptions for this model are:
(a) the mixture is treated as a quasi-gaseous assembly of particles formed by one
sub-assembly of particles obeying Bose and another statistically independent sub-
assembly obeying Fermi statistics; (b) the particles in either sub-assembly are
envisaged as moving in constant potential wells, say —-x(;. and — X(; ; (¢) the liquids
are treated as being incompressible. In other words, the total volume of a
mixture of N, Fermiand N, Bose particles is written as:

V=N VotN, Ve .. .. .. .. 1

where the subscripts F and B refer to the Fermi and the Bose particles, respectively,
and V(I),, VY, represent the respective atomic volumes; (d) the one-particle energy-
momentum spectrum is taken in the form:

e(p) = Bp", .- - .. o ®

where B and n are constants. In particular, this would reduce to the ideal-gas
expression (the case discussed earlier by Heer and Daunt, 1951) when n = 2 and
B = }m. Next, an integration in phase space involves an integration over the three
components of momentum and the volume element in momentum space is of the
form p2dp sin 6 d0 d$. 1t is evident, therefore, that if we transform to the energy
variable and take account of assumption (b), expression (2) leads to distribution
functions of the form

0, s-1
NVO: e _ . e

1 —x°
T exp (—kT ):!;l

with negative sign for the Bose and positive sign for the Fermi particles. Also,
s =3[, C is a constant (closely related to B) and 4 is the well-known degeneracy
parameter.

Again, it may be noted that the introduction of an energy-momentum relation
of the form (2) implies that we are considering that each particle of the sub-assembly
is moving in a self-consistent field formed by its neighbours. Since the sub-assem-
blies are being treated as statistically independent, in the mixture, this self-consistent
field must be interpreted as arising from particles belonging to the same sub-assem-
bly. In other words, we assume that the process of mixing does not entail any
alteration in the energy-momentum relation. In this connection it is of interest
to note that Dingle (1952) has pointed out that the introduction of such an energy

N(e)de =

VOL. 22, A, No. 5.



274 8. M. BHAGAT: FURTHER CONSIDERATIONS REGARDING He3-Het* MIXTURES

spectrum leads to a considerable improvement in the theory based on the Bose-
Einstein, that is, the London (1938), approach to pure liquid Hes4.

Further, it was shown in I that some of the observed properties of the solutions
of liguid He® in He* agree rather well with those obtained theoretically for
the mixture in cage (i)—lig. F (liquid He3) Boltzmannian—in the ideal-gas
approximation (cf. Secs. 4 and 8, Ref. I). Now, it is well known that the specific
heat of pure liquid Het (below the A- temperature) shows a T'¢ dependence (at least

above 1-6°K.), and also that the density of the normal component varies as 7~°,
Such a temperature dependence would be obtained theoretically if we take the
distribution funetion for liquid He#* in the form (3) (negative sign), with s = 6.
Consequently, in I we carried out calculations for some of the properties of He3-Het
mixtures taking s = 6 for liquid He# and treating liquid He2 as an ideal Boltzman-
nian gas. Unfortunately, as will be shown more explicitly in the following section,
the calculations were performed erroneously and thus led to a discontinuity in the
total vapour pressure of the mixture at its transition-temperature. In this paper
we present some of the results of the recalculation for the vapour pressures. It is
interesting to note that the theory gives remarkable agreement with experiment,
especially for low concentrations. Further, we notice that the present theory,
in agreement with the purely thermodynamic argument of de Boer and Gorter
(1952), leads to discontinuities, at the A-line, in the partial vapour pressure of liquid
He3 (as a funetion of temperature) and the total pressure of the mixture (as a function
of liquid He3 concentration). This fact is also borne out rather well by experiment,
as pointed out by Mikura (1954).

2., TaE VAPOUR PRESSURES

In order to calculate the total vapour pressure of a solution of liquid He3 in Het
as a function of temperature we refer to the relations (17), (18), (28) and (29) of L.*
Replacing the subscripts ¥ and B used in I by 3 and 4 (corresponding to liquid He?
and liquid He#, respectively) and putting s4 = 6, s3 = 3/3 we have (i) below the
transition-temperature of thesmixture:

0
P . 7
;(E == X3 eXp [ z gEG;X ( ) +X4], .. .. (4)
p4 V4 ’ : ‘
= ——X . . .. .. .. 5
A eXP[ Vs 3]’ ®

and (ii) above the transition-temperature of the mixture:
0 ]

E—E: X;gxp [( ;)X +X, Zo{bzg(ﬁ) (T )
+b3[l(6)]_2(%-‘)l2+ ----- }] N )
)x;—bzg(e)( 1 +X;-X-%) (%\) -
-—I-;i’[l(ﬁ)]2 (1 +0X,— é)z) (%‘)11 s ] )

* It is useful to récall that these expressions have been derived under the agsumption that
the vapours may be treated as perfect gases.

0

Py ’ Vs
— = X, exp [(1——
i
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where
, , N7} 1 2 1
X =1-X=—322%  po== by= e
8 fTNGOEN Y T2 T BT

and { denotes the Riemann zeta function. Also, 7', denotes the . transition-

temperature of the mixture; which is related to that of pure liquid He# (say T3) by
the expression (theoretical) (cf. Eq. (9), Ref. I)

T\ n1/8
—T_(,)\=(X4) . . . .. .. (8

Now, while calculating the total vapour pressure for a 20 per cent solution
of liquid He? in He# in I we used Eq. (4) in form
6
Py _ Vs 1) T) : :
=X exp|l—— 2= +X .. .. .. 4
5 P[ vgc«s)(Tg | )

that is, the first term jn the exponential in Eq. (4) was transformed using (8). No
such replacement was, however, made in Eqs. (6) and (7) where for 7'\ we used

T 7 T 1 1 T
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Fia. 1(a). Recalculated plots of the total vapour pressure for a 20 per cent He3-Het solution
(cf. Fig, 2, Bhagat and Katti, 1955).
Curve I: s,=3 (Heer and Daunt, 1955).
Curve IT: s,==8,
Exptlmmen tal data (dark ciroles) of Weinstock et al. (1950) are for a 20-3 per cent
solution,
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the observed value (Abraham et al., 1949) 1-63°K. Subsequently, we realised that
this replacement is hardly justifiable since the expression (8), with 73 = 2 186°K.,
would give T'y=1-9°K., which is far from being in agreement with experiment. Conse-
guently, it was decided that, pending the development of a more correct expression
for the transition-temperature of the mixture within the framework of the present
theory, we should substitute for 7'y the values observed experimentally (Abraham
et al., 1949; Eselson et al., 1950). We have carried out subsequent calculations
with this assumption.

For the saturated pressures pg and pg we have used the observed values due to

Abraham, Osborne and Weinstock (1950). For NOV‘; and N ng (where N, is the
Avogadro number, 6-02x1023) we have used the molar volumes 376 c.c. and
27-6 c.c. referring to the absolute zero of temperature. The results* of calculation
for a 20 per cent, 10 per cent, 5 per cent and 1 per cent solution of liquid He3 in He#
have been presented in Figs. 1(a), 1(b), 1(c) and 1(d), respectively. For the sake of
comparison we have included also the observed pressures due to Weinstock,
Osborne and Abraham (1950) for the 20 per cent and due to Sommers (1952) for
the other concentrations, The agreement is rather close, especially for low

Pmm.
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Fia. 1(b). Computed vapour pressure for & 10 per cent solution. The triangles represent
Sommers® (1952) smoothed data.

* The values of T'y employed are 1-63°K., 1.92°K., 2-00°K., and 2-18°K, for the 20,10, 5 and 1
per cent solutions resi\meetigrely;r. It may, however, be noted here that the caleculated value of
the total pressure is quite insensitive to the exact value of the A-temperaturo and therefore one
ghould not expect any significant changes in the calculated vapour pressure curve if subsequent
experiments give somewhat different values for the A-temperatures of these solutions.



P, ——o—

0 1 ! 1 1 { { 1
o 112 14 16 8 20 22 24
TR~

F1a. 1{c}). Computed vapour pressure for a 5 per cent solution. The triangles represent Sommers’
(1952) smoothed data.
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Fre. 1(d). Computed values of the vapour pressure for a 1 per cent solution. The triangles
represent Sommers’ (1952) smoothed data.
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concentrations. As we shall see in somewhat greater detail in Sec. 5 the present
theory should not be expected to apply accurately for high concentrations and
therefore the discrepancy is hardly surprising.

3. Tae DistrIBUTION COEFFICIENT

The experimental study of the solutions of liquid He3 in He# has involved many
measurements of the so-called distribution coefficient, that is, the ratio of the relative

concentration, X, = NY/NY of He8 in the saturated vapour phase to the relative
v 3/ pour p

concentration X, = X, g‘ /N i‘ of He? in the liquid phase. In I we presented the results
of calculation of the distribution coefficient for solutions with very low He® con-
centration. However, as was also pointed out there, the experimental measurements
are subject to excessive scatter and therefore nothing decisive could be stated
regarding the applicability of the theory. However, the detailed measurements
carried out by Sommers (1952) for more concentrated solutions are fairly reliable
and therefore the calculation of the distribution coefficient and its comparison
with experiment seems to be of interest.

0 12 14 té 8 20 22 24 26 2:8
T e

X .
Fre. 2(a). X—V as a function of temperature for a 1 per cent solution.
L
Curve I: Theory of Heer and Daunt (1951).

Curve II: Present theory.
Trianglea: Observations of Daunt (1952),
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Recalling that the vapours are being treated as perfect gases we have:
(i) below the transition-temperature of the mixture:

X, pa Vs [ Ve
= X X, X, X .. 9
X, | T e ()* o+ v@ ©)
and (ii) above the transition-temperature of the mixture:
X, 75 Vs

o (VST

—V 3 70 xp[(X4—X3)—( Vg —X;— 370 )+
4 3

’ Vg Ty\°

4

PO N R
(1+2X -—-(X)2+2 4V0) 3[£; )] (?{) +J .. (10
4

The solution concentrations chosen for calculation were 1 per cent, 5 per cent
and 10 per cent. Our computations, from Egs. (9) and (10), as well as the observed

Xy
X,
Curve I: Theory of Heer and Daunt {(1951) (see Daunt, Tsong and Heer, 1952).
Curve II: Present theory,

Triangles: Observations of Sommers (1952) for & 5-21 per cent solution.

Fra. 2(b). as a function of temperature for a 5 per cent solution.
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values (Sommers, 1952 ; Daunt, 1952) are shown in Figs. 2(a), 2(b) and 2(c), respec-
tively. Sommers’ (1952) data are for solutions of concentrations 5:50 per cent and
9-49 per cent. For the 1 per cent solution the data are taken from Daunt (1952).
Further, for the sake of comparison we have given in Figs. 2(a), 2(b) and 2{c) the

220+

X
Fra. 2(c). 2—11“ a function of temperature for & 10 per cent solution,
L.
Curve I: Theory of Heer and Daunt (1951) (see Daunt, Teeng and Heer, 1952).

Curve II: Present theory.
Triangles: Observations of Sommers (1952) for a 9-49 per cent solution,

results computed by Daunt, Tseng and Heer (1952) for the ideal-gas approximation,

= 3/,*. It is useful to notice that the present theory gives results which are appre-
ciably different from those of the Heer-Daunt theory (1951) (ideal-gas approximation)
in the low-temperature region. Hence, further experiments in this region of tempera-
tures would be of great interest.

* Tt may be noted hefe that our definition of the distribution coefficient is somewhat
different from that of Daunt, Tseng and Heer (1952). They take Cp = psf(ps+p,s) and

C; =Ny[(N3+Ny) so that we may express our X,/X; in terms of their C\,/0; as:
X, 0y 1-0,
X, =0, 1=C

t~
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4. ParTialL VAPOUR PRESSURE OF He3 as A FuNcrioN OF TEMPERATURE

In 1952, de Boer and Gorter (1952) pointed out some interesting features
regarding the discontinuities, in various thermodynamic functions attendant upon
the transition of a solution of liquid He® in He# through the lambda-temperature.
For instance, they showed that if the transition is regarded as a transition of the
second order (that is, second derivatives of free energy discontinuous, but first
derivatives continuous), then it follows, from purely thermodynamic considerations,
that the temperature derivatives of the partial pressures would show discontinui-
ties at the A-line. - On the basis of these results, which do not depend on the choice
of any particular model, de Boer and Gorter (1952) criticised the theory of Heer
and Daunt (1951). It seems, therefore, interesting to investigate how far the present
theory gives results in agreement with these predictions, especially when it is
recalled that Ziro Mikura (1954) has recently reported that his theory gives results
which are in accord with these thermodynamic considerations.

Before we present the results of calculations it seems to be of interest to note
that Mikura (1954) has evaluated, from the total vapour pressure data (Sommers,
1952), the values of the partial pressure of liquid He?® and has shown that the p3 vs.
T plots clearly show breaks, especially for relatively high concentrations, 9-49, 130,
20'3 and 255 per cent. On the other hand, no breaks are found in the partial
pressure curves for the more dilute solutions.

.

501 -

’i' [n»v)

F1a. 3. Partial pressure, py, of He?, in solution with liquid He#, as & function of temperature.
Curve I: Present theory (10 per cent solution),
Curvlegit[si : Mikura’s modified Bose-Einstein theory (9-49 per cent solution). See Mikura,
" Curve III: de Boer and Gorter’s theory (9-49 per cent solution). See Mikura, 1954.
Experimental points: Milkura’s (1954) revaluation of Sommers’ (1952) data.
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Next, we have carried out calculations for a 10 per cent solution of liquid He?
in Het. The results are presented in Fig. 3 (Curve I). In Fig. 3, for the sake of
comparison, we have included also the results obtained from Mikura’s modified
Bose-Einstein theory (1954a) (Curve II) and de Boer and Gorter’s theory (1950)
(Curve 11I). The experimental points are derived from Sommers’ data for a 9-49
per cent solution and have been taken from Mikura’s paper (1954), along with the
computed curves Il and III. Since the Heer-Daunt theory does not give a break
in the pg—1T' curve it has not been thought worth while to present their results
in this study.

It is interesting to note that the present theory gives, more or less, the best
agreement with experiment, below the lambda-temperature. Above the lambda-
temperature, however, there is not even qualitative agreement; but this is not
entirely unexpected. It will be recalled that the value s = 6 was chosen for liquid
He# by reference to the observed variation of the specific heat of pure liquid He#
below the lambda-temperature, and it is well known that this would not lead to a
correct temperature dependence for the specific heat above the lambda-temperature.
Consequently, one may not expect the theory to hold very accurately in this region
of temperatures. Incidentally, it may also be noted that a similar discrepancy
exists also in Mikura’s theory.* Another interesting feature of Fig. 3 is the almost
complete accord in the resulis obtained, above the lambda-temperature, from the
present theory and the theory of de Boer and Gorter (1950).

5., Tar TorarL VaPoUR PRESSURE AS A FoUNcTioN oF He? CONCENTRATION

Another interesting conclusion which followed from the thermodynamic consi-
derations of de Boer and Gorter (1952) was that the derivative, with respect to He3
concentration, of the total vapour pressure of a solution of liquid He? in He# should
show a discontinuity at the A-line. Although the observations on the total vapour
pressure are too few for one to come to any decisive conclusion regarding the exis-
tence of such discontinuities still it seems to be of interest to place on record some
of the results of calculation for eventual comparison with experiment.

Now, so far the total vapour pressure has been measured for solutions of concen-
tration only up to 25'5 per cent. We have chosen 1'6°K. as the temperature at
which to carry out the calculations for the total vapour pressure as a funetion of
He3 concentration, since at this temperature the discontinuity, if any, should be
expected to appear at about 20 per cent.

The results of calculation for the present theory as well as those for the earlier
theories are presented in Fig. 4.

It is seen that the present theory gives a rather close agreement with experiment
for the relatively lower concentrations. On the other hand, at high concentrations
the calculated results are too low. However, this is not very surprising when one
recalls that in our model for the mixture we have assumed that the process of mixing
entails no change in the strength of the self-consistent field for the particles of
either liquid. It is clear that whereas this assumption may be valid to a certain
extent for lower concentrations it can hardly be justified when more concentrated
solutions are concerned. Hence the high concentration part of Curve I must
be regarded with a due amount of reserve. One may not, therefore, stress the
drastic difference between the results obtained on the basis of the present theory

* Recently Mikura (private communication) has shown that this discrepancy can be
accounted for by modifying the dependence, on concentration, of the gap 4 in the low energy

2
part of the one-particle energy spectrum e(p) =12’—+A introduced by him. However, the

. introduction of such a large number of adjustable parameters can hardly be regarded as
satisfactory.
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Fia. 4. Variation of the total vapour pressure (p;+p,) with He? concentration, at 1-6°K.
Curve I1: Present theory.
Curve II: Mikura’s theory (Mikura, 1954).

Curve ITT: de Boer and Gorter’s theory (Mikura, 1954).
Curve IV: Theory of Heer and Daunt (Mikura, 1954).

The experimental points are due to Sommers (1952) for 5, 10 and 13 per cent solution,
and Weinstock et al. (1950) for 20-3 and 25+5 per cent solution.

and those given by Mikura in the high concentration range. Further developments
of this work are in progress and will be published elsewhere.

In conclusion, the author wishes to express his sincere thanks to Prof. F. C.
Auluck, F.N.I., for his valuable guidance and to Prof. D. S. Kothari, F.N.I., for his
constant encouragement during the course of this work. He is also thankful to
Drs. P. K. Katti and V. S. Nanda for many helpful discussions.

ABSTRACT.

A constant potential model with a generalised energy spectrum has been applied to a study
of some of the observed properties of HeS-Heo* mixtures. The vapour pressure and the distribution
coefficient, especially for relatively low concentrations ( <10 per cent), are found to agree well
with experiment. Further, it is shown that the partial vapour pressure of He3, as a function
of temperature, has a break at the A-line, in agreement with experiment as well as the thermo-
dynamic predictions of de Boer and Gorter (1952). This is also found to be the case with the
total vapour pressure a8 & function of concentration.
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