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1. We suppose that f(f) is a periodic function, with period 27, and integrable
(L) over (—m, m). Let the Fourier series of f(t) be given by :—

oo

(1.1) %aﬁ-z (a, cos nt-+b, sin ni)

$(t) = 3 { fx+t) +flz—t)—28}.

Young’s criterion (Zygmund, 1952, p. 33) for the convergence, that is sum-
mability (C, 0), of a Fourier series has been extended and generalised in various
directions by Pollard (1927), Hardy and Littlewood (1928), Bosanquet- (1935), and
others. Pollard’s generalisation of Young’s criterion reads as follows :(—

=

N)l)—'

We write

Theorem A (Pollard, 1927). If

(1.2 f d(u) du = oft),
as t— 0, and

¢
o [l

0 < t < v, the Fourier series of f(f) converges to § at the point ¢ = .
Hardy and Littlewood (1934) proposed the problem whether it is possible to

 replace (1.2) and (1.3) by
4
f du)du=o0 (log—})

f [a{usg}] =00,

" ast—0, and

0 < t<, for some A >1. Later Randels (1935) proved that this is impossible.
But Sunouchi adopted .a different line of procedure and proved the following

theorem,

*
toow
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Theorem B (Sunouchi, 1951). If

3

(1.4) f s)du = oftd), A > 1,
0

as t— 0, and

(1.5) fo [d{uBw)}|= 0@),

0 < ¢ < 7, then the Fourier series of f(t), at t = x converges to S.

When we proceed to investigate Cesdro summability of a negative order of
Fourier series, we find that it no longer remains a local property (Kogbetliantz,
1919). In order to secure summability of negative order we require to strengthen
* the condition (1.3) by demanding that it should hold not merely for small ¢, but for
all ¢ of (0, »). With this idea Young (1918) proved that when ¢(t) -> 0, as £ = 0 and
the condition (1.3) holds for all values of ¢, then the Fowrier series of f(f) is
summable (C, —1+38), for > 0 to 8, at the point ¢ = z.

Later Hardy and Littlewood generalised this theorem of Young in the same
direction in which Pollard had generalised Young’s test for summability (C, 0) of
Fourier series. They established the following theorem :—

Theorem C (Hardy and Littlewood, 1928). If

(1.6) ' f $(u)du = oft),
: 0
ast— 0, and
(1.7) f [d{ud(u)} | = O,
0 .

0 <t < 7, the Fourier series of f(t) is summable (C, —1+43), for 8§ > 0 to S, at the
point ¢ = 2. "

The object of this paper is to modify and extend the above theorem of Hardy
and Littlewood for negative order of summability of Fourier series in directions in
which Sunouchi had developed Pollard’s generalisation of Young’s theorem for
summability (C, 0). We establish the following theorem :—

Theorem : If, there is a A > 1, such that

¢ A+1-1
(1.8) D) = f du)du = o (t A) ,
0

ast—0, and .
A+l
(19 j; ’ d {u A ¢(u)}
1

0 < t < =, the Fourier 8erie§ of f(t) is summable (C, - Z) to 8, at the point | = z.

3 »

= O(t),
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2. For proving the theorem we shall require the following Lemma.

Lezmma. If
: A +% -1

(1) (u) = (2 sin %‘) $(u),
then

t
22) v = [ [av| = 0w,

0
and ' ,
2.3 : ‘ (6 = Of)

provided (1.9) ko
Here (2.2) follows from (1.9) and from (2. 2)

. [$)—¢(0) | =
Since $(0) = 0, we have y(t) = O(t).

3. Proof of the theorem.
1
Let s & (n, t) be the nth Cesaro mean of order — % of

"
2?
;écosvt

=u~

Gergen (1930, p. 264) has proved that, for 0 <t < =,

-1
8 A(n, i< A4n,

(3.1)

3.2) e A(n )| < Ang,
33 o Jo(n, t)| < An~1-2,
3.4) l 2 otn, 9 l < An-14-3,
where

on,8) =8 B(n, ) —S(n, 1),
S(n, 1) = g 1 sin (n ; t)
m

s

-1 -1

A@sing) 2
() = (b d—doHham, o« =,

P Te+14d) .
"I T TA+8)  TE+1)
and A4 denotes a number independent of n and &.
38
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It is well known that a necessary and sufficient condition for the summability

(O, - 213—) to S of (1.1), without the analysis of the Kernel, is that

T -
(3.5) I= f dt)s 2(n, Hdt = o(1),
0
as n—> 0,
1
Let K be a constant, which is sufficiently large and p = (K/n)2.
Now, write
K/n _ 1 "
(3.6) I= f $t)s B tdt+|  pt)oln, Dt
0 Kin

+{" swSw na+ f " $(t)S(n, t)dt
N

Kin
= I+ L4134+ 1, say.
By integration by parts
-1 Kin Kin -1
I, = [di(t)s A, t)] - J D(1) g-t { s Bn, 1) } dt
0 o

= Iy 1—1I) 5, 8ay.

Then, by (1.8) and (3.1),
I;=0();

and, by (1.8) and (3.2),
Kin A+1- L
I1_2 < A f 0 (t A) 0(”2) dt
0

Again, by integration by parts,

T [ et 0t

Kin Kin

I, = [¢(t)o(n, t)]
= Iy 1—1Iy0, 8ay.

Then, by (1.8) and (3.3),
Ioq=o0(1);

and, by (1.8) and (3.4),
L A+1-L
Iy =f olt A} O(n-Y-3)dt
Kin

= o(1).
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Writing

Is=§ 1 J# () gin (n; t) at

1- L
4,80, @siny2)

=§ 1 o) sin (n; t) ! [
(2sin2) 2

Kin

o cos (n; 1)

1

®(t)
1- =
ke  (2sing2) A

T (n+%—%m)J &t

(f) ————— dt

(1——) JF‘ sin (n;t)

Kin (2 sin ¢/2)
= I3, —I32+133, say.
Then, by (1.8), a8 n — o0, we have
1

1 I’
I3y =0 [O(tA)] Kjn

=o(l);

141 b
Igg=0(1)n & f o(td)dt
Kin

1 1
~o (") o kar1a 3]

=o0(1);
and

L pen
I3q=Adnd f o(t&-1)ds
Kin
== 0(1).
Thus we have

3.7 {111+ 1 +{ L] = o(1),
a8 7 — 00.

Hence it follows from (3.6) and (3.7) that whenever (1.8) is satisfied, (3.5) can
be replaced by

(3.8) I,=o0(l), asn— oo.

To prove (3.8), we write

" sin (n;{)

A=Amt)= tm »
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hence, by the second mean value theorem, we have

(3.9) A = 0(n~1~8),

f“lﬁ(t)d /\’

[0 A]ffp A a g}

[0 A]"

n

Now by the Lemma we have

1
[1,] < And

1
= flnA

1 1
< Anh +And

f"/\d{sb(t)}
©

=1,1+1,5, say.
Then, by (2.3) and (3.9),

1 ~1 k4
14.1 =0 [ﬂA tl—A]
“

as n— o0, and by (2.2) and (3.9)

RErY 2
Iy <A"Af FA gt
n

pon By

1, i, 1) [
~o (s} wolx= ") ofs"3) [
[

1— =

I . [‘I’(t)/tA]w-— 1A ; Jm?’(t)t‘A”dt
n O

as n — oo, and K is sufficiently large constant.

303

Thus, finally, we get the result of (3.8). This completes the proof of the

theorem.

The author would like to acknowledge his indebtedness to Dr. B. N. Prasad

for his valuable guidance during the preparation of this paper.
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