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1. INTRODUCTION

Consider a real 2n-dimensional manifold V,, of class C" with a given covering
by neighbourhoods each endowed Wlth a co-ordinate system

2=z +m:

where a=12 ...,n;4=n+1, ..., 2n.
Then we have a one to one correspondence

(%) =2 (%), a=1,...,n (n+l), .. 2n

and (22, 2%) may be considered to be co-ordinates of a point in the real 2n-dimen-
gional manifold V,, (Yano and Bochner, 1953). In what follows, the small Latin

indices will take the values 1, 2,...... n, and the capital Latin indices will take the
values n+1,...... 2n, (here 4 =n+a, B=n+b,...,for 1 <a, b,...<n) and
the Greek 1nd.10es will take the values 1, 2,.......... 2n

Now if we can cover the manifold entlrely by a system of co-ordinate neigh-
bourhoods each endowed with complex co-ordinates (z°, 2%) and if, U; and U,
being two complex co-ordinate neighbourhoods of the manifold, a point £ belongs
to U;NU, then the complex co-ordinates z'® of the point P in one of these complex
co-ordinate neighbourhoods are complex analytic functions with non-vanishing
Jacobian of the complex co-ordinates z® of the same point in the other co-ordinate
neighbourhood,

ie. 2% = y°(z), Z° = §°(2) R ¢ )}

where ¢#(z) denotes the complex conjugate of the function J*(z). Also if we put
2® = 24 and assume that capital Latin indices take the values n+1, .... 2n, then
for (2%, 2%) we can write 2%, a=1...., n, (n+1)...2n, and for the transforma-
tion (1.2) we can write

2® = f%e)

The Jacobian of (1.2) is easily seen to be aaz_zﬁ

which is real and greater than zero.

Thus the manifold is always orientable.

We shall denote a complex analytic manifold of complex d1mensmns n by C,.
In C,, vectors, tensors, affine connections, etc., are defined with respect to co- -ordinate
transformation (1.2) in the same way as in the case of real manifolds.

We define a tensor to be self-adjoint if barring and unbarring all indices
simultaneously (i.e. changing the small Latin indices into capital Latin indices and the
capital Latin indices into small Latin indices) of any component the tensor changes
the_component into its complex conjugate.
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Now assume that in our complex analytic manifold, there is given a positive

definite quadratic differential form,

ds’ = g pdz*dP
where the symmetric tensor g,g is self-adjoint.

9 =945=0
so that the metric form can be written as

ds® = 2g wdz“dzB,

where : 95 =05, =90 =pa - .. .. .. (L.3)
This metric is called a Hermitian metric. Taking account of
g =P =0, g = g = A = g
we obtain the Christoffel symbols
ay_ 1 ap %ps , .
() = 3024+ 55).
09,, 09,0
(B %07 ot =o,

and the values of other components are given by symmetry and self-adjointness.
If in addition we assume

a _laD

994 994,
'5‘27"—‘—6;3' .o .- .. .o (14)
or further
0%
_ L 1.5
fas = 3ras 1.5

thpn the condition (1.4) or (1.5} is called ‘Kaehler’s condition’ and the metric satis-
fying (1.3) and (1.4) is called a ‘Kaehler’s metric’ and the manifold is called a

LKaehler manifold’ (Yano and Bochner, 1953). Thus in a Kaehler manifold we
ave

6} — gop %o
{bc}—g azc’

{6°C} =0, {B*C} =0,
the other components follow from symmetry and self-adjointness.

Before we proceed to define orthogonality of two vectors or an orthogonal
ennuple in a Kaehler manifold we shall discuss certain properties of vectors having
real magnitude.

-Let u® = (u* u*) be any arbitrary contravariant vector. The magnitude
of (u*, u*) is defined to be U where
29 wu‘uB = U%,
Here U2 is & scalar but not necessarily real. Now barring both sides we obtain

29‘3u.u3 = (72.
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Since gTB = G4, We have N

2g i%5" = U%.
In order that U2 be real, it is necessary and sufficient that the vector 4% be self-
adjoint, i.e. 4* = u?, where @*is the complex conjugate of u*. Hence we get the
result that ;

In order that the Kaehler manifold should admit a contravariant vector u*, of real
magnitude, it is necessary and sufficient that the contravariant vector be self-adjoint.
In particular, every unit vector 18 self-adjoint.

We consider two contravariant vector fields »* and ¢* each of which is self-
adjoint. Let .

g wu‘vB = re't
then because of self-adjoint property it follows that
gAbuAvb =re 0

2rcosf=g aBu"vB+g Abu“vb
where § may be taken to represeni; the angle between the two vectors symbolically.
A vector v* can now be defined to be orthogonal to »* if

95807 +g ,u’v" = 0.
This definition can be extended as follows :—

Let there be a self-adjoint vector u* = (% ") and let (% 0) and (0, u*) be
two vectors which can be formed from the components of u*. Let

f‘ . Aua, §A =,,.,u,A, [ga = }\u& 0)+pu‘(’(‘),A)]

where A and u are parameters. Hence these vectors (u% 0) and (0, u4) define a
real geodesic V, as in the case of Riemannian manifolds. For A = ;. = 1 we get the
original vector (u? u?). Therefore this vector (w4, u4) lies on the geodesic V7,
formed by (u4, 0) and (0, u4). Also for A =¢, u = &, where e = 4 and € is the
conjugate of e, we find that (eus, éu4) also lies on this geodesic surface, We shall
call this vector the ‘Automorphic Equivalent’ of (2, 44). The orthogonal property
is identically satisfied for a vector and its automorphic equivalent.

Let (%, v*) be another vector not lying on the geodesic V. Let (v% v4) and
(ev®, &v4) define another geodesic V;: We define ux to be orthogonal to v if
every vector lying in V; is orthogonal to every vector lying in V;'. That is if

a B
g uv =0
o } (1.6)
gpr v =0

It is assumed that the vectors are not antomorphic equivalents, for in that case the
veetors become null vectors, a case we exclude.

2. AUTOMORPHIC EQUIVALENCE

We shall define two tensors T:f **" and L:f' " of the same order 241 (I being

& positive integer or zero) and the same kind, to be automorphically equivalent, if
the components of each are holomorphic functions of the co-ordinatgs (i.e. locally
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expressible as a power series) and one is the transform of the other under the auto-
morphism (i.e. & non-singular linear transformation of co-ordinates which maps a
space on to itself)
2= e 3 =t
where ¢ = 4 ¢ and ¢ is the conjugate of ¢, i.e. €= —ecand e¢Z=1. The above
transformation is an allowable complex analytic transformation since the Jacobian
re

matrix —- is
928

which is real and greater than zero. We shall show that the components of 7' and
L are related by

L=eT,
where e = & 4 and that if & component of L is given by L;Z::: =e T;Z_‘:: then the
corresponding conjugate component
AB... ~mdB...
Ly, =8Tpg !
Fag " Ap Aylg **° &p f ord —_ .
Let the tensors Lﬁ1ﬁz‘“5q and Tﬂl---ﬁq be of order p4-q = 2/+4+1. Taking only
small Latin indices we have
D R I o RERL. .azﬁq'az"zl. ) .az,"'f’
byby ... bg Br... B 920 924 F
=TZI:::::-E°E‘ <-gtimes-e-e- - ptimes
Y 7
= (=1)'T ;)’11 e e .. .. .. .. (21

For its conjugate component we have

AlAg...A{’__ Al"'Ai’ q; =P
Ly .5 =Tp . B @

_ ppdy o Ap pra
=(=1)'Tg . .B,®
Since p-+g¢ = 2141, therefore either p is odd, ¢ is even, or vice versa. Now
el =g, (4i)% = (~1)'e. Therefore, if the coefficient of T ;i ’ "‘;’:in (2.1) is ¢, i.e.
(—1)7t! e = ¢, then the coefficient of T;; . ';‘:in (2.2) is
(=1)?Me= —e =2

For the other components too we can show similarly that this relation holds.
Thus we find that if (v% v4) is the transform of (u% u4) under the automorphism

z¢= ezl, 2‘:8-2“
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then ;1“ = eu®, vt = éy4, and hence (eu®, éu4) is the automorphic equivalent of
(u®, uf).
We now proceed to determine an orthogonal efnuple in a Kaehlerian C,.
Let (u‘:! , ufl) ,7=1, .. n, denote n self-adjoint unit vectors which are
mutually orthogonal but no two of them are automorphically equivalent.

Let (v, , v,),r=1, .. n, be the automorphic equivalents of (w;, , %) so

that vfl = euf‘ , vf, = éufl. Now, 29"37}:] vf] =¢. ¢, 2g,;guf| ufl =1.
Hence the ¢’s are self-adjoint unit vectors.

From the conditions of orthogonality we have

gaBuflufl =0 r¥s .. .. .. (23)
Also 29,545 %) =1 T ¢

The conditions (2.3), (24) are identically satisfied if (u) ufl) is replaced by its

r| ?
automorphic equivalent. Hence the 2n vectors (u; , ufl) and (o], , vf() form a
mutually orthogonal system. We define this system as an orthogonal ennuple of
a Kaehler manifold C,,
Hence we find that, although the space is of 2n real dimensions, it suffices to

obtain n mutually orthogonal vectors (u, - uf’ ), 7 =1,.., n, no two of which are auto-

morphically equivalent, and then the other n vectors completing the ennuple are auto-
matically obtained.

3. RICCE COEFFICIENTS IN A KARHLER MANIFOLD
Differentiating covariantly g2 u, |, %s| 5 = 0 with respect to 2¢ and multiplying
by u ¢ we get

a ¢ B c
Uy o Mg U T U g =0 o .o L (31)

Denoting Ricci coefficients (Eisenhart, 1949) by

a b
U bus|ut1

A4 b
Yrse = %, 4, 5% %

a B
Yisr = %, 4 8% | %

Y

st r]a,

Y = U ’ll/A 'LLB
RST = “r1A4,B7s|"t]

We find from (3.1) that
Y+ 7sp =0 .. .. .. .. (3.2)

Similarly differentiating covariantly g*® u, |, us; z = 0 with respect to z# and multi-
plying by uﬁ we get
YeprtYr =0 .. .. .. .. (33

Comparing (3.2) with (3.3) we see that barring and unbarring the indices do not
change the relation. Hence extending the definition of self-adjointness to these
scalars we get the result that Ricci coefficients are self-adjoint.
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N &tev-(i) In the above discussion if we denote the vectors (uf | ufl) by u“,
and differentiate covariantly g°8 u, |, %s| 5 = O with respect to 2« and multiply by

w we get

a ¢ B ¢ a C B C
u”“,cuslu“+us,B’nu”u”+u,la'cuslu”+us|B’Cu,lu”=0 .. (3.4)

Again differentiating covariantly g+ u, | , 1) p = 0 with respect to z= and multiplying

by v}, where v} is the automorphic equivalent of uj, and substituting v;’l = eu;,,
vfl = éufl we get

a ¢ B ¢ - a C
€U, |, Us Uy FeU g U Uy FEY, U Y

téu,, o u, =0 .. (3.5)
Putting & = —e and comparing (3.4) and (3.5) we get '

e ¢ B ¢
u u u”+u”8,cu,,u,I =0

ria,c s}
a C B _C
Uy s %y FY g Yy %) =0
ie. Vgt Ysee = 0 Yspr+¥,p = 0

which are exactly the same as the equations (3.2) and (3.3) showing thereby the
equivalence of the two methods followed.

Note—(ii) We also observe that in (3.1) if we change any u by its automorphic
equivalent v and note that

a a - 4 -~ A
v ==eu,v“=eua,v = eu ,vA=euA

we find the same relations as (3.2) and (3.3). Hence in order to find relations
amongst Ricci coefficients, it is sufficient to deal with only the n non-automorphic
equivalent vectors (u; , u}',) of the ennuple.

If all the vectors forming the ennuple have their covariant components com-
plex analytic, then u,| 4,c = 0, %, j4,c = 0, hence

yRSt = yrsT =0 7#8
Yy =0, Yspr =0, from (3.2) and (3.3).

Again differentiating covariantly 2g°° u, | , 4, | 5 =1 with respect to z° and multiplying
by uﬁl we find Ypy = 0, Yrre = 0 and similarly Yrrr = 0, Ve = 0.

Hence

_If the self-adjoint unit contravariant vectors (u], ul ) and (v, vfl) (where
(7, vfl) is the qutomorphic equivalent of (u;,, uf|) for any particular r) forming
an orthogonal ennuple in C, have their corresponding covariani components complex
analytic then all the Ricci coefficients vanish.

In any equation involving the u’s of the ennuple if we replace any of the u’s
by its automorphic equivalent, the equation is identically satisfied; we do not have
to consider the Ricci coefficients of the v’s separately. When the Ricci coefficients
are formed from the u’s we find that replacing any of the u’s by its corresponding
v does not change the Ricci coefficients except in case of a factor e, where
e= 4+ t.

Again, let only one of the vectors, say (us | 4 %s|4), have its components complex
analytic. Then its automorphic equivalent (vs|s, ¥s;4) also has its components
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complex analytic. Differentiating covariantly g*% sy, )z = 0, 8 % t with respect
to z¢ and multiplying by "’fl we get . ‘

B, C
Uy B, cts | %y =0
ie. Yrsg =0,80d ¥, =0, follows from (3.3).

From the self-adjointness of Ricei coefficients we have
'Ym =O’ ySTr =O’ S#t'

Also differentiating 2g°F u, |, us| 5 =1 covariantly and taking into account the com-
plex analytic character of (us|,, 45| 4) we find

Yir =0, Y55 = 0

Hence

If only one and therefore two of the covariant vectors of an orthogonal ennuple
in a Kaehlerian C,, viz. (Us| 4, Us| 4) and its automorphic equivalent (Vs |a, ¥s| 4) have
their components complex analytic, then the Ricci coefficients

ytsr 4 YTSR 4 ystR 4 ySTf 4

vanish.
When the vectors (u,|q, %,|4) and their automorphic equivalents (v, 4, v;| 4)
r=1, .., n, are not complex analytic, let

‘ 1“;;‘=("'“ ""5‘) N X

YosT Yrst

We shall denote the Ricei coefficients formed by replacing all the «’s by their
corresponding automorphic equivalents by ¥, and correspondingly I', . Then

v a b P a b
'yrst - vr|a,bvs]vt‘ =e.¢. eur|a,bu.s‘|'u'ti - eyfst'
Similarly,
U
Vst = @gs
v -
yvsT = e)’"T
v — =
Yrst = €gsr
I’ = (97151 €YRst ) 3 7).
={_ _ N . P ¢ X
rst €YrsT €YRST .
Hence

Extending the definition of automorphic equivalence lo the Ricci coefficients we find
from (3.6) and (3.7) that the componenis of I',, are the automorphic equivalents of

the components of I,,.

4. NOERMAL CONGRUENCES IN A KAEHLER MANIFOLD

_ Definition: A congruence of curves determined by the self-adjoint complex ana-
lytic vector field (u,, u4) is said to define a normal congruence if there exist functions
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f(z) and F(z) in the manifold where F(z) is the complex conjugate of f(z), such that
at every point of a co-ordinate neighbourhood the following relations are satisfied :—

ps=Ff, 0 fua=F, 4
where u is an invariant,.

Putting u’ = ey, we find that the automorphic equivalent of (%, u4) also defines
a normal congruence, being normal to the system of hypersurfaces C,.; defined by

f(z) = const., F(z) = const.

From f(z) = const., we find that grad f(z) gives us a vector (N, o) such that
Sra=uNgand f, 4, =0, f(z) being a function of z* only. Similarly grad F(z) gives
us another vector (0, N,4) where F, 4, =g N4 and F, , = 0, since F(z) is a function
of z% only. These two vectors (N,, 0) and (0, N4) define a real geodesic V, which
contains all the vectors including (¥,, N4) normal to the hypersurface C,_;, which
justifies our definition of a normal congruence.

Let (u, ', u:I) together with their automorphic equivalents (v, vfl ) r=1,..,n,

define an orthogonal ennuple in a Kaehlerian C, where the given vectors are self-
adjoint unit vectors. Let (u, ., 4, |4) be a complex analytic self-adjoint unit vector
field which defines a normal congruence, being normal to a system of hypersurfaces

f(z) = const., F(z) = const.

fio=pu, |, , F,A=_ﬁu»|,4}
fia=pvae , Foa=pv 4 o o - @D

where p' = ep and (v, ], s | 4) is the automorphic equivalent of (4 |4, %, 4). Now
(Un | &, %n | 4) Will be a normal congruence if

Xr(f) = u:‘ f’a =0,
Xr(P) =) F,a=0
are integrable. As in Eisenhart, 1949, this is so if
(Xs, X)) f =X, X, (f)—X, X, (f) = a linear function of X (f)
Xs, X)) f=Xs X,(f)—X, Xs (f) = a linear function of X;(f)r, s, ¢=1,.., (n—1).

X X, (f) = u‘:| (’“’,al f’a):b =f:abu:l uz, + ,au:] ,b uz|
XsX, (f)=uy, (&, fra) 5 =Fra%, BU| " farB=0.
Xs(f)=ul fa=0 , X Xs(f)=0.

Hence the conditions of integrability reduce to

(XS,X,)‘)’=f,,,'u.:l ,b"z|-f:a'"':[ ”’ufl =0 .. .. (4.2
(Xs, X)f=fauf, Uy =0 .. .. .. (43)
Putting f,, = p %s |, in the conditions (4.2) and (4.3) we get
Yens =0 (N =2n) N )
YrNs = Vs (4.5)

Also . Y =O, ym3=y-mR

ms
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which follows from the self-adjointness of Ricci coefficients. From (3.2) we find
Vep+Yrse = 0. Hence (4.5) gives US Vurs = Vnsy. Then Ynxs = Ynsg follows from
self-adjoiatness. '

Hence a vector (u:I u:]) defines a normal congruence if the Ricci coefficients
formed by (v, [ quI) ,r=1, .., (n~1) or their automorphic equivalents are related as

Virs = Vusrs Vs =Vnsr> Yous=Vrws =10

If the covariant vector fields (u,|a u,|4) and (v, ;4 v, 4) are all complex
analytic, then from a previous result it follows that all the Riceci coefficients are
zero. Hence the conditions of normal congruence are identically satisfied.

Hence we get the theorem that:

The necessary and sufficient condition that a system of mutually orthogonal n
vectors and their automorphic equivalents forming an orthogonal ennuple in o Kaehler
manifold form normal congruences of curves is that the veciors have their covariant
components complex analytic.

5. GEODESICS AND GEODESIC CONGRUENCES IN A KAEHLER MANIFOLD

A contravariant vector field u* is said to define a geodesic if it undergoes a
parallel displacement in Levi Civita's sense (Eisenhart, 1949), i.e. if

(+

u’Bu =0
b
or u,"bu +u:‘BuB =0 .. .. .. .. (8.1
uj‘,,u"+uj‘BuB =0 .. .. . .. (6.2

Let ut = %‘, U4 = %, where ds is the element of arc of the curve with real

parameter s. From (5.1) we have

0 [dz%\ dzb 0 102 dze 0 [dz*) de
ﬁ(ﬁé’)is""{bc}ﬁ‘%‘"'ﬁ(ﬁ)% 0

Now, unless (%, u4) is complex analytic % will be a function of 2% and z* both.

0 (def\deb 0 (dz*\d2’ oy 02 d2°
[a‘z»(d—s)£+s‘z»(£)z]+{bc}a'a=of

d2s dzb dzf
or ai+{b“°}7¢§?‘d—i=0 N (: )
Similarly (5.2) can be reduced to

dzzs dzb dz*

E+{BAC}E‘E; =0 . . . (5.4)

(5.3) and (5.4) together give us differential equations of geodesics (Weatherburn,
1950) of the same form ag in Riemann spaces.

Now multiplying (5.1) by g.c and (5.2) by g4 and summing we get
U, bu"+u0, BuB =0 .. . .. .. (6.6)

P (X
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From (5.5) and (5.6) it follows that if a contravariant vector field defines a geodesic
80 does its covariant component. If the vector be complex analytic, i.e. if both
the contravariant and covariant components of the vector are complex analytic,
then

u,; =0, U, p= 0.
Multiplying % 5 =0 by g,c then uc p = 0 which is a much stronger condition

than uc p u? = 0. Hence if a complex analytic vector field undergoes a parallel
displacement then

u“,b=0, u“,3=0, ’U«A,b=0, ’U/A,B=0
We now investigate the Ricei coefficients for geodesic congruences. Let
() | u‘f') and their automorphic equivalents (vf, , vfl) ,r=1,.., n, be 2n unit
vectors mutually orthogonal, which define an orthogonal ennuple in a Kaehler C,,.
Let (u“ ufl) define a geodegic congruence. In (3.2) putting s =1t =n we get

n| ?
YtV = 0 O (

”

We know that for a geodesic congruence (u;, | u,‘:l ),

uh, g Uy s =0 N 1)

ni,b

Multiplying (5.8) by g.z uf' we get

Yurv+Vnen =0 .. .. .. .. (5.9
From (5.7) and (5.9) we get
YNrN = Voun . (5.10)
Barring and unbarring the indices in (5.10) we get
Yurn = Venn . (5.11)

Equations (5.10) and (5.11) give us the conditions for a vector field (u:] , u:I)
to be a geodesic congruence. If in (5.8) we replace (u,  , ufl) by its automorphic
equivalent (v, , vfl) then it is not identically satisfied. Hence the automorphic
equivalent does not define a geodesic. But if the vector field v, and u,|« be
complex analytic then the conditions for geodesic congruence are uf“l,ﬁ=0

which are identically satisfied by its automorphic equivalent. Hence the auto-
morphic equivalent also defines a geodesic. The conditions in terms of Ricoi
coefficients are

VYran =0, VYurn=0, Vnrn=0, Yryn=0.
Also in this case
')’ms=9Abu:,’cuf‘ 'u,:' =0"r u:|'b=0,r,s;£n.
But from the relations Yrys+¥ws = 0, we get
¥Yrys = 0.
Barring and unbarring the indices we get
Yms =0, VYans=0, ¥Ynas=0, Yus=0,
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i.e. all the Ricei coefficients h&ving 7 as the first or the second index vanish. We
have shown earlier that (eu i > E l) is the transform of (u [ % [) under the non-
singular linear transformatlon

Po0=ez®, Z0==éE3, e=Fi, &= —e.

Hence, under an automorphism 2'® = ez®, 2'* = €z°, a geodesic is preserved (i.e. a
geodesic is transformed into a geodesic) if and only zf the vector field defining the
geodesw is complex analytic. .

ABSTRACT

Some properties of vectors having real magnitude have been discussed and then an ortho-
gonal ennuple in & Kachler space has been defined and studied. It has been proved that
Ricei’s coefficients in a Kaehler manifold are self-adjoint. Some other properties of Ricei
coefficients have also been established. Normal and geodesic congruences have been studied
in detail.
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