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1. INTRODUCTION

The problem of the equilibrium configuration of an incompressible and infinitely
conducting gravitating fluid sphere in a magnetic field has been investigated by
several authors (Chandrasekhar and Fermi, 1953; Ferraro, 1954; Auluck and
Kothari, 1955). It is found that in the presence of the magnetic field the sphere
gets deformed into a spheroid of revolution with its axis along the field.

In the present note we investigate the equilibrium configuration of a conducting
liquid drop in a uniform external electric field by two different methods, namely,
the energy method and the equilibrium method. The drop is assumed to be small
enough so that the gravitational effect can be neglected. In the energy method we
calculate the change in the electric energy and the surface tension energy when the
drop is subjected to a small deformation. The equilibrium configuration satisfying
the minimal energy condition is found to be a prolate spheroid of ellipticity,
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where E, is the strength of the electric field, B the radius of the undeformed liquid
drop and T the surface tension.

In the equilibrium method we obtain the expressions for electric pressure and
the surface tension pressure at the surface of the drop. Equating the net pressure
to zero we obtain an expression for the ellipticity of the resulting configuration
which, indeed, is the same as that obtained by the energy method. Experimentally
it is also observed that the liquid drop, subject to a uniform external electric field,
becomes a prolate spheroid in accordance with the above relation.

2. FORMULATION OF THE PROBLEM

In this section the energy method (Auluck and Kothari, 1955) is followed.
Consn?.er a small conducting liquid drop of radius R placed in a uniform?external
electric field &, applied along the Z-axis. We assume that this field is due to a
charge of strength 4 ( = Ey d?) situated on the axis of symmetry of the liquid drop
and at a large distance d (d >> R) from it. This makes the electric field almost
uniform at the liquid drop and at the same time the electric field vanishes at infinity.

The liquid drop in the presence of the electric field is deformed and its new boundary
is defined by

'r=Rb+%am¢ ¢
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where ;—3(<<1) is the ellipticity, Pi(u) is the Legendre polynomial of order ! and

p=cos 6. Since the liquid drop is conducting, the electric field does not exist
ingide it. The potential & satisfies the Laplacian equation 2@ =0 and the
tangential component of the electric field at the surface of the conducting drop is
zero. In Fig. 1, let the charge +¢ be placed at O at a distance d from the centre
C of the liquid drop.
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The radial and the transverse components of the electric field at any point P outside
the liquid drop are given by
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2 E.R3
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where S is the distance of the point P from the charge, ¢ is the angle that OP makes
with CP. We have

"m¢=ds;“9andm¢=ﬁ%_w”, N |

where 0 is the polar angle,
The components of the electric field outside the deformed liquid drop at any
point are given by
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and

Y ER3 . R\"*% ., . ,
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In order to evaluate the constant a, we use the boundary condition that the
tangential component of the electric field at the surface of the conducting drop is

Zero, i.e.
[E(z)] + [E(e)] [_ %sin gp’(,_,,)] = [Eé’] =0 - (5)
6 R+epy iR ! R

From (4) and (5) we have
> P = s ] (CRNL AR A ] IEC

which shows that a, is zero except for n = l—1or [41.
Hence we have
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From (4) and (7) we get
. , R3 :
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e [(l+l) (—?) P,+1(M)+(—Iri) l.P;_H(p)] sinf.

The change in the electric energy outside the liquid drop up to first order in 1% due to

Py-deformation is given by

R+eP, +1 p2q
8 = _%T J [ f [(E2)2+(E3)2] r2dr dy d
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From (2), (8) and (9) we get

— EzRﬁ +1 aR+eP, +1 aR-+eP;
_ 0 1+4P, 258 rPy4Pod
88 = 5 j J‘ p drdp —E R __1751_2 dr dp.
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+§ Eoﬁmj 1".R [3(5+1)P1+(l+3)P1+2] (7) r2 dr dp.

Evaluating the integrals we get
€

R
=0 for 152, R £ (1))

b6 = —SHRS 5 for 1=2

which is the required expression for the change in the electric energy due to
P,-deformation. '

We shall now calculate the change in the surface tension energy due to
P,-deformation. As a result of deformation the surface area of the liquid drop

2
changes from 4mR2 to 4wR2 [l +§ (%) ] Therefore the surface tension energy
for a deformed liquid drop comes out to be

S=4nR2.T{1+§(%)2]; U 2 § )}

where 7' is the surface tension energy per unit area.
Therefore the change in the surface tension energy is

8 e}?
= aR2T (<
88_51rRT(R). . e < (12)
Thus the total change in the energy of the system is given by
SW =385+38S,
=3 23i) 8 Rem 5)2
= SEOR(R +51er1 7 - .. . .. (13)

For stability this should be minimum. Therefore we have
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which gives
¢ _ 3ER
_—= UB .. . . .. (14
R 16aT (4

This is the required expression for the ellipticity of a prolate spheroid for % < <1

3. 1In this section the equilibrium method (Ferraro, 1954) is followed. The
electric pressure at the surface of the liquid drop is given by

[EP]_g; [(E°)+(E)]. ... ()

Making use of (2) and (3), and since at the surface of the liquid drop §~d, we have
[EY), =3B,

[Bfl =0, .. .. .. .. .. (e

which implies that the contribution to the electric pressure comes only from the radial
part of the electric field. Thus the electric pressure at the surface of the liquid drop
from (15) and (16) is

9E g

[B,)s = , .. .. .. .. (1D

which elongates the liquid drop and is balanced by the surface tension pressure.
We shall now proceed to calculate the surface tension pressure.
The principal radii of curvature at any point on the surface of a spheroid
(prolate) in spherical polar co-ordinates are given by

polra [P o B+ 0 L g
where
1’2'-‘——1:}‘;—?
[me]

If p, p, be the two principal radii of curvature, then (p—+ ) at any point on the
1 P2
surface of the prolate spheroid is given by
b24-c2 264
ey B R

R (1+-§P2) [(1—p2>+ pZ]i :

where a = b = R— % are the two semi-minor axes of the prolate and ¢ = R-4¢ is

(19)

the semi-major axis, Using these values in (19) we have

2f. 2 2 j21 3 ,
R[1+§€—P2+1‘Ts{§(1+y2)-1>2(§,;2+2p2)}]. - (20)
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Therefore the change in the surface tension pressure due to deformation up to first

. . 4T
order in 1—; is nlitl— ;Z_ PQ’ which can be written as
27 ¢

. 2T
For stability the angular part —E% 3u2 of the surface tension pressure must be

equal to the electric pressure at the surface which involves u2 and is given by (17).
The remaining part of the surface tension pressure in (21) is balanced by the hydro-
static pressure. Therefore we have

2T € 9E§‘u2
_— 2 = -
R S
or
3E:R
€.
5T (22)

which is the required expression for the ellipticity of a prolate spheroid for % <<l

The expressions (14) and (22) are exactly identical and hold for small values
of 1% The above relation has also been experimentally verified, the details of

which will be given in a subsequent paper.
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SuMMARY

The problem of the equilibrium configuration of a small conducting liquid drop in & uniform
external electric field has been investigated by two different methods, namely, the energy
method and the equilibrium method. The results obtained by both the methods show that the
equilibrium configuration is a prolate spheroid of ellipticity given by
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