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1. INTRODUCTION

In a recent paper Chandrasekhar and Fermi (1953) (later referred to as C.F.)
have considered the problem of the flattening of a gravitating fluid sphere subject
to the influence of a magnetic field due to the surface currents, The magnetic field
is assumed to be uniform inside the sphere and dipole outside it. Also they assumed
the fluid to be -incompressible, inviscid and infinitely conducting. They showed
that the equilibrium configuration is an oblate spheroid. Gjellestad (1954), following
C.F., has considered the case in which a uniform field equal and opposite to that
of the constant field inside the sphere is superimposed over the field in the C.F.
problem, This results in a zero field inside the sphere and a constant field at large
distances from it. She found that the equilibrium configuration is a prolate spheroid
of ellipticity
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where the ratio of the axis of symmetry to the equatorial axis is ( 143 -1—;—) , M is the

mass of the spheroid, Hy is the constant magnetic field at large distances from the
sphere and @ is the gravitational constant.

Ferraro (1954) considered the problem of a rotating star of incompressible and
inviscid fluid subject to the influence of a magnetic field generated by the electric
currents inside the star, restricting the discussion to the cage of symmetry about the
axis of rotation. He showed that the surface of the fluid will be an oblate spheroid

of ellipticity -Re— given by
0
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where H,, is the field at the pole of the star,

In the present paper the problem of the equilibrium of a rotating fluid sphere
having a central core is discussed. In part A, we have considered the case where
the electric currents are assumed to flow, only, inside the core. It is found that
the equilibrium configuration is an oblate sphermd and the expression for the ellipti-
city reduces to that of Ferraro when the radius of the core approaches the radius of
the sphere. In part B, we have treated the case where the electric currents are
assumed to flow around the axis of rotation and are confined to the shell formed by
the surface of the core and the sphere. These currents give rise to a constant

* This expression for ellipticity refers to the corrected value as pointed out by Kothari and
Auluck (1956).
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magnetic field inside the core and a dipole field outside the sphere. In this case the
surface of the fluid comes out to be an oblate spheroid. In the last section we have
congidered the case in which a constant magnetic field equal and opposite to the
field inside the core is superimposed throughout the space. In this case of non-
magnetic core the equilibrium configuration comes out to be a prolate spheroid and
the expression for ellipticity in this case reduces to that of Gjellestad when the radius
of the core approaches the radius of the sphere.

2. EQUILIBRIUM CONDITION FOR A ROTATING FLUID SPHERE

We consider a finite mass of ionized fluid of density s rotating as a rigid body
with constant angular velocity w about the axis of symmetry, which is taken as
Z-axis of the cylindrical co-ordinate system (z, ¢, p). If H be the magnetic field deve-
loped by the electric currents of density j prevalent inside the fluid, then in the
steady state the field equations are given by

divH=0 - .. .. .. (D)
curl H = 4mj .. . .. o (2)

In spherical co-ordinates p = r sin 8, where § is the angle made by the radius
vector with the Z-direction. The components of H are
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H,=

(3)

where U is the Stokes stream function.
The equation of mechanical equilibrium of the liquid is

soX(wXr)= —grad P+jx H .. .. @)

where P = p+sQ, p is the hydrostatic pressure of the liquid and 2 is the gravila-
tional potential.
Resolving (4) into its components we get

apP

—8wlrgin2f = — 3 —JHy . .. .. (5

—3w2rsinfcos = — ;%%+JH,. e .. (B)
j,=j9=0andj¢=J=—4ﬂ—f—£]ﬁ ™

where AU = aa—zg+§i£:~0% (s_ulx_e %7) ®

From (5) and (6) the condition for the equilibrium becomes
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This is similar to the condition of equilibrium found by Stokes for steady rotational
motion of an incompressible fluid.

Equation (9) is satisfied if AU =2 sin2 6f(U), where f(U) is an arbitrary
function of U.

Considering the simplest case of Ferraro where he takes f(U) = k, we have

AU =k2sin20 .. .. .. .. (10)

This means that the currents are concentrated near the surface.

Part A

3. EQUILIBRIUM CONFIGURATION OF A ROTATING FLUID SPHERE HAVING
A CENTRAL OORE WHEN THE SPHERE IS SUBJECTED TO THE
INFLUENCE OF A MAGNETIC FIELD GENERATED BY THE
ELECTRIC CURRENTS INSIDE THE CORE

Stream functions

Let U, U’ be the stream functions associated with the magnetic field developed
inside and outside the core respectively. They must satisfy the equations

AU = krZgin2 r< 1y .. .. .. (11a)
and AU =0 =1 . . .o (110)

where r; is the radius of the core.
The stream functions satisfying these equations are

U=(m+_1_%r2)r2sin20 r<7‘l .. .- .. (l2a)
- :
U'='§E‘f_‘9 F>r .. .o .. (12b)

To evaluate the constants of equations (12), we assume that the surface of the
core is nearly spherical and of mean radius 7o and the magnetic field is continuous
at the surface of the core, i.e. we have

ou oU’ U ou’

2 =2 s L = 13
T |y = B sy B0 1y~ 90 |y (13)
From equations (12) and (13) we get the values of the constants as
o= — ékrg
1l 5
and B= — 15 kr,
Hence the required stream functions are
U=kFk l7'2'—17'2 r2gin2 0 r<try .. .. (14a)
10 60
kr5
U'= ——2sin2f rer .. .. (14b)

15r
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The magnetic field at the pole of the sphere,i.e. at r = B, and 8 = 0, is found to be

5

=20
1179_1—5101?(si ¢ 53

Evaluation of ellipticity
From equations (5), (6) and (7) we find that the equation of the free surface is

SQS+£-T U™ = ; sw’p’+oconstant .. .. .. (16)

1
2
because p = 0 at the surface of the sphere. Here Q_ is the gravitational potential

at the surface of the sphere and U’® is the value of the stream function at the surface
of the core, given by
4
ok o
U = 15R§ps e ¢ )

Substituting the expression for U:" in equation (16) we find that the effect of the
magnetic field is the same as that of rotation. Thus the sphere will be an oblate
spheroid of ellipticity 1—;- (say).

0

The gravitational potential of the uniform spheroidal mass in terms of ellip-

ticity is
2,2e\2, (2 4« 2]
= pull Ml s .. R |
0, = om@ [(3 5Ro)”s+(3 530) : 1
where 1% is emall compared to unity.
0

From equations (16), (17) and (18) we get
4
2252245)]102702122
2 Ml e s )2 - —p  — s = constant.
st [(3+5R0)P3+(3 5B | T B0m g2 TP
€

Since this represents a spheroid of ellipticity % it follows that the coefficients of
0

pf and 22 are in the ratio ( 143 1%) . Hence we find that
0

4
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where H,= 1% kRﬁ

This expression for 1%— is exactly the same as that obtained by Ferraro.
0

Part B

4. EQUILIBRIUM CONFIGURATION OF A ROTATING FLUID SPHERE HAVING A
CENTRAL CORE SUBJEOT TO THE INFLUENCE OF A MAGNETIC
FIELD GENERATED BY THE ELECTRIC CURRENTS CONFINED ~
TO THE SHELL FORMED BY THE SURFACE OF THE
SPHERE AND THE CORE

The expressions for stream functions

Let U;, U, and Uj be the stream functions associated with the magnetic fields
developed inside the core, the shell and outside the sphere respectively. These
functions satisfy the following equations

AU, =0 r<ry .. .. .. (20a)
A Ug = kr2gin2 8 n<r<Rk.. .. .. (20b)
AUg=0 r>R.. .. .. {20¢)

where r, and R are the radii of the core and the sphere respectively.
Solving these equations we get

Uy =A4r%sin26 r<<ry .. . .. (21a)
B k .

U2= —7—"+C7'2+1—‘0T4 sm20 7'1<7'<R .. . .. (21b)

U3=];r73m29 r>R .. .. .. (@l

To evaluate the constants we agsume that the surface of the core and the sphere are
nearly spherical and of mean radii ry, and R, respectively and the magnetic field is
continuous at both the surfaces, i.e. we have

ol _9U| . 0Us| _ 3Us| )
or vy O |7y° 00 |y 00 |, | N @
Us| _9Us| s _2U, j
or |r, or (R, 00 (R, 09 R,
From equations (21) and (22) we get the values of the constants as
A kR
= "g( o—"0)
k s
B——‘l—5~fo
' (23)
2
0=—§R0
ko5 5
D= — & (B
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Thus the stream functions are

U1=_](_:(R(2)-—r§)r25in26 r<ry .. .. (24a)
(LT _lpe 1 ooY s |
Uz_(ﬁﬁ GRO-}-Er)kr 8in2 ri<r<B; .. .. {24b)

8in2 @

— r>Ry .. .. (240)

Tk
Us = — 15 (Bo—15)

Evaluation of ellipticity
The equation of the free surface for the equilibrium configuration is obtained from
equations (5), (6) and (7) and is given by

89s+£ (US—U:O) = %8w2p3+constant .. .. (25)

U, and U:" are the values of the functions at the surface of the sphere and the surface

of the core respectively.
From equation (24a) it follows that the magnetic field inside the core has the compo-

nents H, =Hy=0and H, = — g(Rﬁ— (2)) in the cartesion co-ordinates.

From equations (24«1) and (24b) we get

I-} (BZ—TZ) r; _ __I__(Rg—'rg)
ot 60 Vg2 15 RS

z .. (26)

k
;‘;r (US_U’O) == —4‘;‘ (R?)— 5)2 Ps

This expression is negative for all values of 7y lying between zero and By. Thus we
conclude that the effect of the magnetic field is the same as that of the constant
angular velocity, i.e. the surface of the fluid will nearly be an oblate spheroid of

ellipticity T;— (say).
0
From equations (18), (25) and (26) we get

211 36 2 66) 1 2
. g2 ph— + —— —— 2 N 20
3 SG{(1+5R0)P8 (1 5 R, z} 3 %Ps

5 2
1 (Bs—1) 1 (Rz__rz)fo_] ‘
oH2{16 R} 6°° YR, .
- = p, =constant,
= @y ‘

Since the equilibrium configuration is an oblate spheroid, therefore the ratio of the

coefficients of pz and 22 must be given by ( 143 «1—;—)
O/
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Thus we have

5 .5 2
LB 1 ]
¢ w2 27H? |15 Rg gyo o Rg
c 143 E; T 4nsG T 822G (_Rz._ (2))2
A L6«
5 R,
which after simplification gives the value of 1—;— as
0
5_.5
[l (Ry—13) 1 (B2—7) J] :
. 5 w? 45H? 15 R 60 VR
S22 27
Ry 8 wsG 167252 l (R?)_. 3)2 J
when 7 = 0, we get
€ 5 w? 45H§ 1
Ry~ ~ 8ms@  16x2s2G " 15K
where H, (at rg = 0) = — g R}

The magnetic field at the pole, i.e, at r = R, and § = 0, is

2k o 2
B%="3

Therefore the expression for ellipticity in terms of H , is

HP(a.tr0=0)= H,.

< _5er BHR 28)
R, " 8ws@ 12 pPq - T
This value is the same as that obtained by Ferraro. .
Similarly the expression for I% when 7y—R, comes out to be
0 i
2 pt
£ _ 5 5 HE @

here H, is the constant magnetic field inside the sphere.

Equilibrium configuration of the sphere with non-magnetic core

Here we consider a case which is related to Ferraro’s problem as Gjellestad’s
is related to the Chandrasekhar and Fermi problem.

From equation (24a) we find that the magnetic field inside the core is constant
and parallel to the Z-axis. If we superpose throughout the space a uniform field

equal and opposite to H, then the new fields in the different regions are described
by the Stokes functions

U =0 : r<ry .. .. (300)

7'5
U = [%5_ r_g.*.i% rz_ér:] kr2sin2 @ 7o < r < RO .. .o (30b)
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le—rg
T 15 3

U = [é (Ri—r(z)) ] kr2sin2 6 To > ‘RO .. .e (300)

Substituting the values of U, U:" and X in terms of H, in % (Us_ U:") we find

that it is a positive quantity. This means that the effect of the magnetic field is
opposite to that of the comstant angular velocity. Thus from equation (25) we
conclude that the equilibrium configuration will be an oblate spheroid or prolate
spheroid according as the value of the rotational term is greater than or smaller
than that of the magnetic term. From equations (18), (25) and (30) we get

2 2 e\ 4, (2 4 e) ] 1 .
2 - e Z o = —— 12271 2
”G[(3 5Ro)Ps+(3 5/, T3ttt
prf i 1 BS—o5
T T Y T oo - RZ_,’_2 —'_‘—9'_'9 = f/.
N O i

comparing the coefficients of pf and Z® we obtain

5
L®—p) 1 By—r
(2 2 e\ oH: [6V° ' 15 g w?
e §+5 R0)+4n2s2G’ (Rg_ (2) 2 T 278G
143 = = :
Ry 2 4 ¢
375 R,

which on simplification gives
45H® 2
R€“=_ﬁ—"z§‘72[%(1%"‘"§)_ﬁ0_32 -so¢ - BD
o 16722G(R,~1;) R,
When 7,—0, then equation (31) reduces to
e _1HE 5w (32)
B =330 8mG . .. .
The value of 1% for w = 0 is exactly the same as that obtained by Kothari and
0
Auluck. Inthis case the magnetic field at large distances from the sphere is constant

(= gRg) and zero at the centre of the sphere.
Similarly when ry — Ry, equation (31) becomes

€ 5 H2R} 5 w?

For w =0
2 nd
e _5BE sy
R, 8 m?q

This expression is the same as that obtained by Gjellestad for non-nl:a.gnetic gravi-
tatiqg fluid sphere by energy method of CF In this case H, = 3 (Rﬁ—-rg) isa
oconstant field at large distances from the sphere.
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SUMMARY

In this paper the equilibrium configuration of & magnetic gravitating sphere of incompres-
sible, inviscid and infinitely conducting fluid having & central core has been discussed in two
parts. In part A, the magnetic field is assumed to be generated by the electric currents flowing
inside the core and in part B, the field is assumed to be due to the flow of electric currents inside
the shell formed. by the surface of the core and the sphere. In both the cases the effect of the
magnetic field is found to be the same as that of rotation, i.e. the equilibrium configuration is an
oblate spheroid. However, in a special case where a constant magnetic field equal and opposite
to the field inside the core is superposed throughout the space, the equilibrium configuration of
the sphere comes out to be a prolate spheroid.

REFERENCES

Auluck, F. C., and Kothari, D. 8. (1955). On the change in shape of a gravitating sphere subject
to the influence of the magnetic field. (In press.)

Chandrasekhar, 8., and Fermi, E. (1953). Problems of gravitationalstability in the presence of &
magnetic field. Ap. J., 118, 116.

Ferraro, V. C. A. (1954). On the,equilibrium of the magnetic stars. Ap. J., 119, 407.

Gjellestad, G. (1954). On the elongation of a fluid sphere in an external magnetic field. 4p. J.,
120, 172,

Issued May 27, 1957 .



