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1. INTRODUCTION

The problems of heat transfer to a fluid flowing with the Poiseuille velocity
distribution through a circular pipe when the walls are kept at constant tempera-
ture as well as when at a uniform temperature gradient have been solved (Howarth,
1953) under very restricted conditions. Firstly for the Poiseuille flow, the assump-
tions are that the pressure is uniform over each section of the pipe and that the
longitudinal pressure gradient is constant. Then in the equation of energy the
terms due to the pressure gradient and the dissipation have been neglected.

In the present paper the problem of the flow of a perfect gas through a circular
pipe has been studied under non-adiabatic conditions, conductivity and viscosity
being taken into account. Only restriction is that u, the coefficient of viscosity, is

constant and o, the Prandtl number, is unity, otherwise the flow is perfectly
general.

2. EqQuatioNs oF MoTION

Take the axis of the pipe as z—axis, the mouth of the pipe being the section
z=0. In cylindrical co-ordinates (r, 8, 2), if %, v, w be the components of velocity,
the components of strain are

5 0u _20v, 2u ow

err=2'a—r,e00—' ;aa+_r‘;exx=2'5'z‘:

(L
10w  odv ou  ow ov v 10u

“=;mta " nto =5 rtra
The divergence is

du u lov ow
A=,a_r+;+;a—0+-a—z‘ . .o . (2)

The stress components are
Prr = —p+AA +pe,,., Pgg = —p+AA +l.l.809, P = —p+rA +[I£",l

(3)
Prg = Bpy, Pps = Pegs, Par = Py,
where p is the pressure.
Taking all quantities independent of §, we have
ou 2u ow
6"—-2‘-6—;,309 —";,ezz=2—a;:
ov ou  ow ov v
egz=5’zsen=§+5;:er0='a_r_;’ ? i . (4)
d d
o=l
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The equations of motion are

ou v2 _ _2 )
6r+ 0z 7) = or "+azpn+ Prr—Dgg
v av uy ? S 2
( YotV aT ) = 5, Prot 3, Pos— ;.PrB, ) T
ow ow ) F)
and ( ar+w ) a pxr+a pxz+ ]7" .

Taking u and v both zero, the equations (5) with the help of equations (4) and (3

reduce to
op @ {, dw o[ ow
0—‘7;?+ar("az)+éz(““‘a7) .
ow _ dp,d{ ow ) % p ow l
wgr= =t (3 ) g oramgr | +4 3
The equation of continuity under the above conditions is
0 :
—a;(pw)=0... .o .. .e B
Also the equation of energy takes the form
di op 1 i 7 az) (,u, az) .
pw55~w52—;37(; P P +o, - W

where 4, the enthalpy, is the heat content, o the Prandt! number and @ . the dissi-
pation function given by

4P =) (e',,+ ego+ e,,) 24 2;4(ef,+ eﬁa + ef, + Zefg + 2e3,+ 2ef,)

so that in the present case, it becomes
ow\? ow\?
= (A+2u) (87) +p ('a"r‘) - . W

The equation of state for a perfect gas is

ip=)%l-p, .. .. .. .. (10)
where ¥ is the ratio of specific heats at constant pressure and at constant volume,
Further we take the Stoke’s assumption, namely,

3A+2u =0, . - . . (1
These are all the equations. To solve these we make the following assumptions

n= consta.nt,} (12)

o=1.

3. SoLuTiONs OF THE EQUATIONS

From (7) we see that pw may be a function of » but we assume it to be an absolute
constant, 8o we put
pW = ppte .- o o .. (13)
6
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where the suffix zero indicates values at the centre of the mouth of the pipe.

further assume

w=e %y, ..

We

(14)

where w; is a function of » only, and « some constant. Now the first equation of

(6) gives
p_ 2 0w, P _ 1 P
or 3Mora. " ara: 3" ron
1 ow 1
so that P=P1+§F§=P1—§P~°‘e‘”w1,

where p;, a constant, is the hydrostatic pressure.
The second equation of (6) gives

ow_ %, |20 Ldw 42w
YT T o 2 " ror 3022}
hence with (13), (14) and (15) becomes

d?wy + 1dw,

2, ==
dre rdr+kw1 0,

where k2 = o2 z PoWo-
}l.

The solution of equation (16) is

wy == wod o (kr)
where J, is the Bessel function of order zero.
Now from (10) and (13) we have

Wol = —Y—pw
Po y—1

Therefore
0i Y 0
Pote E i y=i ( 4
from (14) and (15).
Now from (9), (11) and (12), the equation (8) becomes

; 190 , 9% , 4 [ow)? aw)2]
P o =" o +"[arz+rar+a7+§(‘az) + (a
so that with (19) we get
Yy (2
5/—:-:[ (é uaze‘z""wl‘?—plae‘“‘wl)

1 - 1a: 2, —2as 20 (dwl)z]
- §p,a26 ?mwl-l-fl- [6 2+r ar+622+3“ =205 g% g =
To solve the equation (21), we put
it =i+ e~ 2 Ige~ @,
68

2 - -
+ a;) y—Z—i (g;uxze 2 012 — pr e “’wl) ..

(16)

(17)

(18)

(19)

(20)

@n

(22)
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where %;, a constant, corresponds to hydrostatic temperature, and I, I, are
functions of only.

Substituting (22) in (21) and equating coefficients of e~ and e~2* from both sides,
we get

d2I, 1dI, o2 Y p1tx _
-t—i;g-l-;‘d—r'*- Iz+ m wy=0 .. . .. {23)
d Il ld.ll 2 5—-37 2 2 dwl)z
and G2 Ty gy T4 = gy etei— 0 (24)
To solve (23), we take Iy == Aw;, where 4 is a constant so that (23) gives
d?wy | 1duy 2w Y pa
@ Ty T Y—IFZwl_O
hence comparing with (16) and (17), we get
A
poWo—Y-_lA . .o . . (25)
Now from (15) and (18) we have at the centre of the mouth (r = 0, z = 0),
1
Do =P1— 3 pato
since Jokr) =1 when r=0.
Therefore Py = po+% nowy , . .e .. .. (26)
1 v . Y
hence from (25), = ——+§ —i px , using igpg = =i Py »
1 v W
Thus I, = (z 55— “;0 ") Jolkr). .. .. .. @D

To solve the equation (24), we note that it is not however possible to find an
exact solution. We find a series solution. The equation (24) with the help of (18)
reduces to

d?ly | 1dl, 5—3y 2,2 2 12
e +r 7 ——+4a2l; = 3(y_1)oczwoJo(kr)—-lﬂwoJl(kr), .. (28)
k22 Jotrd
Now Jo(kr) = 1— < %tea -
. . .. (29)
: k2r2
and Ji(kr) = tkr (1— —+ . ) )
go that (28) is, for small values of kr,
a2l | 1dl, 53y22( B2 3, )
@ty g Tl = gy e (1T
2
—ik4w§r2(l—lff—+....). e (30)
Let us put

= By+Bir+Bort+Bys+ . ... .. .. @Y
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Substituting this in (30) and equating coefficients of different powers of r from both
sides, we get the following relations.

B] =0=Bg=B5=et0.

5—3y 2
B e (R e 2
Bg 12(_}’_1) -4 W, Bod
By= = o3 (ko g B3 Boad (32)
¢ 48(y—1) 0
537 {1
2 a2k 2 2 —_— 6
By = Td@m— l)(oc+ aZk24-- If:)ocw0 576“ k)kw 36Booc
and so on. Now from (22), (27) and (31) we have
t =i+ (Bo+Bar2+ . . .. )6-2w+(¢o+ 77 1 F-:wo) “MJokr). .. (33)
0
sothat at r =0,2=0,
1 7 pow
f,o = $1+Bo+1/0 §T—i ”po 0
- . 1y )
glvmg Bo = =ty gm p:‘) 0 (34)

With this value of By, we can find from (32) values of By. By, Bs, etc.
Hence we have from (33),

‘= n+(zo+l 4 "“"’°)e “Jolkr)
y—1 Po
1y ”’“w") —o |y a0l aa L e ]
( 37=1 p” e [1 ur+4o:r4 36ar+....
53y ,-2as 2,0 2 [ ( 2 z) 2 (1 sl oope lkA) 4 ]
+12(y——1) a2y 1—= oc+ k r+ a+6a +8 et
+—]— e 2 paylre l+l (k2—o2jr2+ ] . .- .. .. .. (35)
64 0 9 DRI .
Now the boundary condition to be satisfied at the surface of the pipe is
when r=a, w=0
giving Jolka) =0, .. .. .. .. (36)

whose roots are (Lamb, 1932) )
ka = 766w, 1:76xn, 2-757, ete.
Taking the first root we have from (17)

(a2+5powo> a=6n2 .. .. .. .. {37

gi . m ) .
Thus k& and a are both known, hence the solution js found completely.
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4. APPROXIMATE REsvuLT

Putting pgtwo = Bua we have from (17), k = « v/ 148, therefore with ka = 7767,
we get the equation to determine B in the form

()ﬂzl.l.zﬁz-—-azp w B—a2p w =0 .. .. .. (38)
L]
a?
giving B= 1;"2 "2[1-;-( 24’:’?,”
a%p,wy
2)*
=3 [l+ (1 +5. ]
angwg
where = T2n58
Since p is usually small, 8 is large so that
B =1425.

Further since % is known and B is large, « is usually small, also p is small but % s
"
something definite, hence we can approximately put

_a _ p 6nf
kz_ﬁpowo Botha:t a—m? N e .. (39)

Thus as an approximate result we get from (35), neglecting terms containing «2 and
pa,

i= i1+ioe"°"J0(kr)—i1e"2“‘+6—14e‘2“’lc4w§r4 ( 1 +%k2r2+ . ) .. (40)
where a is given by (39).
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