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Let V, be a hypersurface of a Riemannian space V,4+;. Let (2!, 22, ... 2")
denote the co-ordinates of any point of V,, and let ds? = g.da'de’ (1, j = 1,2, .. . , )
be the corresponding metric.  Similarly let ds2 = aaﬁdy“dyﬁ (¢, B=1,2,...,n4+1)
for V, 41, the co-ordinates of any point being denoted by (y%, %2, ..., y¥"*1).

At any point of V,, y*=y* (21, a2 ..., 2", a=1,2,...,n+1, and
g = aaﬂy_aiy;ﬁ i where the semicolon denotes tensor derivative with respect to the
a’s.

NoTraTioNs AND DEFINITIONS

C=acurveinV,.
If u and v are two unit vectors, u. V= g u'vi = g'u;.
¢t = components of the unit tangent vector at any point of C in V.

E* = y* ¢! = components of the unit tangent vector to C considered as a
curve in V4.

w10 -

4. N%= components of the unit normal vector at any point of V,, lying in
V'n+1'

gV NP =1, aygy” NP =0, 0, B=1,2, ... ,n4l,i=1,2,...,

~

5. @Y = N%¢ = components of the intrinsic derivative of the unit normal
w.r.t. the curve €' in'V,. The intrinsic derivative of q; is called the second intrinsic
derivative of the unit normal. In general, qf‘ = qf‘_l;iei will be called the com-
ponents of the rth intrinsic derivative of the unit normal w.r.t. the curve, r = 2,
3,...

6. ,,=the second fundamental tensor of V, defined by the relations
Yy =2;N°

1 -
7. = £, ¢'e’ = the normal curvature at any point of ¢ in V,,.

1
8. (i) by = o ko, k3, . . ., ks, the n curvatures of C in V,,4, defined by the
Serret-Frenet formulae.

The second curvature k, is called the torsion of C.
1
(ii) ey = P> Kas Kgy v s Knol, the (n—1) curvatures of C in V,, defined by
g
the Serret- Frenet formulae.
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8§ .. .
9. s8=arcof C, 5= intrinsic derivative operator along C,

10. @ = geodesic which is tangent at a point P on C'in V,.

8 L L
8 = arc of G, 5= intrinsic derivative operator along G.

1 . .
11. 7= FoTmoc s Ta= the n curvatures of G in V,,;. 74 is called the

geodesic torsion of C at P,

12. 02‘, 0;, cee, Of are the components of the principal normal unit vector,
the first binormal unit vector, the second binormal unit vector,...to C in V,
at the point P.

13. Nf =N% N:, Ng, ..., are the components of the principal normal unit
vector, the first binormal unit vector, the second binormal unit vector,... to the
geodesic tangent G in V,.;, at the point P.

14. pi, p;, ... are the components of the principal normal unit vector, the

first binormal unit vector,. .. to C considered as a curve in V,,.
The Serret-Frenet formulae are
(i) at a point of G'in V,.;,

o
SN'_ o NO‘ =), 1.2
S8 = V1T TN, Ty r=0,1,2 ..., n
and
Ng = Ea, TO = “, T”+1 = ().

(ii) at a point of C'inV, 44,

86 . x
55 = 0,+1k,+1—07_1k1, for r=0,1,2,...n,.

Og = Ea, ]CO = 0; kn+l = 0.
{iii) at a point of C'in V,,

o, _ . ;
—S‘g = p'+lk,.+1—pr_lx,., r = O, 1, 2, c ey n—1,
p:) = ei, Ko = O, K, = 0
THEOREI‘\L[ 1.‘ A mecessary and sufficient condition that a curve C in V, has
constant torsion i Vi1 is that the second intrinsic derivative of the unit principal
normal vector to ' in 'V, should be orthogonal to the first binormal unit vector.
Proof: At a point P of O in V,,;, we have,
86
1 o o«
"5? = k202 —klE «
Differentiating intrinsically,

5 (867 sky 803 Sky .. , SE”
s;(‘a; =% eth\g | m5%E hay

ko 1y ok o7
= 55 0o tha(kaly—he87)— <1 B~y > (L1)
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5 (867 Sk
aug0h 5 (_l> = a0, 52

ds 272 §g
. : 5 (860, Sk,

The left side of (1.2) vanishes if and only if the right side vanishes.

s
Cor. 1. A mecessary and sufficient condition that a curve C in V, has constant
curvature in 'V, 1s that the unit tangent vector to C' in V, 41 s orthogonal to the second
mibrinsic dertvative of the unit principal normal vector to C in V, 11

Proof : Taking scalar products with E* on either side of equation (1.1),
we have
5 (86, 8k

The L.H.S. = 0 if and only if the R.H.S. = 0.
Hence the result.

i.e. 8y is orthogonal to 2 (%%1) if and only if ko is constant.

TarorEM 2. For an asympiotic line 71 = 0; for a line of curvature v9 =0, and
conversely.

The proof is straightforward, by using the relation between the tangent to the
curve and the intrinsic derivative of the unit normal.

THEOREM 3. 4 necessary and sufficient condition for a curve in a Riemannian
space V, of a V.4, to be of constant normal curvature is that
(Q.Py)_ (G- f1)
Py P

Proof: Let C be a curve of constant normal curvature.
Using the well-known formula (Weatherburn, 1950, Art. 75)

Q. K=—

Q] = N = —g"*Q 47", (3.1)
aaBQTy.Bjef = —Lefel = — % = constant (3.2)
Differentiating (3.2) intrinsically w.r.t. C, we have

aaﬁqg yﬂ i +aaﬁqu BQ.-je"eJ' +aaﬁqf v, je,j £6=0. (3.3)

Observing that the unit vector N is orthogonal to ¢; we conclude that
aaﬂq:yf jej = —aaﬁqufjef &5 (3.4)

ie. 4. F = — QP
pg

Conversely, when (3.4) holds,
(raiP ) =0

i.e, <-—lé)’ ie‘ =
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Therefore, 1% = constant,
This proves the theorem considering C' as a curve in V,.
But using the well-known formula (Weatherburn, 1950, Art. 71)

o _N° d

p R p
and noting that qi‘ is a vector orthogonal to N, it is evident that
(Py. Q) - (6:-41)

Pe P

We observe that for a curve of constant normal curvature,

(42 E)

1
— —(P1.01)
Py

1 i i
=—= (aaﬁ yﬂplNie’)
Py
_ 1 o B 2 j
= — ;g (amB Y, 1.N”e pl)
1 i .
= e «.Qije p; (3.5)
Pe
Cor. 1. A4 geodesic of V, is of constant normal curvature if and only if the tan-
g

gent vector to the curve is orthogonal to the second intrinsic derivative of the unit normal
vector.

This can also be obtained as a Cor. to Theorem 1. The result holds good for
a geodesic of V, 14, in particular.

Cor. 2. If the normal curvature of a line of curvature of V, is constant, then
the tangent vector to the curve in V., is orthogonal to the second intrinsic derivative
of the unit normal vector.

Proof : For a line of curvature,
(25=Mg)e' =0
ie, Q¢ = Agze'
'Qijeipij = '\gijeip{ =0
by (3.5), (E.4y) =0.

THEOREM 4. At every point of C in a hypersurface V, of a Riemannian space
Vay1, the second intrinsic derivative w.r.t. the curve of the unit normal vector 1o V, is

orthogonal to the normal vector if and only if C is an asympiotic line as well as a line
of curvature.

Proof :
aaﬁq?Nﬂ = 0, since N i8 a unit vector.

Diﬂ”erentiating intrinsically,

aggly N = — 0,000} = —g#0Q, 05001, from (3.1).
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Also,

—_—=ToN Z—TlEa by the Serret-Frenet formulae.
—g{a] =~ (+7)
q, is orthogonal to N if and only if q, is a null vector.

i.e. if and only if 74 = 0, and 75 = 0, i.e. by Theorem 2, if and only if C is an
asymptotic line as well as a line of curvature.

TurorREMS. If q, is orthogonal lto N, then q, is orthogonal to 4, and conversely.

For aaﬁqfl\ls =0 6.1)
2,505 N g +aaBQTq'f =0 (5.2)
g NP+ 20,5070} = 0 (5.3)

The vanishing of one term in (5.3) implies the vanishing of the other. Hence
the result.
Differentiate (5.3) intrinsically w.r.t. the curve,

B

aapqu +4uaﬁq:qf+3aaﬁq:q§ =0 (5.4)

Any two of the properties
(i) 44 orthogonal to N

(ii) qg orthogonal to q;
(iii) Qo is a null vector
implies the other,
Differentiate (5.4) intrinsically,
8
g NP 007 € 40,007 0] + 40,005 €6 + 60,507} = 0
ie. 100,507 0+ 50,507 0} +a, N e = 0 (5.5)

. The orthogonality of any two of the pairs (Qg, d3); (dy, dy); (N, q5) implies
that of the other.

THEOREM 6. The sum of the squares of magnitudes of the intrinsic derivative

of the unit normal vector at a given point w.r.t. any orthogonal ennuple of directions
at the point is an invariant.

Proof: Square of the magnitude of @y = adﬁqqu
= aaBN?(ie‘N?jej

= Gaﬁ("er;—TIEQ)(TZNE—'TIEﬁ) = Tg—{—ff
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Also, o .
N el = —gQuy. e

aggN :zie"N B JAe" = aaﬁ(—gl"QKiy?lei)(—g'"”Qajy;’g me’)
= glm.Qij]ieiej
Thus the square of the magnitude of the intrinsic derivative of N* w.r.t. ejl/,
where ei/, (h=1,2,...,n)define an orthogonal ennuple at the point considered,
is equal to

i 4 2 2
g”".QuQmje;/ ei/ = T1/h+T2/h
2 2 i 3 {i
Z (Tl/h+T2/h) = Z glsz,.Qm,-e;l/efz/ = g"™2;02,i9' (6.1)
7 P

Expressed in words, (6.1) means

T'he sum of the squares of the normal curvature and the geodesic torsion of n mutually
orthogonal curves at any point of 'V, is an invariant.

Hence in particular,
The sum of ihe squares of normal curvatures vn the principal directions at any point
of V= g'"202,i9".

~ TurorEM 7. If C is a geodesic as well as a line of curvature of V,, the torsion of
(" is zero and conversely a geodesic of zero torsion is a line of curvature.

Since C is a geodesic, 0;‘ =N*and 7y =k,
. N R i
v 01; € = foie
ie. koby—k,E* = N* ¢t = —7 B°, (1.1)
using Theorem 2, and the Serret-Frenet formula for N ?‘iei.
k2 = O

Conversely, if k5 == 0 and 0;‘ = N% we have 7, =0

By Theorem 2, C is a line of curvature.
In ordinary three-dimensional geometry, this theorem means that if C' is a
geodesic as well as a line of curvature, then it is a plane curve, conversely a geodesic
of zero torsion is a line of curvature.

TurEOREM 8. If O is an asymptotic line of V,, the ratio of the torsion of C in
V. tothat of C in 'V, 1, is numerically equal to the ratio of the cosine of the angle between
the principal normal to C in V, and the first binormal to C in V4, to the cosine of
the angle between the principal normal to C in V4 and the first binormal to C in V,,.

Proof: It is well known (Weatherburn, 1950, Art. 71) that

o i

0? Na y; '.'pl

-4
p B p,

(8.1)
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For an asymptotic line,

1 1 oL B 4
—=—, aq 0 . ,'p = ]-,
p p ¥ Y
and
.80 NP =0 (8.2)
865 4 o Sp
g 5o YE B} Faugliy) e b+ augbyf <t =0
i.c. gL ko — k1 B TP 0 0, 67 N (Quie'p)
+ 0%y [ kol — k167] (8.3)
where k1, kg are the first and second curvatures of C'in'V,,.
B

In virtue of (8.2), and the relations aaﬁﬂfy

¢ =0and aaﬁy?‘ip;Eﬁ =0,
(8.3) becomes

ko (“aﬁ 6; Uﬁip;) +xg (“aﬁi‘/?ap; Hf) =0

ky _ _ (05.Dy)

1.6 ko™ (6;.p2)

which is the result of the theorem.

TurorEM 9. For any two conjugate directions, the quotients of the normal cur-
vature by the torsion of the geodesic tangent are in the ratio of the cosine of the angle
between the tangent to the first direction and the first binormal to the geodesic tangent lo
the second, to the cosine of the angle between the tangent to the second direction and the
first binormal to the geodesic tangent to the first.

Proof : For conjugate lines we have the known property that the intrinsie
derivative of the unit normal vector w.r.t. one of the directions is orthogonal to the
other (Weatherburn, 1950, Art. 75).

So that
3N* 3N*

Top s f =0, aaB—SE-EB =0 (9.1)

where €* and E* are the components of the tangent vectors in V,4, to the two
directions, s, 8, the corresponding ares, Np, AA(; the components of the first binormals
to the geodesic tangents.

(9.1) gives

Aap(raly —mE") & = 0 } (9.2)

ag(T N3 —T1e%) BF = 0

where 75 = geodesic torsion, 7; = normal curvature in the direction E%, TGy =geodesic
torsion, ¢, = normal curvature in the direction e*.
Hence, we get

T3
N
22 N2.€ :
T

Hence the result.
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TueoreM 10. A curve for which the rth principal normal vector at any point is
codirectional with the unit normal vector, is an asymptotic line, r > 2.

0 =N% r>2 (10.1)

i — A% i
0,;i.e_N”.e

ky 416y, =K, 60 | = 7oNS =1, E* (10.2)

Taking scalar products with E* on either side of (10.2), 7, = 0 and hence by
Theorem 2, (' is an asymptotic line,
Also, \ . \
k,  +k =] (10.3)

In ordinary geometry for r = 2, this theorem gives the familiar definition of an
asymptotic line that the binormal to the eurve is the normal to the surface and
To = kz.

For a general V,, the converse theorem does not however hold for any asymp-
totic line.

From (10.2) we get

k,
(Ny. 0, 1) = —~[
72
(Ny.0,)=0 (10.4)
k,
(NZ . 0r+1) =t
To !
From (10.3) and (10.4) we get )
(Ny.0,-1)24+(N3.0,44)2 =1 (10.5)

ie. if N; makes an angle ¢ with 02‘_1, then it makes an angle g-—-qS with 6,41.

For r =2, N, .6, = 0 gives the property that the binormal of C is orthogonal
to the binormal of G.

Turorem 11. 4 curve for which

SN
a — —
6 =2 5o T2 1
s an asymptotic line of V,.
We have
SN*
03 =) 5 = /\(TZN;—TlEa).

Taking scalar products w.r.t. E, we get 73 =0, since ¥ is orthogonal to N, and
to g

»
Hence C' is an agymptotic line.
Also,

67 = Ng and drp =1 (1L.1)
From (11.1) we have 0:‘, = Ng.ie"
ie. k4167, — ke8| = 7N =7, N* (11.2)

Icf+1+kf = -r§+-r§ (11.3)
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Taking scalar products with 8,, p 7= (r+1) or (r—1), on either side of (11.2) we get

T3 _ (A7 . 91))
72 (N3.0)) (11.4)

Similarly taking scalar produets with N, p#3 or 1, on either side of (11.2)

we get
kyyq - (N . 6,1)
k, (Np - br41)
For r = 2, in ordinary geometry, (11.1) means 9: = I\T;t and from (11.2) and
(11.8), since 73 = 0, kg = 0, it follows that 9? = N%ie. C is a geodesic of S, i.e.

a straight line.
For

(11.5)

2 2 2
re=1, k;+k =7

But since € is an asymptotic line, the torsion at any point is equal to the geodesic
torsion there (Weatherburn, 1931).
‘. k=0, 1ie. Cis a straight line.

TurorEM 12. Properties of a curve for which 6 = N7, r, s % 1.

Since
67 =N (12.1)
9?; o= N:L; i€
i.e. k,+102‘+1—k,9f_1 = ~rs+1Nf+1—-~rSNf_l (12.2)
k?+1+k? = Tf+1+"f (12.3)

Taking scalar products with 8, p 5% (r+1) or (r—1), on either side of (12.2),

Ts+1 —_— (op . Nsy)
Ts (017 Noy1)

Taking scalar products with N, p 3= s+1, or s—1 on either side of (12.2)

kysy - _ (6,-1.Np)
k, (6541 . Np)

The cases r =8 =1, r = 2, 8 = 1 have already been considered.

(12.4)

(12.5)

TreoREM 13. For a geodesic or an asympiotic line,
‘Tg(Ng . 01)+k2(N1 . 92) =0

. s _ _ (Ny. 6y
he ke (N2. 64)
Proof :
aaBOfN:B = 1 or 0 according as C is a geodesic or an asymptotic line.
adﬁﬁf; ie"N'B+aaBBi‘N;B‘.e‘ =0
ie. g (ke —Er B ) NP g7 (oM — i ) = 0

ie. 7o(Ng . 01) +ko(Ny . 62) = 0.
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