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1. The trigonometrical series method has been used by the author to solve
the problem of softening of radiation (Proc. Nat. Inst. of Sci. Ind., 20, p. 530, 1954)
in the first approximation. The intensity distribution at the lower boundary of
the atmosphere of the star was taken to be of Gaussian type, and the calculations
were carried through in the two orders of approximations, namely by retaining the
first order and the second order terms in Compton wave-length in the Taylor’s series
expansion of scattered intensity. Change in wave-length was supposed to be due
to Compton effect only. In the present paper, the same method has been extended
to work out the problem of softening in a stellar atmosphere when the radiation
emerging from the photospheric surface may be supposed to be monochromatic
in nature. The first and the second order terms in the Taylor’s series expansion of
scattered intensity has been retained. The present method has been checked
by obtaining the first order calculations by the method of trigonometrical series
with only the first order terms of Taylor’s series expansion of scattered intensity.
It has been found that the results obtained are identical with those calculated by
Chandrasekhar with the aid of Green’s function. The second order calculations
carried out by the present method substantially reduce the error which was noted
by Chandrasekhar in the first order calculation.

2. The equation of transfer appropriate to the problem is given by (eq. (1),
p. 530, ibid.)

+1 a2m
LG N T I(r, W' A=Y[1—cos O] dw' dgp’ .. (1)
or 47
-1v0
where ¥, the Compton wave-length, is given by
y="ll—o0024° .. .. .. . ©®
me
+, the optical thickness, is
o
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where p is the density and o, the scattering coefficient, which is supposed to be
independent of wave-length as in Thomson scattering. The Compton change in
wave-length is given by

82 = Y[1—cos 6] . . .. @4
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I (7, p, A) is the specific intensity of radiation of wave-length X at an optical thick-
ness 7 and in a direction & to the outward drawn normal and u = Cos &. 6 is the
angle of scattering, and

cosf=pp' +(1—p)(I—p2tcosd’ .. .. .. (5

The source function represented by the right hand side of equation (1) means that a
radiation of wave-length A—¥[1—cos 6] in the direction (u’, ¢') when scattered
in the direction (u, 0) will have the wave-length A,

It is supposed that I(r, u’, A=¥[l1—cos 8]) can be expanded into a Taylor’s
series and in subsequent calculations, terms up to the second order in ¥ have been
retained.

I(r, 5, A=¥[L—co8 8]) = I(r, &', N)—¥(1—c0s ) ali%ﬁ
ye L 2(r, @)
+E(l—cos 6)2 — e~ (6)

This value of I(r, p', A=¥[1—cos §]) is put in equation (1), and the resulting integro-
differential equation of transfer is replaced by 2nd linear equations by the method of
Gaussian quadrature. Restricting ourselves to the first approximation, we get
two such equations, which when combined lead to the following partial differential
equation with constant coefficients (cf. eq. (19), ibid.)
0*F  30*F 50%F ,0°F _OF
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where

3 3
x=§7- and y—2—y()\—A0) . .. .o (8)

Ao being some suitably chosen wave-length of constant value.

OF(x,
K@,y) = L, ) +lale,y) = 2 ?,

OF(@.y) _PF, y)) )

H(.’E, ?/) =I+l(x7 y)—I—l(Iy ?/) =\/3( ay ayz

where I,y(z, y) and I_;(», y) are the outward and inward intensities in the first
approximation.
This equation (7) is to be solved under the following boundary conditions:

(1) existence of a known spectral distribution at the lower boundary denoted
by 7 = 7y or # = ;. The intensity*distribution in the present case is taken to be
monochromatic and represented by Dirac’s 8-function.

(()2) absence of inward radiation at the outer boundary denoted by = =0 or
X o=

The boundary conditions are equivalent to

1loF oF 02F .
3 [554. J3 (55 - W)]"ﬂ‘x = (y) = 6(y) in the present case .. (10)

oF oF _o°F
[-a;—J3(@_—aﬁ)]=0.. ¢ 0 )

and
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The general solution of the equation (7) is given by (cf. eq. (32), p. 534, ibid.)

F(z,y) = do(a®+y) + B+ z [e***{ a, cos (B,x+ny)+b, sin (Bx+ny) }

#a=1
+e~*%{¢, cos (Bur—ny)+d,sin (Be—ny)}] .. (12)
where
a, = ,\/grﬂ (1-—-21-n2)+% JZnS—%nﬁ—n4+4n2 .. . (13
Bn= — % J% Jg n8— %n“——n4+4n?— gnz (1— %nZ) .o (14)
—_ K Y
By = /34g, o= Py (15)
(“2'{',3;2‘—3732—3%4)0" +2\/3n(nﬁn_“n) dn 1
= (B, —u/31)2+4 (@, —/302)2 (16)
ZJ3n('nﬁn—a,1)c,,~(ai+,Bi —3n2—3nt) dn .
" (Bu— 3%+ (e, — 302 (1)
M,i +N,B
» = n _ [22 18
M4 N2 (18)
N,A,—M,B, 19
T
- (a’i+ﬁi_3n2—3n4)(an+ \/3”“2) +2\/3"‘(nﬁn""“u)(ﬁn + \/'3)1,)
M= g™ { (Bn— o/ 31) 24 (a0, — o/ 302)2 cos B,
(05483 — 3n2—3n4)(B,+ /30) — 24/ 30(n— %) +4/30)
B (Bn—/30)%4 (0, — /302)2 sin B,
— 3 e7 %1 { (0, —/302) 008 By + (B, —/30) singn} .. .. (20)
2./3n(1B,— o) (otu+ o/ 302) — (o5+ B2 — 302 —3n4) (B, + /3n)
o=} g0
Ny =} e { B TPt (ae S8 08 B,;

(o 4 B2 — 312 —3nd) (et - o/ 312) + 2/ 31, — ) (B + /30)
- (Bu— /30)% 4 (2, — /3122

+4 e~ %1 { (B, —./3n) cos B2 — (&, —A/302) ginf,x} .. .. (21

’ ’ . » - - . . .
Ao, 4, and B, are the Fourier coefficients in the expansion of in a Fourier series,

sin 8,2,

Py) = A+ Z A, cosny+ z B sinny . .. (22

#=1 n=1
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Thus the constants a,, b,, ¢,, d,, 4o can be known for a particular value of z; or
71, if the values of the Fourier coefficients are known. The emergent intensity
at the outer boundary is given by the following relation (cf. eq. (45), ibid.)

I+1(0: y) = ‘\/3‘40+ z [{(an—cn)an'*'(bn‘*‘dﬂ)ﬁ"} Cos ny+

n=1
+{(n+d)a,—(a,—c,)B,} sinny] .. (23)

3. In the case under consideration, the distribution of intensity at the photo-
spheric surface has been considered to be monochromatic, i.e. this distribution can be
represented by the d-function. If we want to apply the method developed in the
former case to this problem, we require a Fourier series expansion of the §-function.
The recent theory of distribution by Schwartz (Introduction to the theory of distri-
bution by Tsrael Halperin, Canadian Mathematical Congress, University of
Toronto Press, 1952) classifies 8-function not as a point function but as a
distribution and the expansibility of the distribution function & has been
rigorously established by Schwartz. Below we formally obtain the expansion
in the usual way.

Suppose we want to expand $(y) = 3(y) in the interval —x and . We have

Yy) =0 for —m <y <e } 04
Wy) =0 for e<y<tn 24
and
€
Ltj Yy dy =1 .. . .. .. (2bB)
€-»0
—€
Considering this as a symmetric function, let us assume the expansion
@
B(y) =cO+Z CaCOSMY .. .. .. .. (26)
n=1
Then multiplying by dy and integrating between the limits —z and
we have
€
Lt J Y dy = 2mcy .. .. .. .. @27
€—>0 e
Hence
1
Co=7g- - .. .. .. .. (28)

Similarly multiplying (26) by cos ny dy and integrating between the same limits,
we have

€
Lt J Yly)cosmydy =me, .. .. .. (29)
€=>0
-6
As the left hand side ig unity, ¢, = ;71-

P(y) = d(y) = 2%_ []+2 z cosny] . .. .. (30)

n=1
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/ 1

27
’ 2 Ve . .o .o . (31)
"

”n 0 ;

Thug we can evaluate the constants a,, b,, ¢,, d, and Ay for this distribution at
the lower boundary of the atmosphere and the emergent intensity can be calculated
from equation (23).

4. When only the first order terms in ¥ in the Taylor’s series expansion of

I(r, p', \—Y[1—cos 0]) is retained and the calculations are followed through, the equa-
tion corresponding to equation (7) becomes (cf. eq. (51), p. 537, ibid.)

0%(x,y) | Ps(@,y) _ 4052, Y)

Therefore

by A
] I

ox? doy? oy (32)

ds

0
where Lia(z, y)+1ale, y) = 5 and Iyy(z, y)—1-1(2, y) = "/33—2 .o (33)

This equation (32) is to be solved under the boundary conditions gimilar to those
given in art. 2, which in the present case can be expressed as follows :—

é [3_24_ J3 g_s] = ¥(y) = 8(y)

Ylx — 2,

0s s »
[-gl-
(cf. egs. (54), (55), p. 537, ibid.)
The expression for the emergent intensity at the outer boundary is given by

(34)

1,100, y) = 84+ Z [{(a;——c;)oc;+(b;+(l;)ﬂ;} cos ny

n=1

+{(tr+d ), —(1,=c,)B,] sinny] L (35)

where

A 4 (36)
07 2+ V3 )
, (a;2+ﬂ;2—3n2)c;—2J3n oc;d; 37)
@ = S 5 37
i o, +(B,—/3n)
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c — n ” n n (39)
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in which

a;=¢%(7t2+vm) .. ‘e .o .o (41)
B =NV ntrdni—n2z) .. . . . @9
2./3a, +(oc +B; —3n2)(B +J3n)
. +(B,—./3n)®
( '2+B —3n2)oc —2./3na, (B, +J3n) ,
o+ (B Jan)? o
— e MM {an cos 8 x1+(,8 —./3n) sin B'xl} .. (43)
N = o { (% 48, _3”2)“ —2/3na,, (B, +/3n)
" @, +(B,— J3n)°
230, + (o +B, —3n2) (B, +/3n) }
- 7 ; . cos B, 7y
%, +(B,—/3n)
L {(B.~y3n) cos By —asin Bz} .. (44)
And A;, A, and B;fare' the Fourier coefficients in the Fourier series representation
of &-function (eq. (30)) and are glven by eq. (31).

Thus evaluating a d and 4, the emergent intensity given by eq. (35)

can be calculated.

The results of the first order calculations are shown in Table I, and the values
obtained by this method are compared with those found by Chandrasekhar in the
same approximation with the aid of Green’s function. There is complete agree-
ment between the two results. This shows that the present method is at least as
accurate as the (reen’s function method used by Chandrasekhar.

In Table II, the first order and the second order calculations are compared and
the results are shown in Fig. 1.

71

M, = et f( -

11 B,,xl

"’ n’ n’

TaBLE I
I+1(0, v, 8) I41(0, v, 8)
Yy First order calcula- First order calcula-
tion (trigonometri- tion (Chandrasekhar’s
cal series) method)
0 0-21 0:20
0-5 0-28 0-28
1-0 0-24 0-24
1-5 0-16 0-16
2-0 011 0-11
2-5 0-07 0-07
30 0-05 0-04
TaBLe II
141(0, y, 8) I+1(0, 9, 3)
Y First order caleula- Second order calcula-
tion (trigonometri- tion (trigonometri-
cal series) cal series method)
0 0-21 011
0-5 0-28 0-18
1-0 0-24 0-23
1-5 0-16 0:20
2.0 011 007
2:5 0:07 —0-03
30 0-05 —0-03
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Compton shift and distribution of intensity of the emergent radiation from an electron
atmosphere ; the photospheric radiation is supposed to be monochromatic and is
represented by &8-function ; y is the shift in units of Compton wavelength.

. . — . -— First order curve.
~e = — — — Second order curve.

From the adjoining graph it appears that the second order calculations contri-
bute important changes in the first order curve.

For instance, (i) the shift of the
maximum is increased and the maximum is lowered, (ii) in addition to the shift
there is a lowering of the curve, which considerably reduces the violet displacement
noticed by Chandrasekhar.

But in the extreme right the curve goes a little below the y-axis, though the
amount of Jowering below the y-axis is small as is apparent from Table II.

We may conclude from these results that the first order calculation is sub-
stantially modified in the calculation to the second order.

It may also be
remarked that the third order calculation will raise our curve very slightly.
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SUMMARY

The method of solutions by the use of trigonometrical series, developed by the author in
previous papers for treatment of radiation scattering problems in electron atmosphere, has been
further applied to work out the problem of modification of intensity up to the second order, in
stellar atmosphere of slowly moving electron. The primary radiation at the photospheric
level has been assumed to be monochromatic which is represented by 8-function. This case as
is well known is of fundamental importance. The emergent intensity at the outer surface hasg
been calculated for a particular value of optical thickness, The method has been checked by
independent calculation of the first order intensity and comparison with Chandrasekhar’s
calculations made differently. It is shown that the second order calculations considerably modify
those of the first order.
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