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1. Let f(t) be integrable L in (—m, =) and periodic with period 27 and let its
Fourier series be

1 o . 0
5 a0+”21 (a, cos ni+B, sin af) = Z)An(z). R B
Then the allied series of (1.1) is
z (B, cos nt—q, sin ) = ZB,,(t). .. .. (L2
n=1 I

The series obtained by differentiating the Fourier series (1.1) r-times at t =z is

2 o\ ( = Z(—l)irnrA,,, (r even), where 4, = 4,(x)
,Zo (%) (@) 2 = Z(—I)H’“Un"B,,, (r odd), where B, = B,(x) (1.3)

and the series obtained by differentiating the allied series (1.2) r-times at t =« is

2, (i)TB () { = 2 (=1¥wB,, ¢ even)
— dz n 2 — Z(—-l)i(r+l)nrAm (rodd) .. (L)

o

n=1

Let ¢ and t- denote the nth Cesaro means of order r of the rth derived Fourier
series and its allied series respectivelv and let a polynomial

r—1 .
6' £
Pit) = i; Et 1t be found such that, for —~r <t < n
g9(t) = l% [{f(x+l)—P(’)}+(-—1)’{j(:n——t)—P(—t)}] .. .. (L5)
h(t) = !;*r- [{f(x+t)—P(t)}—(—1)"{j(x-—t)—P(—t)}] .. (L6)

are integrable in (—w,a). The functions g(f) and A(f) are defined by periodicity
outside the range (—w, 7).

+ Here 8’s are suitable constants,
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The object of the present note is to prove the following theorems:
TaeoreM 1. If

fﬂlﬂydu=0(log%)T,ast+O .. R v 4]
then t?:O(logn). t
Turorem 2. If
fwik_*%)_]du=o(log%),ast—>0 .. .. .. (L8)
¢

where h*(t) = h(t)—d, d = d(x)
then 0 ~ d log n.
ks

We require the following lemmas :

Lemma 1. The series X (—1)"n* is summable (C, k1), k integral >0
(Hobson, 1950 ; Knopp, 1949).

Lemma 2 (Obreschkoff, 1934). If K, (n,t) and K, (n, t) denote the nth Cesaro
means of order  for the sequences 7! cos nt and #~? sin nf, then

FAM . < 4n* . .. (1.9
‘(Zit) {K’“(n’t)_'_@K’“(n’t)}!{<An‘1t"*1i R 0 (1)

2. Proor or THEOREM 1.

Let a,,; denote the nth term of the rth derived Fourier series at { = z.
1f  be even, equal say to 2m, we have

a,, o = (—1)"n2"(a, cos nx-+PB, sin nr)

= (—=1)mp2ng=1 Jm { flatt)+flx—1)} cos ni dt
0

- " ] ey o
= (—1)™n2"nm IJ.O [@tz g(t)+{P(t)+P(—t)}] cos nl dt

= a,+a, ; where

" m
a, = (=1) n2ma=1 f t2mg(t) cos ntdi.
0

n @/

m—~1
Oon i
e {2 ]Ymp2m -1 e 113 : It
@, 1 = (—1)™n2"2x ZIQ#fot cos nt dt
7

=1

¢
+ The relation between the Condition (1.7) and the Conditionf | g(u) |du = O () is that the
0

latter implies the former, but is not implied by it. For this see Misra (1947).
t A is used to denote a number independent of n and 1, but its value may differ from
occurrence to occurrence.
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” F’ 2“
Now 121 cos nt df = (— —1)! 2p~2141 4y ~22
fo ° ( lz D T S
=1
so that
m~1 m—1 P
a = (~1)"2qy-1 —1ym+i-1p2m~2I 2 21 —~21+1
n, 1 ( )"2m l—l( ) n ‘2#—2l+1" T
= po BT
We write ¢ =t + ¢, where . .. .. .o @20

¢, and t{), are the nth Cesdro means of order r of the series Z'a, and Za, ;.

By Lemma 1, it is clear that Za, , is summable (C, r—1), and, a fortiori,
summable (C, 7).
Hence we have

t;”)z —> a finite limit .. .. .. o (2.2)
Suppose now that r is odd, equal say to 2m+1. Then
@y, o = (—1)"n2#+1(B, cos nx—a, sin n)

”

= (—l)’"nz"‘“w‘l-[ { flx+t)—flx=—t)}sin nt dt
0

™

= (—l)’”nz"’*lw'lj [[2m1+1 2m+1 g(t) 4 {P(t)—P(—t)}]sin ntdt

0

= a,+a,, 3, Where

(=D" omt1p-1 " 2m+1 i
[2m+1 n 1r ¢ g(t) sin nt di,

0

m o4
#
— my2m+19a—1 -1 2p—-1 gi
@, 2 = (—1)"n2m+122 —1’2# IJ 121-1 gin nt di,

0

By evaluating the integral in a,, g it is easy to see by Lemma 1 that Ya,, 5 is
sumimable (C, r).
We write as in (2.1) that tm t') +t(') where

t(') is the nth Cesaro mean ‘of order r of the series 5 @y, 2.
Hence we have
It . ..
by g —>2 finite limit .. - .. .o (2.3
Tt therefore follows that whether 7 is even or odd, we have to consider tf")l, the nth
Cesaro mean of order 7 of the series 2 a,, where

”
n1 . a\’
a, = —;—J tg(t) (-(—it-—) cos nt dt.
0

+ For these reductions see Hyslop (1939). These are written out in detail for the sake of
completeness.
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Now

-1 1 v 14 id
" =T | ety (2 A’ cos ki dt
n, 1 ! r A JO g( ) at kZo n—k

n+r+1j7r

trg(t) (%) Koo (n, 8) dt

k4

= ([Til + [l,.) J; trg(t) (%)' K,y (n, t) dt

+ (é—] + é) J ) (%)'Km (n, 1) dr

n

= I,+1,, say

Using (1.7) and (1.9), we have

k4

n 1 "
17} < (m'i‘l';) A n"J. trg@) ) dt
- - 0
” 1 ;
< A=n" (@'FE Lg(t) | dt
n
= o (log n). T
Again using (1,7) and (1.10), we have
S AW 0]
|]21<(‘7‘_-F—1+E‘)An lf"T(lf
< AJ L‘Z@ dt

™
”

= o{log n).
Thus by (2.4), (2.5) and (2.6), we have
tf:)] = o (log n).
Hence by (2.1), (2.2), (2.3) and (2.7), we have

(2.4)

(2.5)

(2.7)

tf:) = 0 (1)+o0 (log ») = o (log n), which completes the proof of Theorem 1.
3. Proor or THEOREM 2. It is easy to see, by an argument similar to that used

at the beginning of the proof of Theorem 1, that
i =0 1)+

n1?

3.1)

+ Misra (1947).
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where E‘;’ ,» i8 the nth Cesaro mean of order r of the series 2'd,, and

,”-—1 m d r
g, =""1 vhe (M) sin nf dt.
K \ i

Now we have

-1 " r " L4
= | i) i) sinnt di+2l| v (i) sin nt dt
L7 dt mr i
0 0
= G, 1+d,, 2, 82Y.

i B (o B O 3 30
Let by =t o+, g, where Ly and , 5810 the nth . .o (3.2)
Cesaro means of order r of the series X'd, 1 and 2'dy, o respectively.

Now
) n 1 " b (l‘ -
tyy = ({r—-l+l7 t"h¥(1t) 7 K,pq (0, t)dt

n " a\'—
+(En +7) j w0 () Froa 0,0

"

= .J,+J 5, say. . . .. . .o (3.3)

Now the discussions of .J; and Jp are exactly similar to those of Iy and I5 above
and henoe

ZL',)z = ¢ (log n). .. .. .. .. (34
Lastly it remains to consider _",(:)3 .
-1 m
A, 2= (=1} FT n'd J i sin nt dt, (r even)

0

71'—1 "
; w'd | " cos nt di, (r odd).

= (=1)i0+D)

By evaluating the integrals above, it is easy to see that

dl~cosnn
(g, 2 = (—1)"[a, g™~ 2ta, 0" "84 .. +“'1n.1!+;“‘"“—‘—‘

- , (r odd)

dl—
= (=1)"[b,_yn=24b,_gn 34 ... +b1n]+; —-—i(:;—?—z—z, t (r even)
= Y,,+8,,,

t Here a’s and b’s are constants,
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where v, stands for any of the two expressions inside the square brackets.

Let W=+ . . .. (35
where i,(:) , and t',(,')ﬁ are the nth Cesaro means of order r of the series 2V, and X'§,

respectively.
It is easy to see that X'y, is summable (C, r) and hence Zf,')é‘ — a finite limit  (3.6)

Now 8,,=§}:£98—@=gwmsay . .. .. (3.7

™ n

Considering the nth Cesaro mean of order 1 of X'§,, we have

g ant1 &

d 1 <
=4S ot

nn+1k=1

=- {log n4+C+o (1)}.

Similar argument shows that the nth Cesaro mean of order 2 of 28, is

‘ 1 d <=~-
@ _ AN
t”:5—n+1ﬂztk'5
k=1
d
=—{log n4+-C+0 (1)}

By successive application of this we have

<y d
s =~ {log n+C+o (1)}

~glog n, where r > 1. .. .. .. (3.8)
Thus by (3.5), (3.6) and (3.8), we have
~y d
tf">3~;logn. O £ X))
Hence by (3.2), (3.4) and (3.9)

i’(:)l ~ glog n. .. . .. .. .. (3.10)

&
1+ Here Qk = Z' wr = log k4 C+ ¢, , where O is a constant and ¢, -» 0 a8 k— .
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Finally by (3.1) and (3.10), we find

i~ idlo n, which completes the proof of Theorem 2.
n - 08 p P
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