ON THE CHANGE IN SHAPE OF A GRAVITATING SPHERE SUBJECT
TO THE INFLUENCE OF A MAGNETIC FIELD

by ¥. C. AvLuck, F.N.I., and D. 8. Koraari, F.N.1., University of Delhi
(Received April 3; read Angust 3, 1956)

1. In a recent fundamental paper Chandrasekhar and Fermi (1953) (later
referred to as C.F.) have, amongst other problems, considered the problem of the
flattening of a gravitating sphere subject to the influence of a magnetic field, the
material of the sphere is supposed to be inviscid, homogeneous and infinitely conduct-
ing. The magnetic field is assumed to be uniform inside the sphere and a dipole-

field outside it, the moment of the dipole being y =—; H, i3, where H; is the inside

field and R the radius of the sphére. This field is generated by surface currents
and using spherical polar co-ordinates, with the Z-axis along K, the surfice current.-
density (current per unit arc) is given by

j= (0, 0, 3—;? sin 9) . (1)

C.F. have shown that under the influence of the magnetic field the sphere undergoes a
flattening and the equilibrium configuration is an oblate spheroid of ellipticity which,
when small, is given by

e _ _ s H R 2)
R~ " 24 Mz’

where M is the mass of the sphere and G the gravitational constant. The ratio of
iq e Je\d
the axes of the spheroid is 1+-RE £,

In the C.F. problem the sphere is subject to its own magnetic field, there being no
field of external origin. Miss Gjellestad (1954), following the C.F. method, has
considered the problem of a sphere subject to an external field. If in the C.F.
problem we superimpose (throughout space) a uniform field equal and opposite to
the field inside the sphere, then the resulting field vanishes inside it. Outside the
sphere the field is the resultant of the superimposed field and the dipole field, the axis
of the dipole being opposite to the direction of the superimposed field. For this case
Miss Gjellestad has given for the ellipticity the expression

e _ 2 H R 3)
R~ 24 GM=
-
The numerical factor in the above expression should be, as shown below, ginstead
25
Of ELI .

The purpose of the present paper is two-fold:

(i) We give what we believe to be a correct derivation of the ellipticity for the
Gjellestad problem. Her derivation, apart from an error in the sign of the integral
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in equation (16) of her paper, is incorrect on account of the energy of the magnetic
field becoming infinite*. (In fact, her treatment when corrected for the sign of the
integral referred to above leads to an oblate spheroid instead of a prolate one, which
is obviously incorrect.)

(ii) We consider a straightforward generalisation of the C.F. problem. Instead
of superimposing in the C.F. problem a field equal and opposite to Hj, as has been
done by Miss Gjellestad, we superimpose & field H;, H, being parallel to Hy. Thus
the field inside the sphere is Hy+H,; and outside it is the resultant of H; and the
dipole-field of the sphere. For H; = 0 we have the C.F. case and for H; = — H, we
have the Gjellestad case.

The magnetic field on the surface of the sphere at (&, 6, ¢) is given by

[ Ho+H ) cos 8, —(Hy+H,) sin 6, 0] inside, (4)
and [(H0+H1) cos 0, (‘%9 - Hl) sin 4, H} outside,

The interaction between the magnetic field and the surface current (1) gives rise to a
mechanical force F. Its components per unit area, as is readily seen, are given by

F=ixH= |20 (fiuryl) sin2 6, S22 (1,4 H,) sinf cos8,0|. (5t
8 4 8

The presence of the surface forces Fg is an unsatisfactory feature of the C.F. model
and the generalisation we are considering*. This difficulty disappears, of course,
for the special cases when Hy+H; = 0, ie. the Gjellestad problem., In spite of
the foregoing difficulty it may be worth while, following C.F., to derive expressions
for % for the equilibrium configuration using the energy method. We do this in the
next section and revert again in the last section to the question of surface forces.

2. We shall follow closely the ‘energy method’” of C.F. and Miss Gjellestad.
However, in order to overcome the difficulty of the infinite magnetic energy referred
to earlier we shall assume the external field H; to be due to a magnetic pole on the
Z-axis of strength 77, d2, where d is the distance of the pole from the centre of the
sphere. Further we take K/d—0. This device makes the external field uniform and
equal to £, in the neighbourhood of the sphere but makes it vanish at infinity and
thus overcomes the divergence difficulty.

Let us deform the sphere in such a way that the deformed boundary is (we follow
the notation of C.F.):

r(p) = R4-eP(p), (6)

where e< <R, p==cos § and P; (n) is the Legendre polynomial of order .. We call
such a deformation of the sphere a P;-deformation. Now an arbitrary deformation
of an incompressible body can be realised by applying at each point of the body a
displacement ¢ which is the gradient of a scalar function ¢ satisfying Laplace’s
equation

V2 = 0. (7)

* This divergence difficulty does not arise in the C.F. case. It arises in the Gjellestad case
on account of the field not vanishing at infinity.
t We notice that F'_ is the difference of the magnetic pressure on the two sides of the surface.

1 As surface forces Fig cannot be balanced by hydrostatic forces, it means that siricily the
model has no steady-state configurations.
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A solution of this equation corresponding to the displacement (6) can be written

¥ =5 == Pip). (8)

Tt satisfies the relation

Thus at any point we have

and
r

-1
by = — % (72) P,(p) sin 0, 9)

where dash denotes differentiation with respect to u. For infinite electrical conduc-
tivity, the change in the internal magnetic field is given by
SH™ = curl (éxH) = (H. grad) ¢
since
div ¢ = 0. (10)
Initially the radial and the transverse components of the magnetic field are:
HY = (Ho+ ;) cos 8, HY = — (Ho+H,) sin § (r < R) (11)

Substituting these values in (10) we get
1-2

SHY = e (1—1) (Ho+H)) 1’?3 P_ ().
and

1-2
i 2 ’ . }
SHY = —e (Ho+Hy) e P, (p)sind, (12)

The change in the internal magnetic energy to a first order is, therefore, given by

"

aW= J HY5HY dr
= e(i—1) (HOLHI)ZJ ;:;j P,_,(p) dr, (13)
the integration being carried over the volume of the sphere. Thus
AW = % e(Ho+H,)2Re forl=2 (14)
and =0 for I£2

We shall now calculate A W), the change in the magnetic energy outside the
sphere. We assume that initially the external field consists of a field of dipole

moment % H,R? plus a field due to a magnetic pole of pole-strength H,d2.  Let



O in figur
d> R).

point outside the deformed sphere is given by

A

Fi1a. 1.

+(H0+H1)1£3 i L, ({3 "

n=1
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e 1 be the magnetic pole placed at distance d from the centre C of the sphere
The field inside the sphere is parallel to OC .

r) P (i) sin 6,

103

The magnetic field at any

(16)
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where s is the distance of P from the pole 0, ¢ is the angle that OP makes with C'P.
We have

sinqS:%sin 0, cos¢=)‘—-i-—%g(ﬁ. (17)

The coefficients «, can be determined from the continuity of the normal component
of the field on the deformed surface.

[Hi]R_;_,Pl'i'[Hg)]R 1% P;(p.) sin
= [ ]p, 3l g Pelusin @ (18)

Since g — 0, we have on the surface of the sphere s ~ d and ¢ ~ 8. Substituting the

values from the equations (11), (12), (15), (16) and (17) and making some simpli-
fications we obtain

(Hot Hy)ptHo+ Hy) 5 [1—=1) P —(1—pt)P]]
= (Ho+Hou— 5 HopP 4+ | =H1+2 | 1—p2) P,
= (Ho+Hu g HwPtg [ = 1+5 Ho r2)P,

+(Ho+Hy) 5 Zl n(nt 1) 4, (),

and hence we have

o

n(n+1) a,P, (1)

=1y 3H,!
142 P,
= 2214 1) ( + +H0+H1)

3(+1)(+2) __H,
2(2141) H0+H1P ’ (19)

From the orthogonality of the Legendre’s polynomials it follows that

a, =0 for n*¥l+l (20)
1 3H,l
“-1= BRI T) [ g, +H] @)
and
Y41 = SEIET) Hot H, " (22)

Thus the field components outside the sphere are

o HoR® [ I—1
1= (M 757) wt g [———2(21 5 (ot H(+2)+3E0L} X

R I+1 1 1+3
(5) Pt G 1 (7)o ] @
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and
1, R3\ .
H0(3)= — (H]_— éHo’ﬁ) ginf

e[ I—1 R\"*'pr
+5 [z—z(m {(Ho+Hy) (+2)4+3H,1) (?) P ()

3041 R,

To the first order in ¢, the change A W (¢) in the energy of the outside field is given by

+1 .R+eP
@ H2R® J J “14P,

AW =~ % o drdp —
-1 R
1 R+5Pl
HoH 2R3 J’ J rPy+dP,
— Zerr AT 2 hdp
2 837'
-1 R
1 an
€ H{(Hy+H)(I42)+3H 1} (1—1)d? R\
+RJ f [ A (Ho+HY) I+ )'*'3 =1 ("P:_1+dpz)(‘)
Y e 4(2141)s T

SHoH @2 I+ 1)(1+2) (R\'*®
ol LD (B Pk apine)

p I+4
(—1)Ho{ (Ho+ H)(I+2)+3H 1} (g) [30—1)P; 2+ (+ 1P}

+ 8(21—1)(214+1) r
3(4+1)(+2)H; R)”G ,
+m (; {3(l+1)Pl+(l+3)Pl+2}] re2drdp (25)
and after evaluating the integrals we obtain
@ 1 e ; : ;
AW = o (Hy—10H H, ~20H)R% for | =2 (26)
and = 0 forl£2

This gives, for the total change in the magnetic energy, for the Pg-deformation

AWy = AW+ AWY

1
0
The change in the gravitational energy AL due to a P-deformation is given by
_3(1-1) (e\2GM?2 >
Dy = (2141)2 (E) R (28)

Therefore the change for P,-deformation in the magnetic energy is of the order of
¢ and the change in the gravitational energy is of the order of 2. The total energy
change for a P,-deformation is
AE = AQ+ AWy
3 QM2

1
=z §5 —-—Rs— €2+§6 H0(7110+10H1)R2€ (29)
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This has a minimum value when

€ 5 R4
7= — 55 Ho (THo+10 Hy) A, (30)
S = THA+3H,) 2
E___(H —H)) (TH+3 )GM2 (30a)
or
where H; = Hy+H, is the resulting field inside the sphere*.
For H, = 0 which is the C.F. case, we have
e 35 HE' )
R~ "G (31)
For H, = H, which is the Gjellestad case, we have
¢ 5 HE -
R=S G (32)
For Hy = — ﬁ H the ellipticity vanishes.

3. Ttis of interest to observe that the expression (27) for the change in magnetic
energy can be readily obtained from the expression (5) for the mechanical force. In
a displacement defined by (9) the work done on the system is

™

— J‘F.de = — QwJ F.£R2 sin 0 d6, (33)
0

which on integration gives for the change in the magnetic energy, in the case I = 2
, 1 Hy 3 .
A1’12=5H0 T+H1 R2€+'1‘6 HO (H0+H1) R2e¢ (34)

The first term arises on account of the radial pressure ¥, and the second on account
of the tangential force Fy. Because of the presence of the surface force Fg it is

difficult to give a direct physical meaning to the value of % obtained by the energy

method of the previous section. It may perhaps be more satisfactory to ignore the
surface force altogether and calculate the ellipticity on this agsumnption. We then
take for A W only the first term in (34) and using the expression for A£2 from (28)
we have for

3 GM2 H =
DB = e + H, (ZO+111) R2¢ (35)
Hence, minimising the above we obtain
€ R4 ,
7= =53 Ho Hot+dH) a7p ., (36)
5 Rt

(36a)

* Expression (30a) would be applicable to the case of a conducting sphere having an internal
field H; and entering a region of uniform field H;.

3B
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In the case of the Gjellestad problem (H;+H; = 0) the above equation gives, as
would- be expected, a result identical with (32). For the C.F. problem H; = () we
get, instead of (31), the value

2
c 5 H2R®
B 7% GIE (7

An alternative derivation of (36) is worth noting. It is easily seen from the usual
gravitational theory that if the surface of a gravitating sphere is subjected to a
pressure p = p, sin?f (p, being a constant), then it is deformed into a spheroid of

ellipticity < which when small is given by

R
€ 207 p0R4
E- "9 @i (38)
From equation (5) we have
3 .
F,= E(: (Ho+4H,) sin? 9 (39)

and hence substituting for

3
Po = 39, Hy(Ho+4H;)

we get
R4
GM?’

= — = Hy(Hy+4Hy)

‘

=
e

which is the same as (36).
SUMMARY
This paper is largely concerned with the flattening of gravitating, infinitely conducting

sphere subject to the influence of a uniform field (Hi) inside it and a uniform field (Hy)
outside it. For the case of zero field inside, the ellipticity is given by

2
e s
R™T 8 am:’
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